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The  research  described  has  been  directed  toward  a better  understanding 
of  raindrop  damage  to  vehicles  traveling  at  very  high  velocities  with  emphanls 
upon  the. erosion  of  ceramic-type  radomes.  An  accelerator  capable  of  lng)actlng 
targets  with  short  water  Jets  at  speeds  up  to  Mach  5 Is  described.  The  validity 
of  using  high-speed  liquid  jets  to  simulate  raindrop  Impact  Is  demonstrated. 

Topics  covered  include:  drop  energy-crater  volume  relations}  oblique  and 
multiple  Impacts}  erosion  rates}  Internal  fracturing  and  spallation  caused  by 
stress  waves}  radome  coatings}  Information  from  rocket  sled  tests}  a theoretical 
analysis  of  the  cratering  process}  motion  of  raindrops  In  the  supersoidc  shook 
layer}  probability  modeling  of  erosion}  and  spatial  and  temporal  variations  of 
pressure  exerted  on  the  target  surface  by  liquid  Impacts. 
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SECTION  I 

INTRODticri.j. 

Th*  r«qulr*Ment  of  an  all-weafher  rapal'ility  for  hign-speed  aircraft, 
tptom  shuttlMf  rockets,  and  missiles  has  made  the  protection  of  these 
■yetOM  frtNi  rain  oroalon  a vital  design  factor.  Super.^.onic  collisions 
with  raindrops  po»e  a serious  threat  to  both  the  structural  Integrif  and 
aiactroaiagnati c performance  of  ceramic  radomes. 

A large  number  of  papers  and  reports  on  this  sahjoct  have  been  pub- 
lished over  the  past  few  years,  including  the  proceedings  of  three  Inter- 
natloosl  conferences  on  rain  erosion  and  associated  phenomena.  Many  of 
thea  hanre  contributed  toward  a setter  qualitative  understanding  of  the 
Mohaniam  of  rain  erosion  and  its  relationship  to  material  properties. 

With  the  exception  of  some  rocket  sled  tests,  most  of  the  re.<.earch  has 
been  llsdted  to  relatively  low  velocities.  In  a state  of-the-ai't  survuy 
of  raindrop  aroslon,  Wheolahan  fl-l  in  Idfi?  found  vorv  little  quantitative 
infonsation  available  on  damage  caused  by  raindrop!:i  impacting  at  super- 
aonio  valocitiea.  This  is  generally  true  today  also.  Published  reports 
have  inoluded  a great  deal  of  experimental  data  and  considerable  theoret- 
ical work.  Many  of  the  theorl'\-i,  however,  have  been  deduced  from  rather 
arbitrary  oesumptions.  Contradictory  'mpirical  relations  have  been  for- 
mulated. One  only  neod.s  to  ro.id  the  discussions  following  many  of  the 
papers  in  the  proceedings  of  ’'Tious  rain  erosion  conferences  to  see 
that  there  la  much  dlsafrooment  among  thouo  who  are  wort. ing  on  this  prob- 
lem. liiere  is  considerable  dia.agreomen1  ar.  to  the  forcc'.i  th-at  arc  iciualiv 
responsible  for  the  cratering  and  erosion  resulting  from  liquid-solid 
Intsraotions.  According  to  ni!-'«nlmrg  [;?],  "Thorn  remains  the  mystery  of 
which  mechanism,  shock  waves  or  iet  formation,  is  responsible  for  actual 
damage."  Engel  [3].  Fyall  [n),  .md  nthrrn  lirlluvc  that  tho  damage  is  pro 
duced  by  the  introduction  of  shoar  and  tensile  stresses  as  a consc-KiuencQ 
of  the  high  localized  compressive  forces  exerted  by  the  liquid. 

Rgglmes  of  Impact  Velocity 

The  various  theories  ma-,-  lot  bo  -v.  eon  r radio 'ary  as  they  first  appear. 
In  the  case  of  aolid-salld  impact,  timre  are  <it  1.‘  i t:  three,  and  porhai)a 
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four,  reglnes  of  the  Impact  phenomena  as  the  projec  .xle  velocity  increases. 
These  are  illustrated  by  the  rather  idealized  curve  of  Figure  1 which  shows 
the  effect  of  velocity  upon  the  penetrating  power  of  projectiles  into  a 
ductile  target.  In  the  low-velocity  range  the  penetration  is  strongly 
influenced  by  the  strength  of  the  two  materials.  In  this  region  the  pene- 
tration appears  to  Increase  as  the  4/3  power  of  the  velocity.  A negligible 
amount  of  the  projectile  energy  is  converted  into  stress  waves.  As  the 
projectile  velocity  is  increased,  there  is  greater  deformation  and  frag- 
mentation of  the  projectile.  At  some  point  there  is  no  increase  in  crater 
depth  with  increased  velocity;  in  fact  the  depth  actually  decreases,  al- 
though the  crater  volume  may  continue  to  increase.  There  comes  a point 
where  the  depth  begins  to  again  increase  with  velocity.  The  crater  becomes 
more  hemispherical  in  shape  and  the  penetration  is  now  roughly  proportional 
to  the  2/3  power  of  the  velocity.  It  is  clear  that  a transition  region 
has  been  crossed.  The  new  regime  is  usually  called  the  hypervelocity- 
impact  range.  The  most  common  criterion  for  the  beginning  of  this  regime 
is  when  the  ratio  of  projectile  velocity  to  that  of  a stress  wave  in  the 
target  material  exceeds  unity.  At  these  velocities  the  sti'esses  developed 
by  the  projectile’s  deceleration  are  much  greater  than  the  yield  strength 
of  either  the  projectile  or  target  and  the  materials’  densities  affect  the 
cratering  process  more  than  that  of  the  other  properties  such  as  target 
and  projectile  strengths.  If  the  velocity  is  further  increased,  an  impact 
region  i-.  reached  that  is,  as  yet,  relatively  unexplored.  It  is  called  the 
range  of  impact  explosions,  for  the  tremendous  amount  of  energy  becomes 
sufficient  to  vaporize  both  the  projectile  and  a small  volume  of  the  target. 
The  partitioning  of  the  projectile’s  kinetic  energy  among  such  items  as 
mechanical  deformation,  heat  generated,  stress  waves,  ejected  material,  and 
perhaps  vaporization;  the  influence  of  material  properties;  the  effects  of 
stress  waves;  and  the  mechanism  of  penetration  and  cratering  are  entirely 
different  for  the  various  impact  regimes.  It  is  apparent  that  there  are 
also  different  mechanisms  of  erosion  and  cratering  for  liquid-solid  impacts 
at  varioMs  velocities.  Whcelahan  Cl]  suggests  that  in  the  velocity  range 
of  1000  to  3000  ft/sec,  erosion  rather  than  cratering  is  the  dominant  form 
of  damage,  but  as  the  Impact  velocity  is  increased  above  a few  Mach  numbers 
the  damage  is  primai-ily  by  cratering.  Somewhere  between  these  two  types  of 
damage  there  Is  obviously  a region  of  transition.  Those  apparently 
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contradicting  models  mentioned  may  not  be  contradictory  at  all  but  each 
may  apply  at  various  Impact  velocities  and  for  different  materials.  For 
a particular  target  material,  the  velocity-damage  curves  would  be  very 
different  for  liquid  and  solid  projectiles  but  would  probably  converge 
in  the  hypervelocity  range.  If  this  be  true,  it  will  be  possible  to 
simulate  the  higher  velocity  liquid  impacts  with  solid  projectiles. 

Scope  of  l*hls  Research 

It  is  believed  that  the  greatest  insight  into  the  mechanics  of  rain 
erosion  is  to  be  gained  from  experimental  and  semi-empirical  investiga- 
tions. This  is  sometimes  called  the  quasi- theoretical  approach.  Experi- 
mental results  are  certainly  necessary  to  establish  the  validity  or  limi- 
tations of  theoretical  analyses. 

The  major  effort  of  this  research  has  been  directed  toward  an  under- 
standing of  the  erosion  damage  to  ceramic-type  radome  materials  under 
various  environmental  conditions.  A large  number  of  5-inch-square  slip- 
cast  fused  silica  (SCFS)  targets  of  various  thicknesses  were  furnished  by 
Mr.  Philip  Ormaby  of  the  Army  Missile  Command,  Redstone  Arsenal.  These 
were  used  in  most  of  the  experimental  work  which  served  as  the  basis  for 
the  majority  of  the  empirical  relations  given  in  this  report.  Because  of 
the  relatively  small  size  and  sharp  corners  of  these  targets,  they  would 
crack  under  high-energy  Impact  loads.  Larger  and  thicker  targets  were 
requested  so  that  larger  raindrop  sizes  and  higher  radome  velocities 
could  be  simulated.  Four  12 -inch-diameter,  disk -shaped  targets  1 inch 
thick  were  furnished  by  the  Engineering  Experiment  Station  at  Georgia 
Institute  of  Technology.  These  targets  were  much  softer  than  the  original 
AMC  targets.  Craters  in  one  of  these  targets,  for  example,  averaged  six 
times  the  volume  of  those,  in  the  original  tai’gets  for  identical  Impact 
conditions.  This  is  mentioned  because  the  reader  may  notice  the  wide 
differences  in  the  data  presented.  Data  determined  from  one  of  these 
targets  could  not  be  combined  with  ihose  from  another  target,  but  data 
such  as  the  effects  of  the  impact  angle  or  of  multiple  impacts  are  given 
when  all  are  from  the  same  target. 

Two  water  jet  accelerators  were  designed  and  constructed  for  use  in 
the  experiments.  These  are  described  in  detail  in  Section  II  of  this 
report.  Both  experimental  and  theoretical  results  are  presented  in 
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Section  III  to  demonstrate  the  validity  of  using  high-speed  liquid  jets 
to  simulate  raindrop  impact. 

Experiments  to  determine  the  spatial  and  temporal  variations  of  the 
normal  pressures  exerted  on  the  target  surface  by  high-velocity  liquid 
impacts  are  described  in  Appendix  A.  This  information  is  essential  to 
an  understanding  of  the  mechanics  of  cratering.  Craters  created  by 
single  high-speed  jet  impacts  of  SCFS  targets  are  described  and  energy- 
volume  relations  are  derived  in  Section  IV.  A theoretical  model  of  the 
cratering  process  Is  presented  in  Appendix  and  fracture  toughness— 
an  important  property  of  radciae  materials— is  discussed  in  Appendix  C. 

Because  rain-erosion  damage  to  high-speed  structures  is  caused  by 
collisions  with  a large  number  of  drops  and  because  the  eroded  surface 
is  usually  at  an  angla  to  the  direction  of  motion,  oblique  and  multiple 
impacts  are  dlsoussad  in  Sections  V and  VI.  As  the  erosion  rate  is  a 
function  of  the  drop  aise  distribution  in  a given  rain  field,  and  as  any 
design  criterion  must  be  baaed  upon  the  probability  of  failure,  the 
derlvatlona  and  analyses  of  these  factors  are  given  in  Appendix  D. 

Although  the  rain  field  may  be  defined  in  terms  of  drop  size  dis- 
tribution, velocity,  direction,  and  duration,  it  cannot  be  assumed  that 
this  describes  the  conditions  in  the  region  between  the  shock  wave  of 
the  supersonic  radome  and  the  radome  surface.  It  has  been  shown  that 
water  drops  passing  through  the  shock  wave  may  be  fragmented,  slowed 
down,  and  deflected  before  colliding  with  the  surface.  Appendix  E gives 
a description  of  the  motion  of  raindrops  in  the  shock  layer. 

A high-velocity  impact  drives  a stress  wave  into  the  structure. 

This  wave  may  contribute  to  fractures  at  or  near  the  point  of  impact, 
or  may  produce  damage  by  reflection  as  a tensile  wave  from  the  target's 
rear  surface.  This  problem  is  analyzed  in  Section  VII  and  Appendix  F. 

The  effects  of  radome  coatings  on  the  potential  damage  resulting  from  the 
stress  waves  are  discussed  in  Section  VIII. 

Three  radoines  that  have  been  eroded  by  rocket  sled  tests  in  simulated 
rain  fields  at  Holloman  Air  Force  Base,  New  Mexico,  have  bean  examined. 

The  damage  has  been  analyzed,  and  the  results  are  compared  with  the  rela- 
tions derived  in  this  study.  This  is  given  in  Section  IX. 

The  findings  of  this  research  are  summed  up  and  conclusions  stated 
in  Section  X.  Areas  in  which  more  information  is  needed  and  recommended 
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furth«r  work  are  also  included.  The  combined  results  of  all  phasea  of 
this  work  are  included  In  the  computer  code  RENRASS  given  in  Appendix  G. 

It  must  be  emphasized  that  the  seven  appendices  are  essential  parts 
of  this  report.  They  were  placed  in  a separate  section  because  some  of 
them  ware  of  necessity  rather  lengthy  and  because  all  persons  reading 
this  report  may  not  be  interested  in  all  of  the  details  given  in  all  the 
various  appendices.  As  these  were  prepared  by  different:  individuals, 
some  variations  In  synibols  and  forms  of  equations  will  be  found;  however, 
the  meanings  of  all  aynd)olG  are  defined  in  the  text,  and  there  should  be 
no  confusion  on  the  part  of  the  reader. 


SECTION  II 


HATER  JET  ACCELERATOR 


Accelerator  Description 

Devices  similar  to  the  one  employed  by  Bowden  and  Brunton  [S]  of 
Cambridge  University  are  used  to  accelerate  small  masses  of  water  In  the 
form  of  short  supersonic  jets  [6].  Velocities  as  high  as  5000  ft/sec 
are  easily  attainable,  these  being  limited  only  by  the  physical  strength 
of  the  apparatus. 

The  heart  of  the  gun  is  the  high-pressure  cylinder,  and  its  operation 
is  Illustrated  schematically  in  Figure  2.  As  shown  in  the  first  drawing, 
a nylon  piston  (P)  Is  inserted  into  the  chamber,  and  the  remainder  of  the 
chamber  is  filled  with  water  (H).  It  has  been  found  that  efficiency  and 
repeatability  of  this  water  gun  require  a tight  fit  between  the  piston 
and  chamber.  The  front  end  of  the  piston  is  flared  slightly,  and  it  is 
pressed  into  the  chamber  as  shown.  The  chamber  is  next  filled  with  water, 
using  a small  hypodermic  needle  Inserted  in  the  nozzle.  With  the  nozzle 
turned  upward,  water  is  injected  until  all  air  Is  expelled. 

The  piston  is  accelerated  by  means  of  a 0.22-oaliber  bullet  (B) 
striking  its  base  as  shown  in  the  second  sketch,  compressing  the  water  to 
a very  high  pressure.  This  water  pressure  is  so  great  that  even  cylinders 
made  of  stainless  steel  were  deformed,  and  the  chamber  was  expanded  to  the 
extent  that  it  could  not  be  used  more  than  a few  times,  and  repeatable 
results  were  not  possible.  Tool  steel  was  next  used,  but  it  was  too  hard 
and  the  nozzle  fractured  on  the  first  shot.  After  much  experimentation, 
cylinders  were  finally  made  from  a nickel-chrome  steel  truck  axle  and 
then  hardened  by  heating  and  quenching  in  oil.  These  proved  satisfactory 
and  could  be  used  for  several  hundred  shots  with  good  repeatability. 

As  the  water  is  suddenly  compressed,  a ver:,'  high-velocity  jet  is 
ejected  through  the  nozzle,  but  before  very  much  can  escape,  the  pressure 
on  the  base  of  the  piston  is  relieved,  causing  both  the  remaining  water 
and  the  piston  to  rebound  as  shown  in  the  last  sketch.  Only  a small  frac- 
tion of  the  water  originally  in  the  chamber  is  ejected  through  the  nozzle, 
unless  its  diameter  is  very  large,  in  which  case  the  jet  velocity  would 
be  small. 
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Details  of  the  high-pressure  cylinder  and  nylon  piston  are  shown  in 
Figure  3.  An  exploded  view  and  photographs  of  the  jet  accelerator  are 
shown  in  Figures  4 and  S,  respectively.  The  closed  box  Is  between  the 
gun  muzzle  and  the  high-pressure  cylinder  so  that  there  will  be  no  danger 

t 

froki)  the  bullet  as  It  ricochets.  Holes  arc  in  the  bottom  of  the  box  to 
permit  the  escape  of  gas  from  the  blast. 


Jet  Damage 


Photogiaphs  of  the  high-velocity  jet  are  shown  in  Figure  6.  The  jet 
itself  is  not  seen  in  these  photographs  as  it  is  surrounded  by  vapor  and 
small  droplets  as  the  water  evaporates  at  this  high  velocity.  Diameters 
of  the  jet  and  the  vapor  clo\id  at  various  distances  from  the  nozzle  are 
shown  in  Figure  7.  In  this  case  the  jet  velocity  was  about  3200  ft/sec, 
and  the  nozzle  diameter  was  0.0625  Inch.  The  approximate  limits  of  the 
vapor  cloud  were  determined  from  photographs  of  the  jet.  The  liquid  jet 
diureter  is  assumed  to  be  approximately  that  of  the  fracture  diameter  in 
Luclte.  As  seen  I the  cloud  increases  with  the  distance  from  the  nozzle, 
and  the  water  core  decreases  as  more  and  more  of  it  evaporates.  In  l.hiD 
case  no  visible  fracture  could  be  seen  in  the  Luclte  at  distances  greater 
than  3 inches  from  the  nozzle. 

In  attempts  to  determine  more  accurately  the  liquid  jet  diameter, 
0.25-inch  lead  plates  were  used  as  targets.  Shadowgraphs  of  the  jet  pene- 
tration of  a lead  plate  are  shown  in  Figure  8.  An  interesting  phenomenon 
can  be  observed  in  these  pictutnsi  namely,  the  flash  of  light  visible  in 
the  first  and  third  photograph.  It  must  have  been  rather  bright  In  order 
to  be  visible  through  the  back  jetting  of  the  liquid.  Two  photographs  of 
the  lead  targets  are  shown  in  Figure  9.  The  target  in  the  lowfir  photo- 
graph was  approximately  1 inch  from  the  nozzle.  In  this  case  of  a lead 
target,  the  diametera  of  both  the  liquid  core  and  the  vapor  cloud  c,in  be 
determined.  Although  the  droplets  in  the  cloud  damaged  the  surface  some- 
what, it  was  very  minor  compared  to  the  sharp  perforation  of  the  thick 
lead  plate.  The  upper  photograph  shows  the  damage  produced  at  a distance 
of  1.5  inches.  The  damage  resulting  from  the  cloud  was  less  severe  but 
covered  a larger  area,  and  the  hole  punched  by  the  liquid  was  sm.iller 
than  in  the  case  of  a 1-inch  nozzle- target  distance. 
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The  type  cf  damage  caused  by  a jet  varies  with  different  materials, 
as  Illustrated  in  Figure  10  for  targets  of  copper,  aluminum,  and  Lucite. 
Figure  11  shows  the  familiar  ring  fractures  on  the  surface  of  a Lucite 
target.  The  center  portion  of  the  surface  was  not  affected.  The  lower 
photograph  la  of  the  sectioned  target  so  that  the  depth  of  fracture  can 
be  seen.  The  photograph,  cross-section,  and  depth  contours  of  another 
crater  In  Lucite  are  shown  in  Figure  12. 

Bullet  Velocities 

It  was  originally  thought  that  better  control  of  bullet  velocities 
could  be  maintained  by  uaing  hand-loaded  shells.  It  was  found,  however, 
that  the  use  of  coimnarolal  shells  gives  satisfactory  results  except  when 
higher  jet  velocities  are  required.  Bullet  velocities  available  from 
seven  commsrolal  and  three  hand-loaded  shells  are  given  In  Figure  13. 

The  maximum,  mlnlmuB,  and  average  velocities  from  approximately  ten  shots 
with  each  shell  are  shown.  It  was  found  that  the  Hy- Score  22BB  caps 
(average  velocity  925  ft/sec),  the  ELEY  22-LR  TENEX  (average  velocity 
1064  ft/seo),  the  Western  SX22LR  (average  velocity  1283  ft/sao),  and  the 
hand-loaded  Winchester  cases  with  4.2  grains  of  Unique  powder  (average 
velocity  1440  ft/sec)  gave  the  velocity  range  required  for  most  of  the 
experiments. 

Effect  of  Nozzle  Diameter 

Water  velocities  resulting  from  ELEY  TENEX  bullets  striking  0.25-lnch- 
diamet'ir  [ilstonn  were  determined  for  various  nozzle  diameters  ranging  from 
0.03125  to  0.09375  inch.  The  results  are  shown  in  Figure  14.  The  jet 
velocities  decrease  ft'r  larger  diameters  as  expected.  The  velocities  also 
decrease  in  the  case  of  very  small  diameters,  due  probably  to  increased 
friction.  The  maximum  velocity  was  reached  with  a 0.0625-inch  nozzle. 

This  diameter  has  been  used  in  the  majority  of  the  experiments,  not  only 
because  it  gives  the  maximum  jet  velocity,  but  because  any  small  variations 
in  its  size  have  negligible  effect  upon  the  results.  The  ratio  of  water 
to  bullet  velocity  is  3.2  for  these  conditions.  When  larger  jets  are 
needed,  a nozzle  diameter  of  0.09375  inch  han  been  used.  In  this  case  the 
water-bullet  velocity  ratio  is  2.8. 
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Ralatlon  B«twe«n  Bullet  Entrgy  and  Jet  Velocity 

‘rhe  ratios  of  water  to  bullet  velocities  may  be  of  interest,  but 
because  of  the  variation  in  bullet  weights  (18  to  45  grains),  the  relation 
between  the  kinetic  energy  of  the  bullet  and  the  jet  velocity  is  more  sig- 
nificant. When  the  squares  of  the  jet  velocities  were  plotted  as  functions 
of  bullet  energies,  the  results  ware  practically  linear  for  piston  diameters 
of  0.25  and  0.375  inch,  as  shown  in  Figure  15.  It  is  seen  that  the  greater 
jet  velocities  ore  generated  with  the  smaller  piston.  As  it  is  not  prac- 
tical to  use  pistons  smaller  than  the  bullets,  the  0.2S-lnch  diameter  has 
been  used  in  all  experiments  described  in  this  report  unless  otherwise 
specified. 

Amounts  of  Water  Ejected  from  Nozzle 

The  water  ejected  was  measured  by  simply  placing  the  opening  of  a 
small  can  containing  cotton  over  the  nozzle,  catching  the  water,  and  weigh- 
ing it  on  a sensitive  analytic  balance.  Inmiediately  following  each  shot, 
the  can  opening  was  sealed  to  prevent  the  loss  of  any  vapor,  The  containor 
was  weighed  before  and  after  each  shot.  The  very  small  variation  J,n  weight 
fo>.'  each  condition  was  surprising.  The  results  are  shown  on  Figure  16. 

Each  point  represents  one  shot  and  shows  the  amount  of  water  in  the  chamber 
and  the  amount  ejeoted.  The  amount  in  the  chamber  was  accurately  deter- 
mined by  using  a calibrated  hypodermic  needle  to  fill  the  nozzle.  Most  of 
the  shots  were  made  using  0.25- Inch  pistons,  and  nozzle  diameters  were 
0.0625  and  0.09375  inch.  The  shells  used  are  indicated.  The  water  in  the 
chamber  averaged  0.5  gm,  varying  between  0.4  and  0.6.  Because  of  the  neg- 
ligible variation  in  the  amounts  of  water  ejected,  it  was  decided  to  fire 
some  shots  using  pistons  having  a diameter  of  0.375  inch  and  varloucs  lengths 
so  that  dlffei'ent  amounts  of  water  could  be  injected  into  the  chamber.  The 
results  obtained  were  not  as  expected.  Usinr,  KLEY  TENFX  bullets  and  a nozzle 
diameter  of  0.0625  inch,  the  amount  of  water  in  the  chamber  was  varied  from 
about  0.4  to  1.2  grams  but  the  amount  of  water  ejected  vai’ied  only  from 
about  0.07  to  0.08  gram.  As  previously  mentioned,  only  a small  fraction 
of  the  water  in  the  chamber  Is  ejected  from  the  nozzle.  For  the  shots  shown 
in  this  figure,  this  fraction  ranged  from  aliout  when  using  the  larger 
piston  and  smaller  noz  le,  to  about  40%  when  using  th.e  larger  nozzle  and 
accelerating  the  smaller  piston  with  a 204-ft-llT-klno^ i c-energy  bullet. 
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Deflection  of  Steel  Plates 

Because  of  the  very  rough  and  irregular  craters  produced  in  materials 
such  as  Lucite  and  ceramics,  and  because  their  volumes  depend  greatly  upon 
whether  or  not  a piece  of  the  fractured  material  remains  in  the  crater  or 
falls  out,  considerable  variations  in  crater  size  are  to  be  expected.  For 
evaluating  the  effects  of  various  parameters  such  as  the  distance  between 
nozzle  and  target  and  the  amount  of  water  in  the  high-pressure  chamber,  it 
was  believed  that  the  deflections  of  metal  plates  that  did  not  crater  might 
give  more  reliable  results  than  the  volumes  of  craters.  It  was  decided  to 
use  targets  of  stainless  steel  and  to  measure  the  displacement  of  the  back 
surface.  The  photographs  in  Figure  17  show  sections  of  two  plates  after  { 

jet  Impact.  The  lower  plate  was  perforated  by  the  jet. 

The  curves  in  Figure  17  show  the  deflection  of  the  rear  surface  of 
0.03S-inch  stainless  steel  plates  as  a function  of  the  distance  between  the 
nozzle  and  the  target.  Western  SX22LR  and  ELEY  TLNEX  22LR  bullets  were 
used.  It  is  seen  that  this  distance  is  very  critical.  A small  difference 
in  the  target  location  would  cause  a large  difference  in  the  amount  of 
damage.  High-speed  photographs  show  the  jet  velocity  to  be  the  same  at 
the  various  distances.  This  difference  In  damage  must,  therefore,  bo  due 
to  the  change  in  the  amount  of  water  in  the  jet  due  to  evaporation  and  tho 
change  in  its  diameter.  The  curves  could  not  be  extended  for  shorter 
nozzle-target  distances  as  these  targets  were  perforated. 

The  amount  of  water  in  the  chamber  was  controlled  by  the  piston  length. 

The  effect  of  the  chamber  water  volume  upon  the  plate  deflection  is  shown 
in  Figure  18.  This  shows  that  the  amount  of  water  injected  into  the  chamber 
has  negligible  effect  on  the  target  damage  unless  the  amount  is  so  small 
that  a well  formed  jet  is  not  possible.  This  confirms  the  fact  that  the 
amount  of  water  ejected  is  independent  of  the  amount  in  the  chamber. 
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SECTION  III 


JET  SIMULATION  OF  RAINDROP  IMPACT 


Simulation  T«chnlau« 


There  Is  perhaps  no  substitute  for  actual  in-fllght  testing  to 
determine  the  raln-eroslon  resistance  of  various  materials.  Because 
of  the  great  number  of  problema  encountered  Irx  such  testing,  a wide 
variety  of  simulation  techniques  have  been  developed.  Multlple'lmpact 
methods  such  as  those  employing  whirling  axmis,  sleds,  wind  tunnels, 
and  ballistics,  as  well  as  single-drop  techniques,  have  bean  described 
by  Fyall  [7], 

Because  rain  damage  to  high-speed  structures  is  caused  by  collisions 
with  a large  number  of  drops,  multiple- Impact  techniques  would  better 
simulate  actual  conditions.  However,  before  a reliable  design  criterion 
for  the  protection  of  high-speed  aircraft  and  missiles  can  be  formulated, 
the  fundamental  mechanics  of  the  erosion  process  must  be  Investigated. 
Before  the  relations  between  rain  damage  and  various  parameters  such  as 
material  properties,  relative  speeds,  angles  of  Impact,  rainfall  rates, 
and  drop  size  distribution  can  be  determined,  the  damage  sustained  by 
the  Impact  of  a single  drop  must  be  understood. 

In  single- Impact  studies,  a drop  of  the  liquid  may  either  be  placed 
In  the  path  of  a moving  target  or  the  liquid  may  be  accelerated  against 
the  target  material.  Smith  and  Fyall  C8]  have  achieved  excellent  results 
by  the  first  method  for  velocities  up  to  about  1000  ft/sec.  The  target 
material  forms  the  nose  section  cf  a lightweight  projectile  fired  from  a 
compressed-gas  gun  at  a drop  suspended  on  an  artificial  web. 

The  accelerating  of  a liquid  drop  against  the  target  poses  several 
difficulties.  In  the  first  place,  It  Is  not  possible  to  accelerate  a 
sphere  of  water  the  size  of  a raindrop  to  a high  velocity  without  the 
aerodynamic  forces  causing  the  drop  to  break  up  or  shatter  into  a fine 
spray  of  small  droplets.  Even  if  the  drop  integrity  could  be  maintained. 
It  would  probably  not  be  desirable  to  do  so.  A short  water  Jet  may  better 
represent  the  drop  after  passing  through  the  shock  wave  of  a supersonic 
radoroe  than  would  a perfectly  spherical  drop.  The  excellent  photograph  of 
water  drops  between  the  shock  wave  and  the  target  In  Figure  19  was  made  by 
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Lankford  and  Lavavance  of  the  Naval  Ordnance  Laboa'atory  [9].  These  drops 
certainly  have  the  appearance  of  jets.  Similar  photographs  have  been  made 
by  Ranger  and  Nicholls  CIO]  and  by  Reinecke  and  Waldman  Cll]> 

Experimental  Juatlfleatlon 

The  high  valooltlea  attainable  with  the  jet  gun  make  it  a very  attrac- 
tive research  tool  for  determining  the  erosion  resistance  of  materials,  and 
it  Beams  that  th«  use  of  the  jet  for  simulating  raindrop  impact  may  be 
justified.  First,  the  appearance  of  craters  formed  by  the  suspended  drop 
method,  those  on  radomas  following  sled  testa,  and  those  formed  by  jets 
are  all  very  similar  in  appearance.  Secondly,  Brunton  [12]  has  shown  that 
only  the  head  of  the  jet  is  responsible  for  damage  to  the  target  and  that 
the  diametor  of  the  jet  detenslnes  the  duration  of  the  load.  Also,  the 
length  of  the  jet  may  not  be  as  great  as  has  been  estimated.  While  It  Is 
true  that  water  oan  be  seen  coming  from  the  nozale  for  a rather  long  period 
of  time  (Figures  6 and  8),  this  may  be  a negligible  volume  at  a low  velocity. 
If  the  measured  ejected  watex'  (Figure  16)  were  concentrated  into  spherical 
drops,  their  "diameters"  would  be  approximately  the  same  as  the  diameters 
of  the  holes  punched  in  the  lead  plates  (Figure  9)  when  the  targets  were 
placed  near  the  nozzle,  so  that  impact  ocourt'ed  before  there  could  be  a 
breakup  of  the  jet  by  aerodynamic  forces.  This  seams  to  strongly  suggest 
that  the  effective  length  of  the  jet  is  about  the  same  as  its  diameter.  This 
may  also  explain  why  the  mass  of  the  jet  Ir  independent  of  the  amount  of 
water  in  the  high-pressure  chamber. 


Theoretical  Results 

The  question  may  also  arise  as  to  the  effect  the  jet  length  might 
have  on  the  internal  target  stresses  caused  by  shook  woves.  To  answer 
this,  the  amplltudea  of  stresses  resulting  from  a drop  or  very  short  jet 
were  computed  and  compared  with  those  resulting  from  a very  long  jet  by 

1' 

f the  methods  described  In  Section  VII  and  Appendix  B. 

( The  compressive  forces  exerted  on  the  target  by  the  drop  were  repre- 

[ sented  by  the  equation 

I I p ■ 603[exp(-0.57t)  - exp(-4.85t)]  U) 
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wh«r«  th«  tiM  (t)  la  In  alcrosaconda  and  tha  praaaure  (p)  la  in  1000  pal. 
Thla  function  I shoirn  in  Flgura  20 • reachaa  a peak  ccmpreaalva  forca  of 
400,000  piil  In  0.5  nioroaocond  and  than  decays  to  60,000  pal  In  4 micro- 
aaconda.  Tha  maxlanm  praasura  eorreaponds  to  tha  shock  prassura  for  a 
drop  velocity  of  about  5000  ft/aao.  Tha  jat  praasura  was  raprasantad  by 
tha  aquation 

p ■ 41211  - axp(-7t)]  (2) 

Thla  ralation  la  alao  ahown  In  Flgura  20.  Tha  praaaura  In  thla  oaaa  also 
raaohaa  a lugnltxida  of  400,000  pal  in  0.5  mloroeaoond  but  doaa  not  daoay 
aa  It  did  in  tha  oaaa  of  tha  drop.  In  fact.  It  raprasanta  a jat  of  In- 
flnlta  langth,  always  Inoraaalng  slightly  in  amplltuda.  Tha  tangantlal 
straasaa  ganaratad  at  tha  aurfaoa  ara  also  ahown.  Tha  maximum  tansila 
atrass  la  approximataly  300,000  pal  for  both  tha  drop  and  jat.  Tha  strass 
hlatorias  at  a point  0.15  inch  from  tha  point  of  impact  In  a 0.20‘‘lnch 
Luolta  targat  ara  shown  In  Flgura  21  for  both  tha  drop  and  jat.  Tha  strass 
wavaa  In  tha  0.20-inoh  targat  ara  shown  in  Flgura  22  at  a tlma  of  1.9  micro- 
aaconda,  just  bafora  thay  raaoh  tha  raar  aurfaoa  of  tha  tnrgat,  and  also 
at  2.2  mioroaaoonda  aftar  tha  wavaa  hava  baan  raflaotad  from  tha  raar  sur- 
faoa.  Tha  maximum  tanalla  straasaa  In  tha  targat  ara  shown  in  Flgura  23. 

It  can  ba  saan  that  thara  la  practically  no  diffaranoa  batwaan  tha  straasaa 
ganaratad  by  tha  drop  and  by  tha  jat. 

In  vlaw  of  both  axparimantal  and  thaoratlcal  raaults.  It  la  oonoludad 
that  tha  hlgh-valoolty  jat  la  a useful  rasaarch  tool  for  simulating  rain- 
drop Impact. 


SECTION  IV 


CRATEKING  OF  SLIP-CAST  FUSED  SILICA 

Both  surfaces  of  some  SCrS  targets  ware  painted  with  black  ink  before 
Impact  so  that  the  extent  of  any  fractures  could  be  more  easily  seen.  The 
photographs  at  the  top  of  Figure  24  show  the  dam.tge  to  a 0.25-lncli  torRet. 
It  was  completely  penetrated.  The  fracture  as  viewed  from  the  back  is 
interesting.  The  lower  photographs  of  this  figure  show  the  damage  to  a 
slightly  thicker  target.  The  familiar  ring  crater  Is  seen  on  the  front, 
and  a crack  is  detected  on  the  rear  aurfoce.  Tha  ink  was  not  removed  from 
the  central  area  of  tha  oratar.  Typical  oross-sectlons  of  this  crater  are 
ahown  in  Figtire  25.  The  maximum  depth  la  about  0.008S  Inch.  Unlike  the 
ring  cxvter  in  Luoita,  the  oentrai.  undamaged  portion  ahows  a permanent  set. 
It  may  be,  however,  that  the  material  is  not  compressad  but  that  the  crack 
whoae  boundariaa  are  seen  on  the  rear  surface  extend  internally  to  the 
front  crater  and  that  this  entire  cone  of  material  Is  pushud  backward. 
Internal  and  subaurfaca  material  falluraa  are  discuaaed  In  Section  VII. 
Crater  contoura  are  shown  in  Figure  26. 

Typical  craters  in  SCFS  targets  are  shown  In  Figure  27.  These  vary 
from  small  ring  craters  with  undamaged  contra!  area,  such  as  Nr>»3,  S82, 

705,  and  706,  to  large  deep  craters  with  chunka  of  the  m.aterlal  romovod, 
sucii  as  No.  423.  The  scale  dlviaions  ahown  In  the  photographr!  ■u’c;  milli- 
meters. Some  of  the  craters  and  condltlona  of  lmp.ict  will  ho  rJc.‘)crIhod 
later. 

Experimental  Conditions 

After  analyr.lng  the  reaulta  of  many  nlioln  made  undet'  varloun  rendi- 
tions, It  was  decided  that  for  a uttidy  of  the  ctvjt»jrlni>  of  scr;:  target!’., 
tlu’  following,  would  be  used: 

Noaale-terget  distance  - 1.0  incli 

Piston  diameter  - 0.25  Inch 

Nozzle  diameters  - 0.065  and  0.0'i375  inch 

Jot  Velocity  and  Crater  Size  Relatioiia 

Average  orator  volume  and  diameter  as  functions  of  jot  velooiiy  an! 
nozzle  diameter  are  shown  in  Figure  28.  licr.h  point  represonts  the 
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avtrag*  volume  or  diameter  of  several  craters  with  the  exception  of  the 

-4  3 

largest  crater  (volume  - 25.0  x 10  in  , diameter  > 0.49  inch).  These 
values  were  the  result  of  a single  shot,  as  It  was  the  only  one  that  did 
not  destroy  the  thickest  target  (0.75  inch)  availal.ile  at  that  time. 

Crater  Slse  as  function  of  Jet  tlnergy 

The  jet  velooity-orater  slae  relation  depends  upon  the  nozzle  diam- 
eter* but  It  was  found  that  the  relation  between  the  kinetic  energy  of 
the  jet  and  the  crater  volume  was  independent  of  the  nozzle  size.  Not 
only  that*  but  the  energy-volume  relation  plots  as  a straight  line  on 
logarithmic  paper  (figure  24),  and  the  crater  volume  (V)  can  be  expressed 
as  s slmpls  function  of  the  jet  energy  (r.)*  this  being 

V B 1.66  X lO'^E^’*^**  13) 

where  the  volume  is  given  In  cubic  inches  when  the  energy  la  expressed 
in  foot-pounds.  A plot  of  the  crater  areas  Is  also  shown.  The  energy- 
area  relation  can  be  repiesonted  by  the  equation 

A ■ 0.00741E®*®®  Cl) 

gi'/lxig  the  area*  A*  in  square  inches. 

Thaaa  ralationa  were  baaad  upon  crater  dimensions  obtained  by 
impacting  a large  number  of  the  original  targets  furnished  for  use  in 
this  research.  When  four  larger  and  thicker  targets  were  received,  the 
plans  were  to  extend  thetie  curves  to  higher  vnlocltlea  and  energies. 

When  the  first  of  these  new  targets  (No.  1)  was  impacted,  it  was  found 
that  the  crater  volumes  uor«  approximately  six  timeo  larger  than  those 
in  the  original  targets.  When  the  average  volumes  and  areas  for  differ- 
ent impact  enargles  were  plotted,  it  was  found  that  the  lines  through 
the  points  had  the  same  slopes  as  the  original  c\ur'ven,  giving  the  same 
exponent  hut  that  the  relations  liad  different  coefficients  (figure  30). 
fach  of  the  throe  points  ropresontii  the  averago  of  ncveral  ahot'i,  hut 
there  was  much  less  scatter  than  in  the  case  of  the  original  t.argets , 
bocjunw  ail  craters  wore  in  one  target,  wherean  oovoral  targets  were 
used  in  the  origin.U  experiment.  The  energy-volumt>  curve  for  the  second 
of  the  new  targets  (No.  2)  fell  between  that  for  tlu'  original  data  and 
the  one  for  tiirgot  No.  1. 
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An  important  question  at  this  point  is,  ’’Which,  if  either,  of  these 
energy -volume  relations  can  be  used  to  predict  the  damage  to  SCFS  radomes 
in  a specified  rain  field?"  They  are 

For  the  original  targets  - V = 1.66  x (3) 

For  target  No.  1 - V = 10.1  x 10“®E^*‘*'*  (5) 

-fi  1 UL 

and.  For  target  No.  2 - V = 3.32  x 10  (6) 

These  relations  plotted  on  rectangular  coordinate  paper  in  Figure  31 
give  a better  comparison  of  the  results  obtained  by  use  of  the  different 
targets . 

It  is  assumed  that  better  quality  control  will  be  maintained  in ‘the 
manufacture  of  the  radomes  than  was  done  in  the  casting  of  the  targets 
used  in  these  experiments.  If  some  targets  of  the  actual  radome  material 
could  be  supplied,  the  coefficients  of  the  equations  could  be  more  accu- 
rately determined.  Meanwhile,  it  seems  reasonable  to  use  Eq.  (S)  for  the 
softest  of  the  targets  as  a basis  for  further  relations  derived  in  this 
research.  In  Section  IX  of  this  report,  the  computed  results  will  be 
compared  with  the  observed  damage  to  radomes  eroded  in  rocket  sled  tests. 

'ih«  energy-volume  curve  for  this  target  is  repeated  and  the  energy- 
crater  area  relation 

A = 0.022E^*^^  (7) 

is  shown  in  Figure  32. 

Craters  Resulting  from  Lead  Impact 

Another  target  (No.  4)  was  used  in  expeidments  to  determine  the 
relation  between  the  energy  of  lead  shot  and  crater  volume.  This  is  also 
shown  in  Figure  30.  For  this  curve,  each  point  represents  an  Individual 
shot  and  not  the  average  of  several  shots  as  in  the  case  of  the  water  jet. 
It  appears  that  a curve  through  these  points  might  have  the  same  slope 
as  the  curves  representing  water  impact.  If  so,  this  would  indicate  that 
the  exponent  of  the  equation  is  perhaps  dependent  upon  the  target  material 
and  independent  of  the  projectile  properties.  It  also  seems  to  indicate 
thai;  lead  pellets  might  be  used  to  simulate  liquid  impact  as  has  been 
suggested  by  Walton  [13].  The  ci’ater  characteristics  are  very  similar 


In  th«  two  cases.  Some  photographs  of  these  craters  are  shown  in  Figure 
33.  As  the  properties  of  target  Mo.  4,  in  which  the  lead  pellets  were 
fired,  are  perhaps  different  from  the  other  targets,  no  comparisons  of 
results  can  he  made.  It  appears,  however,  that  lead  pellets  having  kinetic 
energies  of  from  3 to  10  percent  of  those  of  water  jets  could  be  used  to 
simulate  liquid  Impact.  The  craters  shown  in  Figure  34  resulted  from  a 
shotgun  impact.  The  No.  7-1/2  lead  pellets  having  velocities  of  about 
1500  ft/seo  hit  the  target  at  an  ax^le  of  30  degrees  with  its  surface. 
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SECTIOH  V 
OBLIQUE  IMPACTS 
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The  date  presented  in  the  previous  sections  of  this  report  were 
determined  from  experiments  In  which  the  direction  of  the  liquid  jet  was 
normal  to  the  target  surface.  In  general,  the  relative  velocity  vector 
of  a raindrop  Is  not  perpendicular  to  the  radome  surface.  The  affect  of 
the  In^Mot  angle  Is  therefore  of  great  Importance. 

Effect  of  Shook  Layer  Upon  Impact  Angle 

The  angle  at  which  a drop  Impinges  upon  the  radome  surface  is  deter- 
mined primarily  by  the  radome  geometry.  It  Is  also  affected  by  Its  pas- 
sage through  the  supersonic  shock  layer.  It  was  shown  In  Figure  19  that 
there  Is  a distortion  and  fragmentation  of  the  drop.  This  shattering 
or  fragmenting  will  have  little  effect  if  the  time  to  traverse  the  shook 
layer  Is  less  than  the  breakup  time.  There  will  also  be  a deflection  or 
change  iu  the  direction  of  the  drop  as  It  passes  through  the  shook  layer. 
If  the  deflection  angles  are  of  sufficient  meignltude,  the  total  number 
of  Impacts  will  be  reduced.  If  the  raindrops  have  sufficient  momentum 
to  prevent  them  fi'om  being  deflected,  all  drops  In  the  path  of  the  radome 
will  Impact.  Appendix  E la  an  analysis  of  the  motion  of  raindrops  in  the 
shock  layer.  Figure  3B  shows  the  effect  of  the  shock  on  the  motion  of 
drops  0.5  and  5.0  mm  in  diameter  at  Mach  2.0  and  10.0  for  a 15-degreo 
conical  radome.  In  this  case,  the  deflection  was  very  small.  For  other 
angles  and  conditions,  the  results  may  be  significant. 

Effect  of  Impact  Angle  Upon  Crater  Volume 

Photographs  and  average  volumes  of  craters  in  SCFS  formed  by  110-ft- 
Ib  jets  making  angles  of  90,  70,  52,  and  45  degrees  with  the  target  sur- 
face are  shown  in  Flgui'e  36.  Contours  of  these  craters  are  shown  in  Fig- 
ure 37,  and  the  effect  of  the  impact  angle  upon  crater  volume  is  given  by 
the  lower  curve  of  Figure  38.  It  was  surprising  to  find  that  the  crater 
volume  created  by  normal  impact  was  less  than  the  volume  formed  by  a 70- 
degree  oblique  Impact.  A look  at  Figure  37  reveals  that  there  are  central 
plateaus  In  the  craters  resulting  from  normal  impact.  These  are  not  as 
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distinct  as  the  ring  craters  formed  by  lower  jet  velocities,  but  the 
shaded  areas  shown  are  surrounded  by  regions  of  greater  depth.  The 
craters  formed  by  the  70-degree  jets  do  not  have  these  plateaus.  Cross- 
sections  of  two  of  the  craters  show  this  difference  more  clearly  (Figure 
39).  It  may  be  that  the  70-degree  jet  simply  "washed  out"  the  central 
high  region,  thereby  eroding  out  a greater  volume  than  did  the  normal 
jet. 

If  this  explanation  is  correct,  it  may  provide  .a  clue  to  the  high 
central  regions  and  the  apparently  unaffected  areas  in  some  craters. 

When  a drop  or  the  head  of  a jet  strikes  a target  at  high  velocity  normal 
to  its  surface,  the  extremely  high  pressure  causes  a compression  of  the 
liquid.  This  compressed  volume  serves  to  deflect  the  remainder  of  the 
liquid  so  that  it  impinges  upon  the  target  at  an  angle  to  the  normal, 
eroding  or  washing  out  a circular  ring  crater. 

This  seems  to  be  in  agreement  with  Field's  expldnatiou  as  to  why 
there  is  no  decrease  in  crater  volume  until  angles  greater  than  20  degrees 
with  the  normal  are  reached  [14].  Investigators  have  also  observed  that 
the  angle  at  which  miron-size  particles  strike  a target  influences  the 
erosion  rate  and  that  the  maximum  does  not  occur  with  normal  impact  [15]. 

The  upper  curve  of  Figure  38  shows  the  crater  volume  for  different 
impact  angles  of  160-ft-lb  jets.  The  difference  in  the  two  curves  of  this 
figure  is  not  due  primarily  to  the  difference  in  jet  energy,  but  results 
fr-om  the  difference  in  the  properties  of  the  two  tcirgets.  Normal  impact 
of  target  No,  2 destroyed  the  target,  and  the  point  shown  was  determined 
by  extrapolating  the  curve  for  this  target  on  Figure  30, 

It  is  apparent  that  the  relation  between  impact  angle  and  crater 
volume  cannot  be  determined  from  those  data.  One  might  conclude  from 
these  curves  that  no  cratering  would  occur  at  Impact  angles  of  leas  than 
about  30  degrees.  This  certainly  is  not  the  case.  Using  higher  veloc- 
ities, craters  have  Ijeen  formed  on  some  trjr'gets  at  angles  of  30  degrees 
or  less,  but,  because  of  their  small  size,  the  targets  were  cracked  when 
the  angle  was  increase...  Sut)stantial  cratering  occui's  when  15-degree  SCFS 
radomes  are  sled-tested  Jn  a simulated  rain  field. 

As  the  oblique  impact  experiments  did  not  give  the  necessai'y  informa- 
tion, it  is  necessary  to  take  either  an  analytical  approach  cr  turn  to  the 
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Haymann  [161  sayn  that  tha  oonsanaus  appears  to  ba  that  tha  normal 
cooponant  of  tiia  Impact  velocity  la  primarily  rasponolbla  for  tha  damage, 
with  the  tangential  oomponant  playing  a secondary  role.  If  any. 

If  it  Is  assumed  that  cratering  at  a given  angle  is  governed  by  the 
normal  velocity  component,  than  by  oomblning  this  hypotheals  with  Eq.  (S), 

V « 10.1  X 10“®  E^***** 

the  volume  of  a crater  in  a similar  target  impacted  at  an  angle  6 with  tha 
target  surface  is  given  by  the  relation 

V ■ (3.73  X 10"®)(m)^*‘*‘*(v  sin  6)^’®®  (8) 

where  m and  v are  the  jet  mass  in  slugs  and  velocity  in  ft/seo,  respectively. 
The  volume  may  also  be  expressed  as 

V ■ <7.07  X lO"^^)  d'*'®^(v  sin  8)^*®®  (9) 

where  D is  tha  drop  diameter  in  millimeters. 

Smith  and  lyall  question  this  basic  hypothesis  concerning  the  effect 
of  the  impact  angle  [8],  and  it  is  not  in  agreement  with  the  empirical 
relations  derived  by  Echmltt  [171. 

It  was  shown  in  Section  IV  that  the  crater  volume  resulting  from 
normal  liquid  impact  is  a function  of  the  projectile  kinetic  energy.  It 
was  also  demonstrated  that  the  crater  volume  is  a function  of  the  kinetic 
energy  of  lead  projectiles.  It  has  also  been  shown  that  the  volume  of 
craters  in  metal  targets  is  a function  of  the  kinetic  energy  of  solid 
projectiles  [18].  This  seems  to  indicate  that  the  mechanics  of  cratering 
is  very  similar  for  both  liquid  and  solid  impacts.  It  would  seem  reason- 
able to  assume  that  the  crater  volume  dependence  upon  impact  angle  would 
also  be  simlleu:*.  In  the  case  of  solid  projectile  Impact,  the  crater  vol- 
ume is  a linear  function  of  the  sine  of  the  impact  angle  [19]. 

Because  of  the  results  of  solid  projectile  impact  experiments  and 
also  because  it  is  in  agreement  with  the  empirical  relations  developed 
by  Schmitt  [17],  who  has  perhaps  analyzed  this  problem  as  thoroughly  as 
anyone,  it  Is  assiuned  that  the  crater  volume  Is  also  a linear  function 
of  the  sine  of  the  impact  '>.ngle  of  liquid  projectiles. 

The  relation  used  in  this  study  for  determining  the  erosion  of  3CF!? 
radomes  is,  therefore, 

V « (7.07  X 10“^^)D‘*’®V'®®8ln  9 
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Effect  of  Impact  Angl<  Upon  CratT  Area 

Just  as  the  oblique  Impact  experiments  did  not  provide  sufficient 
Information  to  determine  the  crater  volume  dependence  upon  the  impact 
angle,  they  were  of  little  help  in  determining  the  effect  of  the  Impact 
angle  upon  the  crater  area.  About  all  that  could  be  learned  from  these 
experiments  was  that  the  crater  area  becomes  smaller  as  the  angle  with 
the  target  surface  la  decreased  but  not  at  as  rapid  a rate.  The  craters 
also  became  relatively  more  shallow  as  the  impact  angle  was  decreased. 

Relneoke  [20]  says  that  a spherical  drop  impacting  a plane  surface 
at  an  angle  6 gives  an  elliptical  "imprint"  with  an  area  of  itR^/sln  6, 
where  R is  the  drop  radius.  This  undoubtedly  does  not  refer  to  the 
actual  crater  area,  as  it  would  moan  a larger  area  for  very  acute  angles. 
Per  example,  the  drop  "imprint"  on  a IS-dagree  radome  would  have  an  area 
almost  four  tiroes  as  large  as  for  normal  impact,  and  its  major  axis 
would  likewise  be  3.9  times  as  long  as  the  drop  diameter,  which  is 
obviously  not  the  case. 

If  the  crater  volume  is  a linear  function  of  the  sine  of  the  impact 
angle,  the  area  of  geometrically  similar  craters  would  be  a function  of 
the  2/3  power  of  the  sine  of  the  angle.  Although  none  of  the  oblique 
impact  experiments  supply  sufficient  information  to  determine  this  power 
empirically,  the  crater  contours  of  Figure  37  do  show  that  the  area  does 
not  decrease  as  rapidly  as  the  depth,  as  the  impact  angle  6 decreases. 

In  other  words,  as  the  angle  decreases,  the  craters  become  relatively 
more  shallow.  It  seems  that  a value  of  one-half  might  be  a reasonable 
value  to  use  for  this  exponent. 

It  is  believed  that  the  approximate  crater  area  for  the  SCFS  being 
considered  can  be  found  by  applying  this  factor  to  Eq.  (7),  giving 

A a 0.022E°*^^(ain  6)°’®  (11) 

or,  in  terms  of  drop  diameter  (mm)  and  velocity  (ft/sec), 

A B (1.21  X 10'®)D^*^^v^’^°(sin  e)*^**"  (12) 
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SECTIOM  VI 
MULTIPLE  IMPACTS 


This  research  has  been  directed  largely  toward  an  Investigation  of 
cratering  resulting  from  single  hlgh-veloclty  liquid  Impacts.  It  is 
realized,  however,  that  radome  damage  will  result  from  collisions  with 
many  raindrops  and  that  one  of  the  problems  that  must  be  dealt  with  Is 
the  interaction  of  stresses  developed  by  multiple-drop  impacts. 

Some  experimental  results  and  illustrations  of  dual  Impacts  will 

a 

be  given.  Shot  No.  829  created  a enter  having  a volume  of  0.000203  In 
In  the  SCFS  target.  An  identical  shot  (630)  impacting  the  previous  enter 
Increased  Its  volume  by  a factor  of  2.7  to  0.000557  In  . Photographs  and 
dimensions  are  given  in  Figure  40.  Repeating  this  experiment,  crater  806 
was  Increased  by  a factor  of  3.18  by  a second  shot  (831)  as  shown  in  Fig- 
ure 41.  When  reference  is  made  to  "identical"  shots,  it  simply  means  that 
the  same  type  bullets,  nozzle  sizes,  amounts  of  water,  and  nozzle-target 
distances  were  employed.  Shots  806  and  829,  for  example,  were 'Identical," 

ft 

but  the  enter  volumes  wen  0.000146  and  0.000203  In  , respectively. 

There  is  no  way  of  knowing  what  the  results  of  shots  830  and  831  would 
have  been  had  they  not  Impacted  the  previous  craters.  Conclusions  can. 
therefore,  only  be  based  upon  the  averages  of  a number  of  shots.  Similar 
craters  are  shown  in  Figure  42  except  that  the  centers  of  the  first  (827) 
and  second  (832)  shots  were  separated  by  a distance  almost  equal  to  a 
crater  diameter.  The  combined  volumes  of  the  two  shots  were  2.74  times 
as  great  as  the  first.  The  craters  shown  in  Figure  43  were  separated  a 
greater  distance.  The  first  shot  (828)  resulted  in  a crater  having  a 

O 

volume  of  0.000123  in  . The  second  shot  (833)  created  a crater  having 

O 

a 0,000150- in  volume,  but  of  most  interest,  it  caused  the  volume  of  the 

g 

first  crater  to  increase  by  30  percent  to  a volume  of  0.000171  in  . From 
these  data,  the  relation  between  the  increase  in  crater  volume  caused  by 
the  second  shot  and  the  distance  between  impact  points  is  shown  in  Figure 
44,  From  this  limited  amount  of  data,  it  seems  that  the  second  impact 
will  have  no  effect  upon  the  volume  of  the  first  crater  if  the  distance 
between  crater  centers  is  at  least  twice  the  diameter  of  the  craters. 

Figures  45,  46,  and  4'/  show  the  results  of  similar  experiments  using 
higher  voloclty  jets.  In  the  first  two  of  these,  the  crater  volume 
increase  due  to  the  second  Impact  was  2.46  and  2.85,  which  agrees  very 
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well  with  tha  previous  data.  The  final  total  volume  for  the  third  case 
was  only  2.09  times  as  great  as  the  first  crater  volume.  It  should  be 
noted  that  the  second  shot  (840)  created  a crater  volume  of  only  0.000619 
in^  as  compared  with  that  of  the  first  (836)  of  0.000715  In^,  but  that 
it  caused  the  volume  of  the  first  crater  to  increase  22  percent.  Finally » 
Figure  46  Illustrates  the  fact  that*  although  the  impacts  at'e  sufficiently 
far  apart  so  as  not  to  affect  the  volume  of  the  first,  the  first  crater 
may  serve  as  a stress  raiser  causing  fracture  of  the  target.  The  crack 
through  No.  769  did  not  occur  until  No.  770  was  fired. 

Why  is  the  total  crater  volume  resulting  from  two  impacts  greater 
than  twice  that  of  one  crater?  When  the  craters  coincide  or  overlap,  the 
target  surface  is  not  the  some  for  the  second  shot  as  for  the  first. 
Experiments  have  demonstrated  that  the  momentum  transfer  from  jet  to 
target  is  greater  for  the  second  shot.  Also,  it  has  been  pointed  out 
that  one  reason  for  the  relatively  wide  variations  in  crater  else  in 
brittle  material  is  that  some  of  the  fractured  ntaterlal  may  not  be  com- 
pletely broken  loose  but  remains  in  tha  crater.  It  is  likely  that  the 
stress  waves  from  the  second  shot  may  detach  some  of  this  material, 
causing  an  Increase  in  volume. 

Kadomes  will,  of  course,  be  eroded  by  many  collisions  with  drops 
as  they  pass  through  rain  fields.  The  effect  of  several  impacts  is  illus- 
trated in  Figure  49.  The  averagu  volume  of  a single  isolated  crater  in 

this  target  under  the  impact  conditions  of  the  experiment  was  10.2  x 10 

3 -4 

in  per  crater.  After  five  impacts  the  average  volume  was  13.3  x 10 

in  , an  average  increase  of  30  percent  per  crater.  Approximately  14  per- 
cent of  the  total  surface  ai-'ea  was  covered  by  craters. 

The  number  of  shots  was  increased  in  steps  of  five  until  approxi- 
mately 70  percent  of  the  surface  area  was  coveted,  by  which  time  the 
average  crater  volume  had  Increased  about  90  percent.  The  ratio  of  aver- 
age crater  volume  to  that  of  a single  i^3olatod  crater  is  plotted  as  a 
function  of  the  percent  of  the  target  surface  covered  in  Figure  50.  The 
empirical  relation 

V/Vj^  = 2 - expt-3P/(132-r)  I (13) 

passes  through  the  experimental  points  very  well  and  indicates  that  when 
the  total  target  surface  is  covered  with  craters  that  the  average  crater 


Th4  thr**  basic  aquations  darivsd  up  to  this  point  art  Eqs*.  (10), 
(12),  and  (13).  Tha  voluma  and  araa  of  a slngla  oratar  hava  baan  dasig- 
natad  by  V and  A.  As  this  study  will  now  ba  oonoarnad  with  tha  total 
voluma  and  araa,  thaaa  daslgnatlons  for  a slngla  oratar  will  ba  ohangad 
to  and  Aj^.  Also,  tha  dlractlon  of  tha  projaotila  valoolty  vector  with 
raspaot  to  tha  target  surface  has  baan  designated  as  tha  angle  6.  Ii\  tha 
case  of  auparsonlo  radomas,  this  impact  angle  will  not  ba  6 but  will  be 
tha  difference  between  tha  radoma  angle  and  tha  deflection  angle  due  to 
tha  shook  layer,  (0  - 6),  as  shown  in  Figure  35. 

Equations  (10)  and  (12)  now  baooma 

■ (7.07  X 10"^’)D‘**®V*®®8in(e  - 6)  (14) 

and 

Aj^  « (1.21  X 10"®)D^‘®V*^°C8in(e  - 6)]°*®  (15) 

It  should  b«  kept  in  mind  that  the  constant  coefflolents  in  these 
aquations  apply  only  for  SCFS  having  tha  properties  of  tha  Georgia  Tech 
target  No.  1. 

171688  equations  together  with  tha  probability  model  derived  in 
Appendix  D will  ba  used  to  calculate  the  erosion  of  radomes.  It  will 
be  noted  that  the  exponents  of  sln(6  - iS)  in  Eqs.  (14)  and  (15)  are 
different  from  those  derived  in  Appendix  D.  The  reasons  for  these  changes 
were  given  in  Section  V. 

The  drop  slisa  Is  based  upon  the  well-known  Marshall- Palmer  expo- 
nential distribution  function  [21]. 

p(D)  = 8000  exp(4.1R"°'^^)  (16) 

when  D is  the  drop  size  in  millimeters  and  R is  the  rainfall  rate  in 
millimeters /hour. 

The  percent  of  the  area  eroded  in  a traveled  distance  of  S feet 
through  the  rain  field  is 

P « Sv^-^8ln0[8ln(e  - 6)]°*®/  D^-®®p(D)dD  (J?) 
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and  tha  total  voluna  of  material  eroded  per  unit  area  (in^/in^)  of  redone 
sux^ace  ia 

« [2  - exp(-3P/(132-P))]Sv^*®®8in0sin(0  - 

D 

0 

It  ia  believed  tliat  raindropa  lean  than  O.S  ran  in  diameter  will  have 
negligible  effect  upon  the  erosion  of  radomasi  therefore • the  lower  limit 
of  D (D^)  in  the  above  integral  is  taken  as  this  value.  The  upper  limit 
given  a value  of  10  mm.  It  has  been  shown  that  the  teralnal 
velooitlea  of  raindrops  larger  than  about  6 mm  in  diameter  are  aufflo iently 
great  to  cause  them  to  break  up  or  disintegrate  into  smaller  drops  [7], 

By  sxtsnding  the  upper  limit  to  a value  of  10 » a slight  factor  of  safety 
ia  provided  I however » according  to  the  Marshall- Palmer  distribution,  there 
would  be  such  a small  numiber  of  the  large  drops  that  taking  this  upper 
limit  as  infinity  chtinges  the  calculated  erosion  rate  less  than  1 percent. 

The  reader  ia  referred  to  Appendix  D for  details  of  the  derivations 
and  the  oaloulatlon  of  the  various  constants  and  to  Appendix  Q for  the 
computer  progt'am  used  fpr  calculating  the  various  numerical  values. 

Calculation  of  Erosion  Rate 

The  rate  at  which  the  surface  is  eroded  (ER)  in  inohes/seoond  will  be 
the  total  volume  of  radome  material  removed  per  unit  area  divided  by  the 
time  in  the  rain  field.  Siibstitutlng  S = vt  in  Eq.  (18)  and  dividing  by 
t gives 

ER  « [2  - exp(-3P/(l32  - P))]v^‘®®sin98ln(0  • 6 ^^p(D)dD  (19) 
Numerical  Results 

Equations  ( 17 ) , ( Ifl ) , and  ( 19 ) have  been  solved  for  rainfall  rates 
of  1,  2,  3,  4,  5,  and  6 in/hr;  radome  angles  of  15,  30,  45,  60,  75,  and 
90  degrees;  and  velooitlea  of  2500,  5000,  and  7500  ft/aec;  for  distances 
up  to  5000  ft.  The  deflection  of  the  drops  in  the  shock  layer  has  been 
neglected. 

Tables  2,  3,  and  4 give  numerical  values  of  the  percent  of  radome 
surface  cratered;  the  volume  of  material  removed  per  unit  area;  the  erosion 
rata;  and  the  erosion  rate  divided  by  sin^0. 

Erosion  rates  for  a 15-dagree  radome  with  a velocity  of  5000  ft/soc 
are  shown  in  Figure  51.  It  la  seen  that  the  rate  of  erosion  increases 
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until  th«  radOM  surfaoa  is  •ntlraly  oovarad  with  orat«r«i  aftnr  which 
it  rciinlna  uoiMtact.  Figure  52  gives  the  distance  that  a radoae  nust 
travel  through  a given  rain  field  before  Its  surface  la  100  percent 
eroded.  For  exanple,  a 30-degree  conical  SCFS  radooM  araving  at  a speed 
of  SOOO  ft/aao  through  a 2.5-in/hr  rain  would  travel  only  350  feet  before 
being  entirely  covered  with  craters. 


Erosion  Eouationa 

The  volune  of  radoBM  isaterlal  reanved  and  the  erosion  rates  were 
computed  by  solving  Eqs.  (18)  and  (19)  by  numerical  Integration.  The 
material  volume  and  rate  of  erosion  after  the  radoma  is  entirely  covered 


by  craters  oan  be  expreaaed  by  the  following  relations t 


V > 1.76  X 10 
and 


-16<,.1.12  2.88 


'8R 


aln^O 


(20) 


ER  ■ 1.76  X 10"^V*^V*®®ain*e 


(21) 


Values  of  ER/aln^8  for  various  rainfall  rates  are  shown  in  Figure  53. 

Thia  ER  la  equivalent  to  the  MOPR  (mean  depth  penetration  rate)  of 
Sohmltt  C17J.  He  has  developed  empirical  relations  based  upon  ten  5500- 
ft/seo  firings  on  the  rocket  sled  track  at  Holloman  Air  Fores  Baasi  New 
Mexico,  and  previous  work  which  covered  valoclt'les  from  about  1500  ft/seo 
to  4000  ft/aeo. 

It  la  intareatlng  to  compare  Eq.  (21),  determined  by  water  jst  gun 
experiments  conducted  In  the  laboratory  and  the  theoretical  drop  size 
distribution,  with  the  results  based  upon  rocket  sled  testa  In  a simulated 
rain  field.  For  7941  f vised  silica,  Schmitt  found  ths  srosion  rats- 
valoolty  dapendsnoe  relation  to  bs 

(22) 


MDPR(cm/ssc)  > 9.22  x 10"^V*‘*®8in2e 


1 


for  a rainfall  rate  of  4.6  In/hr.  This  relation  convsrtsd  to  In/seo  is 
also  shoiim  on  Figurs  53.  Ths  propsrtiss  of  ths  fussd  silica  used  In  these 
sled  tests  may  have  been  quite  different  from  the  turrets  used  In  tho 
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SECTION  VI X 

SPALLAKON  AND  SUBSURFACE  FRACTURE 

Up  to  this  point  tho  roaoapoh  doserlbod  in  thla  report  hM  doolt 
prlowrily  with  cratorlng  and  eroalon  of  the  radome  surface • It  is  very 
likely,  howover,  that  the  most  oataatrophlo  damage  may  bo  due  to  sub- 
surface  fracturos  or  to  spallation  of  the  inner  surface  as  a result  of 
the  reflection  of  stress  waves. 

Description  of  Fraotures 

Figure  54  shows  Apseturea  beneath  the  orators  of  three  SCFS  targets. 

In  general  these  cracks  run  radially  from  the  eurfaoe  crater.  This  can 
be  seen  in  the  photographs  of  two  0.7S-inoh  targets  in  rig\ire  55.  Both 
also  show  rear  surface  spall  resulting  in  the  oomplete  detachment  of 
material  in  the  lower  photograph  and  the  cracks  parallel  to  the  rear 
surface  in  the  upper  picture.  The  large  fracture  seen  at  the  left  of 
the  lower  target  was  caused  by  a crack  through  a nearby  crater  caused 
by  this  impact.  Both  of  these  targets,  as  well  as  those  in  Figure  56, 
show  defective  planes  at  the  center,  caused  perhaps  in  tho  casting 
process.  In  most  oases  the  radial  cracks  extend  across  this  central 
plane,  except  in  the  upper  target  of  this  figure  the  cracks  seem  to 
originate  at  the  center. 

The  fracture  of  the  0.40-inch  tarfiot  shown  in  Figure  57  is  very  simi- 
lar to  the  one  shown  in  Figure  24  except  for  the  roar  surface  spall  directly 
behind  the  Impact  point  and  that  the  uircular  crack  was  somewhat  mors  pro- 
nounced. Shortly  sfter  the  first  photographa  were  made,  the  entire  rear 
portion  shown  in  the  last  two  photographa  of  this  figure  became  detached. 
Upon  examination  of  these  fractures.  Figure  5B  was  drawn. 

A Possible  Explanation  of  the  Target  Fracture 

Tlie  cracks  indicated  by  A,  D,  and  C of  Figure  58  are  of  interest  as 
either  of  them  would  cause  greater  damage  to  a radome  than  tho  ring  crater, 
from  either  a structural  or  an  alectroroagnetic  viewpoint. 


Initially*  the  path  of  crack  A is  dctsmlnad  by  ths  tanaila  strassas 
around  tha  inuadiata  inpaot  araa.  As  auggastad  by  Yoffaa  [22]*  tha  crack 
ppopagataa  Into  tha  plata  nornal  to  tha  maximun  tangential  strass  naar 
tha  otuck  tip.  If  this  sMxinun  strass  is  causad  to  shift  from  its  orig- 
inal direction*  tha  direction  of  tha  crack  propagation  would  ba  axpaotad 
to  ohaRga.  This  eould  ba  oausad  by  tha  atrass  wavaa  ganaratad  by  tha 
inpaot  and  is  probably  tha  reason  for  A not  following  a straight  line. 

Tha  naximm  apaad  of  tha  crack  propagation  was  analytically  dataminad 
by  Yoffaa  to  ba  approniaataly  0.6  timas  tha  velocity  of  tha  shaar  wave. 

This  agraas  vary  wall  with  tha  valua  of  0.38  timas  tha  dilatational  wava 
valooity  as  obsarvad  by  KUppara  [23]  in  axparinants  with  glass. 

It  is  apparant  that  tha  strass  wava  assooiatad  with  tha  inpaot  travels 
through  tha  plata  and  raflacts  from  tha  raar  surface*  intarsaoting  tha 
crack  bafora  it  has  time  to  propagata  through  tha  targat.  It  la  oomputad 
that  tha  oraok  raaohas  tha  first  point  of  branching  in  approximately  3.5 
Msec  and  that  tha  raflaotad  dilatational  wava  raaohas  ths  ssma  point  in 
appi«oxlnotaly  tha  sasM  tine.  Tha  strassas  assooiatad  with  tha  arrival  of 
this  wava  will  cause  a change  in  tha  state  of  strass  around  tha  propagating 
oraok  tip  and  is  probably  tha  cause  of  tha  branching  which  orastss  oraok  C. 
As  tha  raflaotad  shaar  wava  velocity  is  lass  than  that  of  tha  dilatational 
wava*  it  will  intarsact  crack  A at  a later  time  and  would  ba  axpaotad  to 
causa  another  branching  such  a^3  crack  B. 


Spallation  Ranulting  from  Raflcctad  Strass  Waves 


Tha  fact  that  oonaidambla  damage  can  result  from  tha  raflaotion  of 
atrass  wsvss  from  tha  inner  surface  of  a radoma  has  bean  alluded  to  several 
timas.  Tliis  source  of  potential  danger  will  now  ba  looked  at  in  more 
detail.  First*  sonis  axptrlmantsl  results  and  emplrioal  relations  will  bs 
considered* and  naxt*  ths  methods  of  stress  calculation  will  ba  described. 

In  addition  to  creating  a crater*  a high-velocity  Impact  will  drive 
a strong  shock  wave  into  a structure.  If  the  Impautad  atruoture,  or  "tar- 
gat," Is  sufflclsntly  thin*  a puncture  will  result  (riguras  24  and  59). 

If  tha  targat  is  relatively  thick*  the  shock  will  rapidly  decay  into  an 
elastic  stress  wave.  When  such  a wave  encounters  a free  surface,  It  is 
reflected — generally  as  a tensile  wave — and  Its  amplitude  may  bo  of  suf- 
ficient magnitude  to  produce  fractures  near  the  roar  surface.  When  such 
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fk'aoturu  do  ooour,  th«y  uaually  cause  spallation  op  dstachnsnt  of  con- 
sldsrabls  matsplal,  producing  greater  damage  than  failure  at  the  point  of 
Inpaot.  This  la  an  Important  problem  in  radome  design,  as  It  may  dictate 
the  required  thickness.  Such  fractures  may  appear  as  granular  cracks  near 
the  surfaoe,  os  rear  surface  bulges*  or  as  a complete  detachment  of  target 
material,  creating  a shrapnel  effect.  An  example  of  each  Is  shown  in  Fig- 
ure 60  for  copper,  aluminum,  and  steel  targets.  Fraottires  in  a transparent 
aoxyllo  iwiatn  (trade  names  of  Luclte  or  Plexiglas)  ars  ilso  shown  In  this 
figure. 

Photographs  of  ssotions  of  SCFS  targets  that  fractured  ss  s result 
of  the  reflected  stress  wsvss  hsvs  been  shown  In  Figures  SS  and  56.  Fig- 
ure 61  shows  photographs  of  both  the  front  and  rear  surfaosa  of  a 0.5-inoh- 
thlok  SCFS  targat  that  has  been  Impaotad  with  s water  jet.  As  shown  in 
Figure  62,  the  crater  volunis  is  0.001626  in  while  the  volume  of  msteriai 
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removed  by  the  spall  was  0.01868  in  . or  approximately  twelve  times  ths 
volume  of  the  cratsr. 

A backing  plate  was  plaosd  behind  target  820  which  prevented  the  com- 
plete detachment  of  ths  fractured  material,  but  which  eventually  fell  out. 
Figure  63  shows  ths  craters  on  the  front  of  the  target  and  the  rear  surface 
before  and  after  the  material  was  detached.  Target  809,  shown  in  Figure  64, 
waa  not  only  damaged  by  the  cratering  of  the  front  surface  and  spallation 
of  tha  rear  surface,  but  it  was  also  damaged  by  large  cracks  through  the 
point  of  impact.  The  roar  surface  of  target  706  was  fractured  as  shown  in 
Figure  65. 


ulred  to  Cauflq  Spallation 

Ths  water  jet  kinetic  energioa  and  target  thicknesses  wore  plotted 
for  the  fifteen  targets  that  had  spalled  in  the  course  of  these  experiments. 
This  information  was  also  plotted  for  eleven  other  targets  that  showed  no 
evldsnoe  of  spallation.  It  Is  seen  In  Figure  66  that  except  for  thin  tar- 
gats  a straight  line  can  be  drawn  separating  the  spall  from  no-spall  points. 
This  seems  to  indicate  that  the  target  thicknosa  and  jet  energy  are  the 
major  factors  determining  whether  or  not  thla  type  of  failure  will  occur. 

The  empirical  relation  ahown  naya  that  opaJl  In  SCFS  is  likely  to  occur  when 
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where  T is  the  target  thickness  in  inches  and  E is  the  energy  in  ft-lbs. 

Stress  Relations  for  Spherical  Waves 

Spherical  dilatational  wave  propagation  in  a homogeneous,  isotropic 
material  can  be  specified  by  the  equation 

= c2[82.*./3r2  + (2/r)3(^/3r]  (24) 

where  4)  is  a scalar  displacement  potential,  is  the  wave  velocity,  r is 
the  radius  vector,  and  t is  time. 

A computer  program  for  the  solution  of  this  equation  is  given  in 
Appendix  F. 

Model  for  Generating  Stress  Waves 

The  mathematical  model  for  generating  spherical  elastic  waves  is  that 
described  by  the  author  in  Reference  [24].  To  summarize  briefly,  it  is 
assumed  that  a time-varying  pressure  or  forcing  function  is  applied  to  the 
surface  of  an  imaginary  hollow  spherical  cavity,  generating  stress  waves 
in  the  material.  This  cavity  may  be  located  entirely  within  the  material 
as  in  the  case  of  simulating  undarground  explosions;  with  its  center  on 
the  surface  as  is  usually  done  in  simulating  h5T)ervelocity  impact  of  small 
solid  particles  such  as  raicrometeorites i or  outside  the  boundary  of  the 
target  in  the  case  of  liquid  impacts  being  considered  in  this  research. 

Tlie  radius  of  this  imaginary  cavity  (R^)  is  determined  by  correlating  the 
solutions  of  the  stress  wave  equation  with  experimental  results. 

The  pres:^ure  applied  to  the  surface  of  the  cavity  is  an  impulse  de- 
scribed by  the  relation 

p/p^  = K(exp  - exp  o^t)  (25) 

where  is  the  maximum  pressure,  and  are  decay  constants,  t is  the 
elapsed  time,  and  K is  a constant.  By  the  proper  choice  of  the  values  of 
and  various  wave  forms  can  be  generated. 
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Reflected  Stress  Waves  | 

The  simplest  example  of  the  reflection  of  an  eliistic  dilatation  wave  1 

from  a free  surface  occurs  when  the  wave  strikes  normal  to  the  surface . ] 

Since  the  resulting  surface  stress  must  be  zero,  a compressive  wave  must. 
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therefore,  always  be  reflected  as  a tensile  wave,  and  a tensile  wave  must 
be  reflected  as  a compressive  wave.  When  such  a wave  strikes  a free  sur- 
face at  an  oblique  angle,  the  situation  In  much  more  complex.  Not  only 
will  waves  of  dilatation  be  reflected  but  tbcr-e  wilj  also  be  generated 
distortional  or  shear  waves.  From  an  analysis  of  these  waves  reflected 
from  a plane  surface,  it  seems  that  only  the  incident  and  reflected  dila- 
tation waves  need  to  be  considered  in  determining  the  maximum  tensile 
stress  except  at  points  some  distance  from  the  normal  axis  where  fracture 
is  not  likely  to  occur,  For  this  reason,  the  amplitudes  of  the  reflected 
shear  waves  are  not  computed  in  this  analysis,  although  their  existence 
is  recognized  and  taken  into  account  in  the  computation  of  the  magnitude 
of  the  reflected  dilatation  waves. 

Relative  values  of  computed  principal  stresses  soon  after  the  wave  re- 
flection from  a plane  surface  are  shown  in  Figure  67.  Compressive  stresses 
are  ccnaidered  as  positive  and  tensile  stresses  as  negative.  At  the  time 
shown,  the  maximum  tensile  stress  has  a value  of  -B1  units.  It  can  be 
seen,  however,  that  this  is  not  the  maximum  tension  that  will  be  created, 
as  at  a slightly  later  time  this  reflected  tensile  wave  will  combine  with 
the  tensile  "tail"  of  the  incident  wave  to  generate  a much  higher  tensile 
stress  at  a somewhat  greater  distance  from  the  rear  surface. 

Effects  of  Material  Properties  upon  Maximum  Tensile  Stress 

Before  considering  the  s'ress  in  a SCFC  radoine  material,  it  might  be 
well  to  see  how  the  stresses  are  influenced  by  the  various  material  prop- 
erties. This  may  serve  as  a guide  in  the  selection  of  niatariral  that  will 
be  subject  to  high-velocity  imp.Tct.  The  maximum  surface  pressure,  the 
pulse  rise  time  and  decay  time,  the  im.'ig Inary  .'..avity  radius,  the  target 
thickness,  and  all  other  variable-:  remain  the  same  with  only  Young's 
modulus  (K),  Poisson's  ralio  (v),  and  m.ateria;i  density  (n)  being  varied. 

The  maxlmi-im  tnnsrile  atrevses  .ar"  rliown  in  Figure  6f.  In  the  upper 
ser  of  curvt's , the  value.s  of  r and  i"rii.iiri  constcint  and  the  value  of  E 
is  varied  from  5 x 10^’  to  40  x 1.0*'^  ps  i. . Thej  infJ.uencK  of  Young's  modulus 
is  apparent.  The  max ittium  toruille  stress  near  the  rear  surface  of  this 
0.7-lnch  target  is  an  inverse  f uri'^  l- i.-'n  nt  It  will  also  be  noted  that 
these  I'lre  radial  rilrcrT.'vj  and  ii  tie  tf;  -.f  i.ii-  ■.■lyet  niateri.al  is 

exceeded,  the  cracks  will  bo  perpend i r.uiar  to  llie  c.ii  - ;;;  direction  or 
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parallel  to  the  rear  surface.  It  will  also  be  noted  that  the  tangential 
components  of  the  tensile  stresses  are  maiclmum  through  approximately  the 
first  one-half  of  the  target  thickness  and  that  any  cracks  will  be  radlatr 
Ing  from  the  region  of  Impact.  This  was  observed  to  be  the  case  In  Figure 

54.  The  middle  set  of  curves  represent  constant  values  of  E and  v,  but 

-3  -3  2 -4 

with  the  density  varying  from  0.10  x 10  to  0.50  x 10  Ib-ysec  -In  . 

As  the  value  of  p Increases,  so  does  the  maximum  tensile  stress.  The 

lower  set  of  curves  show  the  dependence  of  the  maximum  tensile  stress 

upon  Poisson's  ratio  as  It  varies  from  0.1  t'o  0.4,  while  values  of  E and 

p remain  constant.  Values  of  the  maximum  radial  tensile  stresses  near 

the  target's  rear  surface  are  shown  In  Figure  69,  as  each  of  the  three 

material  properties  E,  p,  and  v is  varied  ono  at  a time  while  the  other 

two  remain  at  the  values  Indicated  by  their  point  of  Intersection. 

Decay  Constants  In  Terms  of  Drop  Diameter 

The  function,  p/p^  » KCexp(-aj^t)  - expC-a^t)],  expressed  by  Eq.  (25) 
can  be  used  to  describe  a pressure  pulse  of  practically  any  form  by  the 
proper  choice  of  decay  constants,  and  a^.  This  vaa  seen  In  Figure  20 
when  the  pressures  resulting  from  the  Impact  of  a liquid  drop  and  an 
infinitely  long  jet  were  simulated.  Pressure-time  curves  have  been  deter- 
mined experimentally,  and  typical  ones  are  shown  In  Appendix  A that  describe 
both  spatial  and  temporal  distributions  of  pressure  resulting  from  an 
Impinging  jet.  The  foxmis  of  these  curves  can  be  described  by  the  above 
relation  If  ®2^“l  “ ratio  Is  denoted  by  A,  the  relation 

becomes,  for  the  purpose  of  this  study, 

p/Pq  " KCexp(-Oj^t)  - 6xp(-Aa^t)]  (26) 


The  pulse  rise  time  has  been  calculated  by  Huang  [25]  to  be  approxi- 
mately 0.25  of  the  ratio  D/c,  where  D is  the  drop  diameter  and  c Is  the 
wave  velocity  In  the  drop.  As  c of  water  Is  about  1.52  tnm/usec,  this 
relation  becomes 

« 0.160  (27) 

where  t^^  is  the  pulse  rise  time  In  wsec  and  the  diameter,  D,  is  expressed 
In  millimeters. 


The  value  of  t|^  oan  be  found  by  differentiating  Eq.  (.26)  with  respect 
to  t and  equating  to  zero.  This  gives 


...  _ 

or,  for  a value  of  A of  4.5, 
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In  terns  of  drop  size,  D, 
» 2.69/D 


Maximum  Impact  Pressure 

It  was  determined  experimentally  In  Appendix  A that  the  maximum  value 
of  the  liquid  Impact  pressure  occurs  at  the  center  of  the  impact  area  and 
has  a value  of  approximately  90  percent  of  the  water  hammer  pressure,  or 

p^  a 0.9pve  (31) 

Substituting  the  values  of  density  and  wave  velocity  of  water  gives 

p^  ■ 60.6V  (32) 

2 

where  the  pressure  Is  In  Ib/ln  when  the  velocity  v Is  expressed  In  ft/seo. 

The  constant  K In  Eq.  (26)  has  the  value  that  makes  the  maximum  magni- 
tude of  p equal  to  p^.  This  is  found  by  substituting  the  value  of  tj^  as 
given  by  Eq.  (28)  for  t,  giving 

KCoxp(-lnA/(A-l))  - exp(-AlnA/(A-l))3  = 1 (33) 

If  A s 4.5,  K a 1.98. 

2 

The  pressure,  p.  In  Ib/ln  can  now  be  expressed  in  terms  of  radome 
velocity  (ft/sec)  and  drop  diameter  (mm)  as 

p B 119.7v[exp(-2.69t/D)  - exp(-12 .llt/D)3  (34) 

To  solve  this  equation  for  cases  of  oblique  Impact,  the  velocity  v 
is  simply  replaced  by  its  normal  component,  v sin  0 [19]. 


1 


34 


Valu«N  of  the  Radius, 

The  radius  of  the  imaginary  cavity  to  which  the  preceding  forcing 
function  is  applied  c*'  beat  be  determined  empirically  if  sufficient 
experimental  information  is  available.  Its  value  is  chosen  so  that  the 
computed  results  will  be  in  as  close  agreement  as  possible  with  observed 
experimental  data.  When  this  Is  done  for  one  set  of  data,  it  has  been 
found  that  it  usually  gives  results  that  are  In  fair  agreement  with  those 
of  other  experiments  Involving  the  same  materials  [27].  When  the  derived 
quasl-theoretical  relations  are  found  to  give  answers  that  are  In  agree- 
ment with  the  results  of  several  experiments,  they  can  then  be  used  with 
oonfldenoe  to  solve  similar  problems  without  the  expenditure  of  time  and 
money  that  would  be  required  to  conduct  additional  experiments. 

It  was  found  that  the  value  of  is  dependent  primarily  upon  the 

slse  of  the  impacting  raindrops,  its  radius  being  slightly  less  than  one- 

* 

half  of  the  drop  radius.  To  express  R^  in  inches  and  the  drop  diameter 
in  millimeters,  the  relation  used  is 

R^  « 0.0085D  (35) 

Some  Numerioal  Examples 

The  0.75- inch  targets  shown  in  cross-section  in  Figure  55  and  the 
lower  photograph  in  Figure  56  were  impacted  by  0.20-gm  jets  of  water  at 
velocities  averaging  4170  ft/aec.  This  mass  of  water  is  equivalent  to  a 
7.26-mm~diameter  raindrop. 

The  following  values  wore  computed  by  the  relations  previously 

derived!  (1)  Pulse  rise  time,  = l.l6|iaoo  (Eq.  (27));  (2)  Decay  con- 

-1 

stants,  and  =0.37  and  1.66Msec  , respectively  (Eq.  (30));  (3)  Max- 
imum pressure,  p^  = 252,700  psl  (Eq.  (32));  and  (4)  The  cavity  radius, 

= 0.062  in  (Eq.  (35)).  The  "cavity"  was  placed  so  as  to  just  touch  the 
target  surface.  This  produced  surface  pressures  that  were  in  close  agree- 
ment with  pressure  distribution  determined  experimentally  in  Appendix  A. 

The  resulting  stresses  throughout  the  target  were  computed  by  use  of  the 
program  described  in  Appendix  F. 

The  maximum  tensile  stresses  along  the  target's  normal  axis  are  shown 
in  Figure  70.  The  tensile  strength  of  ECFS  io  reported  as  ranging  from 
about  4000  psi  to  6000  psl  [20].  As  the  computed  tensile  stress  was  slightly 
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greater  than  6000  pal  at  a point  approximately  0.1  Inch  from  the  rear 
surface,  cracks  parallel  to  the  surface  and  spallation  would  be  expected. 
Also,  from  the  computed  stresses,  rjracks  radiating  from  the  impact  crater 
would  also  be  expected.  A two-dimensional  plot  of  the  maximum  tensile 
stresses  is  shown  In  Figure  ''x. 

The  tensile  stresses  resulting  from  equivalent  impact  energies  of 
119.6  ft-H)  on  targets  of  various  thicknesses  are  shown  in  Figure  72. 

If  the  tensile  streiigth  of  this  material  la  5000  psi,  there  would  be  no 
spallation  of  targets  thioksr  than  about  0.B6  inch. 

Tha  0 . 5' inoh-thlck  target  shown  In  tha  upper  photograph  of  Figure  56 
waa  impacted  with  a 0.19-gm  jat  of  water  at  a veloolty  of  approximately 
3270  ft/aac.  The  maximum  tanaile  atresa  was  oomputad  to  be  6300  pal  at  a 
point  0.07  inch  from  tha  rear  surface.  The  spallation  would  have  bean 
pradlcted. 

One  SCFS  radoroe  being  considered  had  a wall  thickness  of  0.434  inch. 
Conditions  that  would  cause  this  radome  to  fail  by  spallation  will  be 
investigated.  First,  oolllalon  with  a rather  large,  8-mm-diamete’<’  raindrop 
is  considered.  For  thle  size  drop,  the  cavity  radius,  R^,  Is  0.060  in 
(Eq.  (35))  and  tha  decay  constants,  and  ax'e  0.336  and  l.SlSpsao"^ 
(Eq.  (30)),  reapeotivaly.  For  these  conditions,  it  was  found  by  use  of 
tha  program  of  Appendix  F that  the  maximum  tensile  stress  near  the  rear 
surface  of  a SCFS  target  of  0.434-inch  wall  thickness  could  be  related  to 
the  velocity  and  Impact  angle  by  the  simple  equation 

Vn  “ ® 

If  the  tensile  strength  of  this  material  is  5000  psi,  this  relation 
says  that  for  a 15-degree  radome  to  fall  by  colliding  with  an  B-mm  rain- 
drop, its  veloolty  must  be  8,250  ft/sec  or  greater.  The  velocity-angla- 
streas  relations  foi’  this  radome  colliding  with  an  0-mm  raindrop  are  shown 
in  Figure  73. 

If  the  maximum  diameter  is  assumed  to  be  7 mm,  the  velocity  of  this 
15-degree,  0.434-inch-thick  radome  must  have  a velocity  of  10,000  ft/sec 
or  greater  before  spallation  failure  would  be  expected  -o  occur. 


Probability  Relations 


In  the  preceding  section  reference  was  made  to  the  fact  that  the 
raindrop  diameter  would  probably  not  exceed  6 mm  [7],  but  in  computing 
the  erosion  rate  it  made  little  difference  what  this  upper  limit  was 
assumed  to  be.  In  calculating  the  stresses  that  may  cause  spallation  of 
the  radome's  inner  surface • however • the  maximum  probable  drop  size  must 
be  taken  into  consideration.  The  6-mm  maximum  diameter  was  apparently 
determined  for  rainfall  near  the  earth's  surface*  but  it  aay  not  be  -*'he 
maximum  at  higher  altitudes  where  the  drops  may  not  have  reached  termlnax 
velocities  and  the  aerodynamic  forces  caused  by  the  rarefied  atmosphere 
may  permit  larger  drops  to  form.  Because  of  the  leek  of  information  about 
maximum  raindrop  sizes  at  higher  altitudes*  it  reems  reasonable  to  assume 
an  upper  limit  of  10  mm. 

The  probabilities  of  collision  under  various  conditions  arc  discussed 
in  Appendix  D.  Figures  74  and  75  show  the  drop  size-distance  traveled- 
probability  relations  for  a radomo  having  a base  diameter  of  18  inches 
moving  through  rainfalls  of  2.5  and  5.0  inches  per  hour.  From  Figure  74* 
for  example*  it  can  be  seen  that  in  a 2.5  in/hr  rain  the  probability  is 
0.20  that  this  radome  will  encounter  a raindrop  as  large  as  8 mm  in  diam- 
eter in  a distance  of  1000  feet. 

If  the  allowable  probability  of  failure  and  the  expected  rainfall 
(both  rate  and  extent)  are  specified*  the  largest  raindrop  that  a radome 
of  a given  size  is  likely  to  encounter  can  be  computed.  The  required 
wall  thickness  necessary  to  prevent  spallation  of  its  inner  surface  for 
a specified  radome  angle  and  velocity  can  then  be  computed  by  the 
method  described  and  by  use  of  the  computer  program  of  Appendix  F. 


Stresses  Resulting  from  Multiple  Impacts 


One  of  the  problems  that  must  be  dealt  with  in  the  analysis  of 
radome  damage  resulting  from  rain  Impact  is  the  effect  of  multiple 
drops  and  the  interaction  of  the  stress  waves  developed  by  the  indi- 
vidual drops . The  equations  are  derived  and  a computer  program  is 
given  in  Appendix  F by  which  the  stresses  in  a target  produced  by  a 
number  of  raindrop  collisions  can  be  calculated, 
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The  effect  of  multiple  Impacts  upon  the  total  crater  volumes  has 
been  analyzed.  The  effects  of  ^i:he  distance  and  time  between  impacts 
will  now  be  analyzed  with  respect  to  the  tensile  stresses  created  by 
reflected  waves. 

The  stresses  uoitiputed  are  relative  values  only*  and  dimensionless 
units  of  tine  and  dimensions  are  employed.  The  radons  thioknsss  is 
denoted  by  T»  the  stress  by  o»  and  the  time  by  t.  A pressure  wave 
typical  of  high-velocity  impact  is  employed. 

First  I two  impeiata  at  the  same  time  ara  considered.  The  maximum 
tensile  stress  resulting  from  two  impacts  will  be  generated  either 
^directly  beneath  the  points  of  Impact  or  on  an  axis  midway  between 
'these  points.  Figure  76  gives  the  values  of  the  tensile  strsns  for 
different  distances  between  the  Impact  points.  The  maximum  tensille 
stress  for  a single  Impact  has  a relative  value  of  F » 115.  If  twe 
drops  are  very  close  together  at  the  same  time,  the  resulting  stress 
will  obviously  be  twice  this  value,  or  230.  As  the  distance  between 
drops  is  increased,  the  developed  stress  will  decrease.  In  this  case 
of  simultaneous  impacts,  it  can  be  seen  that  the  maximum  stress  ooours 
along  the  axis  between  the  two  points.  At  a distance  of  about  0.8  T, 
the  stresses  directly  beneath  i-he  impact  points  have  decreased  to  those 
resulting  from  a single  drop,  but  the  stress  on  the  z-axls  has  a value 
of  almost  200.  The  stress  on  this  axis  continues  to  decrease  as  the 
distance  between  drops  increases.  At  a distance  of  approximately  1.8  T, 
the  stress  on  this  axis  has  decreased  to  the  value  created  by  a single 
impact.  This  means  that  if  the  distance  between  two  drops  is  greater 
than  twice  the  thickness  of  the  target,  the  maximum  stress  can  probably 
be  determined  by  computing  the  stress  developed  by  a single  di'op  and 
that  the  interaction  of  the  stress  waves  can  be  neglected. 

The  effect  of  time  (a¥)  between  drops  will  now  be  considered.  The 
stresses  developed  by  two  drops  Impacting  the  same  point  are  shown  in 
the  first  graph  of  Figui'e  77.  As  pointed  out,  the  tensile  stress  will 
have  a value  of  230  for  zero  time  between  impacts.  As  the  time  Increases, 
the  stress  decreases  up  to  a relative  time  of  0.50,  beyond  which  the  stress 
is  the  same  as  for  the  Impact  of  a single  drop.  If  the  distance  between 
drops  Ja  0.4  T,  the  tensile  stress  for  various  times  (At)  is  given  in  the 
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sacond  graph  of  Figure  77.  The  first  Impact  Is  and  the  later  impact 
is  p2.  The  other  curves  give  this  information  for  various  distances 
between  impacts. 

« Further  studies  have  indicated  that  the  probability  of  a second 
Impact  occurring  near  the  first  before  the  ^unplltude  of  the  first  stress 
wave  has  decayed  to  a negligible  value  is  so  small  that  It  can  be  neglected. 
For  this  reason  1 this  phase  of  the  research  was  pursued  no  further. 


iJnliU..  .-,^i 


to.. 


JifaiL 


I 

I 


39 


SECTION  VIII 
RADOME  COATINGS 


Radome  surfaoas  are  frequantly  oovered  with  thin  coatings  as  protoo- 
tlon  against  rain  erosion.  Many  experimental  Investigations  have  been 
conducted  to  provide  infozmatlon  concerning  the  effects  of  specific  coating- 
substrate  combinations.  Others,  such  as  Engel  C29]]  and  Springer  [3*3^,  have 
made  analytical  contributions  to  this  subject. 

In  this  analysis,  no  specific  coatings  have  been  considered,  but  SOPS 
substrates  are  assumed.  The  effects  of  coating  upon  the  stress  waves  and 
the  resulting  tensile  stresses  that  may  cause  subsurface  fractures  or  spal- 
lation ara  analyzed.  The  effect  upon  cratering  and  erosion  Is  not  con- 
sidered except  to  note  the  Interface  stresses  that  may  cause  the  coating  to 
become  sepsreted  from  the  substrate. 


Pulse  Behavior  at  an  Interface 

An  abrupt  change  In  the  physical  properties  of  a material  will  result 

in  the  modification  of  a pressure  pulse  as  It  encounters  this  change.  In 

general,  a portion  of  the  pulse  will  be  transmitted,  and  a portion  will  be 

reflected.  The  relations  which  deacribc  the  modification  of  a pulse  are 

base/l.  »*pon  the  boundary  conditions  of  continuity  of  pressure  and  continuity 

of  partiole  velocity  across  the  interface  between  the  two  materials  [,3].]. 

These  relations  depend  upon  tho  value  cf  Po,  called  the  "ohiracterlstlc 

impedance.”  Tf  P o is  for  the  first  and  p.c,  is  for  the  second  .laminate, 
o o t 1 

and  is  the  pulse  amplitude  in  the  first,  the  am.plitudu  of  the  trans- 
mitted component  is 


and  the  reflected  component  is 
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These  relations  are  somewhat  simplified  by  .letting 


K = 


!t!t 

^0% 


(39) 


giving 
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FlguzHi  78  given  the  z«e.lative  values  of  the  transmitted  and  reflected 
pulse  amplitudes  as  functions  of  K. 


Effect  of  Pulse  Length  and  Coatinj?  Thickness 

A S^mil-thlck  oo&tlng  (C)  on  a substrate  (S)  Is  shown  in  Figure ‘79. 

The  coating  does  not  represent  any  particular  material,  but  It  Is  assumed 
that  the  Impedance  mismatch  between  the  coating  and  the  water  drop  (K^) 
and  between  the  coating  and  the  SCFS  substrata  (K.^)  have  the  values  shown. 

It  i*  also  assuified  that  tha  ratio  of  the  puloo  velocity  in  the  substrate 
to  that  In  the  coating  (Co/Or>)  1*2. 

Ttie  linpaot  pressure  is  represented  by  P.  Equations  (40)  and  (41) 
are  used  to  calculate  the  transmitted  and  reflected  stresses  at  the  Inter' 
faoe  between  the  coating  and  substrate,  if  no  attonuation  of  the  pressure 
pulse  la  considered.  The  pulse  having  an  amplitude  of  = 0.357P  will  be 
transmitted  into  the  radome.  The  tensile  pulae  reflected  from  this  inter- 
face will  have  an  amplitude  of  -0.6481'.  A portion  of  this  reflected  pulae 
will  then  be  transmitted,  « -0.042P,  into  the  liquid  drop  and  a pulae 
having  an  amplitude  of  0,606P  will  bo  reflectod  back  through  the  coating,. 
Upon  reaching  the  substrate  interface-,  another  pulse,  “ 0,2131’,  will  bo 
transmitted  into  the  radome.  Tills  will  continue  with  docreaBlng  amp-Utudes . 

The  amplitudes  of  the  respective  sti'csses  transmitted  into  the  radome 
wall  ai’e  given  by  the  equation 


’(K_-l)  (K,-l)‘""^  2K- 

-nq+iyTivn 

If  the  thickness  or  the  coating  is  cufficiently  small  nr  if  the  pulse 
length  Bufflcierilly  large,  the  train  of  transmitted  pulse, s will  merge  into 
a single  wave.  For  this  to  occur,  the  pulse  length  in  the  coating, 
must  be  equal  to  or  greater  than  twice  the  coating  thickness. 
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In  thin  •xampl*,  the  pulae  mudt  have  a llingth,  of  at  laaat  0*01  in. 
bafore  thay  will  inergo  into  a alngle  wave.  SuppoBa,  for  axampla.  a squara 
pulse  or  step  function  having  a length,  of  O.OS  in.  is  generated  by  the 
collision  with  the  liquid.  This  pulse  will  have  a length,  Ag,  of  0.06  in. 
in  the  substrate  because  of  the  Increase  in  velocity  according  to  the 
relation 


The  pulse  of  amplitude  will  be  followed  by  the  second  pulse  of  amplitude 
0^.  The  distances  between  these  pulse  fi'onts  in  the  substrate  will  be 
0.012  in.  Thase  will  be  followed  by  the  other  pulses  at  equal  intervals. 
These  would  combine  to  form  the  wave  frbnt,  0 to  A,  in  Figure  80.  The 
front  of  the  sixth  pulae  will  paas  through  the  coating-substrate  interface 
at  the  same  time  as  the  '*tail"  of  the  first  pulse.  Ihere  will,  therefore, 
be  a sudden  decrease  in  amplitude  equal  to  0.819P. 

The  arrival  of  the  tails  of  later  pulses  continues  to  cause  step  decreases 
until  the  wave  decays  as  shown.  Figure  80  than  repreaento  tha  reeulting 
shape  of  the  wave  transmitted  into  the  aubatrate. 

It  is  aeen  that  the  amplitude  of  the  wove  transmitted  into  the  eub- 
strate  will  depend  not  only  upon  the  properties  of  tho  coating  material 
but  upon  its  thlokneas  and  the  pulse  length  generated  by  the  liquid  impact. 
The  effect  of  the  pulse  length,  A^,  upon  the  profile  of  the  traneniltted 
wave  ie  shown  in  Figure  61,  If,  for  example,  n » 1,  A^  is  greater  than 
O.Ol(n-l)  « 0,  and  equal  to  or  less  than  O.Oln  O.OS.  In  thla  case  the 
transmitted  wave  would  consist  of  separate  and  distinct  pulaee  having  the 
amplitudes  shown  in  Figure  79.  These  amplitudes  ore  indicated  by  the 
points  on  tho  oui’ve  A^^  of  Figure  81. 

If  A is  gi'eater  than  0.01  in.  and  equal  to  or  leas  than  0.02.,  tha 
pulaes  will  overlap,  and  the  transmitted  wave  will  rise  in  a stepwiee 
manner  to  a value  0.565?  and  then  decay  as  shown  by  the  points  on  the 
curve  A2.  If  A is  greeter  than  0.05  in.  and  equal  to  or  leas  than  0.05 
in.,  n B 5 and  the  transmitted  wave  would  rise  in  amplitude  to  point  A 
and  then  decay  as  liidicated  by  A^.  This  was  the  case  previously  considered 
and  shown  in  Figure  80.  If  the  gonoratod  pulse  length  is  very  long,  the 
amplitude  of  the  transmitted  Wisve  would  approach  a value  of  about  0.9P  as 
shown. 


Instead  of  aosunlng  tho  Impact  prsssuras  to  bs  step  functions,  mors 
raalistlo  impact  prssaurs'-time  functions  as  used  in  Section  VII,  Eq.  (26), 
will  now  be  considered,  together  with  the  decay  of  the  stress  wave  as  it 
moves  through  the  taz>get  and  is  reflected  from  the  roar  surface. 

The  thickness  of  ths  coating*  T^*  will  be  expressed  In  terms  of  the 
pulse  velocity  in  the  coating,  C^,  and  the  time,  dt,  separating  the  wave 
fronts  in  the  substrate.  Thiese  are  related  by  the  equation 
2T 

At  ■ TT^  (44) 

The  stress  wave  profiles  just  prior  to  reaohing  the  rear  surface  of  a 
O.S-in.  target  are  shown  in  Figure  82  for  an  impedance  mismatch  of  0.5. 

TtkS  curve  for  At  ■ 0 is  that  for  no  coating.  When  At  ■ 0.10,  the  amplitude 
is  somewhat  less,  and  its  shape  is  changed  but  little.  When  At  ■ 0.25,  the 


effect  of  the  separate  pulses  becomes  evident;  The  maximum  stress  is  depen- 
dent upon  the  amplitude  of  the  first  two  transmitted  waves,  but  not  upon  ths 
others.  For  a value  of  At  ■ O.S,  the  maximum  stress  depends  only  upon  ths 
amplitude  of  the  first  transmitted  wave,  and  the  remaining  waves  contribute 
only  to  the  wave  length.  Also  shown  in  Figure  B2  are  the  curves  for  an 
impedance  mismatch  of  2.0.  In  this  case,  the  stress  amplitude  raaches  a 
value  much  greater  than  that  of  an  uncoated  target. 

The  stress  histories  at  a given  point  0.42  in.  from  the  target's  front 
aurfaoe  for  values  of  At  equal  to  0.1  and  0.5  and  impsdanua  miamatoh  valuea 
of  0.5  and  2.0  are  ehown  In  Figure  63.  The  front  of  the  reflected  wave 
reached  the  point  at  a time  of  approximately  3.2  usee,  cauaing  the  lax'ge 
tansile  stressaa.  For  K « 0.5  and  2.0,  the  maximum  tunella  streNses  deval- 
opad  in  a 0.5-in.  targat  ore  shown  In  Flgut'e  84.  Figure  85  summarises  the 
effects  of  K and  At  on  the  peak  atresaos  occurring  In  a O.B-lnch  substrate. 

From  these  examples  it  is  seen  that  the  UJt  of  coatings  on  radome  aur- 
facen  sotnetlmes  causes  a decrease  and  aometltnes  an  incraase  In  the  maximum 
tensile  stresses  in  the  matariul.  If  the  impedance  of  the  coating  is 
graatar  than  the  substrate  (K  < 1),  the  stress  In  ths  substrste  will  bs 
lowered^  wharess,  if  the  Impedance  of  fhn  aoating  Is  smeller  than  the  sub- 
strata  (K  > 1),  the  atresa  In  the  substrate  can  be  oonaiuc'^ably  greater 
than  the  no-coating  value.  Thin  is  a factor  that  should  be  taken  into  con- 
aldoratlon  when  designing  an  all-weather  radome.  If  the  radome  wall  is 
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sufflol«ntly  thiok  or  th«  angle  of  Impact  is  small,  spallation  may  not  be 
a problem  at  all,  and  the  coating  should  be  designed  for  erosion  and  micro- 
wave effects  only.  For  thln-wall  radomoa,  the  stress  resulting  from 
reflected  waves  may  be  a factor. 


SECTION  IX 
ROCKET  SLED  TESTS 
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A rocket  sled  test  program  was  conducted  ac  Holloman  Air  Force  Base, 
New  Mexico,  to  determine  the  rain  erosion  resirstance  of  slip-cast  fused 
silica  at  velocities  above  5000  ft/aec.  The  fabrication  techniques  used 
at  the  Georgia  Institute  of  Technology  to  slip-cast,  heat-treat,  and 
flame-glaze  the  radomesi  a description  of  the  test  facilities;  and  the 
results  of  six  sled  tests  have  been  described  by  Walton  and  Harris  [32]. 
Padomes  from  three  of  these  tests  have  been  examined  in  the  course  of  the 
present  work,  and  some  observa cions  will  be  made  concerning  the  damages 
sustained  by  each.  The  damage  will  also  be  compared  with  that  predicted 
by  the  relations  of  Section  VI.  Sled  test  information  from  Reference  [32] 
is  summarized  in  Table  5. 

Radome  No.  7RB1 

Figure  86  is  a photograph  of  the  radome  of  run  No.  2.  The  rain 
intensity  was  reported  as  2.5  iaches/hour,  and  the  average  drop  size  was 
said  to  be  between  1.5  and  2.0  nun  in  diameter.  The  average  velocity  was 
about  5300  ft/sec,  and  the  rain  field  length  was  400  ft.  A view  of  the 
radome  with  its  metal  tip  broken  off  and  a closer  view  of  some  of  the 
craters  are  shown  in  Figure  87.  The  radome  dimensions  as  well  as  the 
locations  of  the  centers  of  the  photographs  of  Figures  89,  30,  and  91 
«we  given  in  Figure  88. 

The  photographs  of  Figui'e  89  were  taken  around  the  circumference 
at  45-degree  intervals  at  a distance  of  11.6  inches  from  the  tip.  By 
counting  all  craters  that  could  be  detected,  it  was  found  that  they  aver- 
aged 27.1  per  square  inch.  Those  of  Figure  90  were  8.3  Inches  from  the 
tip  and  averaged  40.4  craters  per  square  inch.  At  a distance  of  3.0 
inches  from  the  tip,  the  photographs  overlapped  (Figure  91),  and  the 
number  of  craters  averaged  25.1  per  square  inch.  The  radome  appearance 
is  certainly  different  near  the  tip.  Erosion  rather  than  cratering  seems 
to  have  been  the  major  source  of  damage.  It  may  be  that  the  craters  were 
largely  removed  by  the  high  temperatures  and  fusion  caused  by  aerodynamic 
heating,  or  the  high  temperature  may  have  first  fused  the  surface,  and 
cratering  is  different  in  material  heated  to  very  high  temperatures . No 





explanation  is  offered  for  the  highei-  density  of  craters  near  the  middle 
of  the  radome  surface.  Based  upon  these  photographs,  it  was  estimated 
that  for  the  entire  radome  there  was  an  overall  average  of  30  craters  per 
square  inch  and  that  about  40  percent  of  the  radome  surface  was  covered. 
This  radome  had  bean  flame-glazed  by  the  use  of  a plasma  jet  to  fuse  the 
surface  and  to  provide  a coating  of  non-porous  fused  silica  that  served 
to  seal  the  surface.  Walton  and  Harris  reported  that  the  thickness  of 
the  fused  layer  varied  from  0.03  to  0.04  inch  near  the  tip  to  less  than 
0.005  inch  near  the  base. 

The  depths  of  some  of  the  craters  were  measui>ed,  and  their  volumes 
were  computed.  The  purpose  of  this  was  to  learn  more  of  the  nature  of  the 
fractures  and  to  determine  the  extent  to  which  drop  impacts  can  bo  simu- 
lated by  the  use  of  the  water  jet  accelerator  and  by  solid  projectile 
impacts.  Cratex'  measurements  are  being  made  in  Figure  92.  Cross-sections 
of  a somewhat  largcr-than-average  crater  near  the  base  of  the  radome  are 
shown  in  Figure  93.  The  depths  were  measured  from  the  curved  surface. 

The  f<  at  profiles  were  taken  outside  the  crater  and  indicate  the  rough- 
ness and  irregularities  of  the  surface.  As  it  is  impossible  to  recognize 
the  actual  crater  boundaries  from  ttie  measurements  (although  they  can  be 
seen  visually)  because  of  the  surface  roughness,  the  depths  shown  in  Fig- 
ure 94  start  with  the  0.001-inch  contour.  The  volume  of  this  crater  was 
found  to  be  5.6  X 10  in',  and  average  diameter  was  about  0.20  inch. 
Profiles  and  ci’ater  contours  of  another  crater  located  near  the  midpoint 
of  the  radome  surface  are  given  in  Figures  95  and  96.  Although  the  area 
of  chis  crater  is  less  rhan  the  previous  one,  its  depth  is  somewhat 

gi'eater.  It  appeared  to  be  about  an  average-size  crater,  and  its  volume 
-*5  3 

was  3.1  X 10  in  , and  average  diameter  was  about  0.125  in. 

Comparing  the  depth  contours  of  these  craters  with  those  of  Figures 
25  and  26,  several  similarities  and  differences  are  noted.  In  both  cases 
there  is  a central  plateau  surrounded  by  areas  of  greatei’  depth  contain- 
ing several  rather  deep  pits.  The  primary  differences  are  that  the  radome 
craters  were  more  irregular  in  shape  (although  the  actual  boundaries  are 
not  shown),  and  the  cratei’  surface  is  rougher.  Also,  the  central  plateau 
of  the  jct-produced  crater  was  of  the  original  surface,  and  it  is  apparent 
that  some  of  the  original  radome  material  had  been  removed.  The  jet  impact 
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was  normal  to  the  target's  surface  at  a velocity  of  about  2000  ft/sec 
and  that  of  the  drop  was  at  an  angle  of  about  16  degrees  at  a speed  of 
5300  ft/sec.  This  alight  difference  in  the  shape  of  the  craters  pro- 
duced by  normal  and  oblique  impacts  was  seen  in  Figure  36. 

Although  both  targets  were  of  SCFS«  the  surfaces  were  entirely 
different.  The  radome  surface  was  much  rougher,  and  it  had  also  been 
provided  with  a coating  of  non-porous  fused  silica.  Walton  had  observed 
that  once  the  Impact  pressure  was  sufficient  to  cause  damage  to  the 
glazed  surface,  there  was  a tendency  to  chip  out  a portion  of  the  glaze 
extending  beyond  the  actual  area  of  impact. 

In  view  of  the  differences  in  the  material  properties  of  the  target 
impacted  by  the  jet  and  the  radome  eroded  by  raindrops  and  the  great  dif- 
ference in  the  impact  angles,  th.t  similarities  in  the  craters  are  more 
than  would  have  been  expected. 

The  direction  of  Impact  seems  to  make  little  difference  in  the 
crater's  geiieral  appearance.  It  appears  that  the  simulation  of  a high- 
velocity  impact  at  a small  angle  with  the  surface  can  be  accomplished 
with  a lower  velocity  impact  at  a difforeut  angle  as  long  as  the  normal 
velocity  components  are  the  same.  For  example,  the  velocity  of  BOOO  ft/ 
sec  at  15  degrees  with  the  surface  could  probably  be  simulated  with  a 
velocity  of  2000  ft/sec  at  an  angle  of  40  degrees. 

Estimates  of  Erosion 

It  was  previously  mentioned  that  a careful  study  of  the  radome 

photographs  indicated  that  there  was  an  average  of  about  30  craters 

per  square  inch  and  that  approximately  40  percent  of  its  surface  was 

covered.  Neglecting  the  overlapping  of  crater’s,  this  gives  an  average 

2 

crater  area  of  0.0133  in  , or  an  average  diameter  of  0.13  in.  This  con- 
firms the  fact  that  the  second  crater  measured  (d  = 0.125  in,  V = 3.1  x 

10  ' in  ) was  perhaps  one  of  average  size.  If  this  is  assumed,  the  total 

-5 

volume  of  material  removed  in  the  400-ft  rain  liclJ  was  (30  x3. lx  10  }, 

-4  3 2 

or  9.3  X 10  in' /in  , and  the  average  rate  of  erosion  up  to  that  time  was 
-2 

1.23  X 10  in/sec. 
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Radoma  No.  7RD1 

Figure  97  la  a mosaic  or  composite  of  photographs  made  of  the  sur- 
face of  the  radorae  of  run  No.  4.  The  average  rocket  velocity  was  about 
4900  ft/.5ec.  The  rain  field  was  equivalent  to  3000  ft  of  length  at  a 
rate  of  2.5  In/hr.  The  surface  had  been  flame-glazed  the  same  as  No.  7RB1. 
The  entire  surface  was  covered  with  craters,  and  it  was  not  possible  to 
determine  crater  volumes  or  the  extent  of  the  erosion.  Views  of  this 
radome  are  shown  to  a larger  scale  in  Figure  98. 

Radome  No.  7RF2 

Only  the  tip  of  this  radome  of  run  No.  7 survived,  as  it  apparently 
hit  a bird  during  coast-out  after  traveling  through  the  same  equivalent 
rain  field  as  run  No.  4.  The  average  velocity  through  the  rain  was  about 
5100  ft/seo.  The  tip  is  shown  in  Figure  99.  This  radome  was  unglazed, 
and,  although  the  entire  surface  was  eroded,  it  did  not  appecir  to  be  as 
severe  as  that  of  No.  7RD1.  Because  of  the  eroded  surface,  it  was  impos- 
sible to  measure  the  crater  volumes  with  any  high  degree  of  accuracy. 


Comparison  of  Rocket  Test  Results  with  Predicted  Values 

Equations  UT),  (18),  and  (19)  have  been  solved  by  the  computer  code 
REMRASS  for  the  conditions  of  Holloman  run  No.  2 (R  * 2.5  in/hr  and  v = 
5300  ft/sec)  and  also  taking  into  consideration  the  deflection  of  the 
drops  in  the  shock  layer.  The  results  are  shown  in  Table  6.  These  calcu- 
lations indicate  that  at  a distance  of  400  ft,  43.2  percent  of  the  radome 
will  be  covered  with  craters,  that  6.76  x 10  in  /in  of  the  material 
will  have  been  removed,  and  that  the  average  erosion  rate  up  to  that  time 

_3 

has  been  8.96  x 10  inches/sec. 

The  following  gives  a direct  comparison  of  the  results: 

Percent  of  Volume  Erosion  Rate 
Area  Eroded  ( In^/In^ ) ( In/Sec) 

Calculated  values  43.2  6.76  x 10  ^ 9.96  x 10  ^ 

Estimated  from  radome  examination  40.0  9.3  x 10"^  1.23  x 10"^ 


Keeping  in  mind  the  fact  that  the  properties  of  the  radome  material 
and  tai’get  material  are  probably  not  the  same,  that  the  surface  of  the 
radome  had  been  flame-glazed,  increaning  its  susceptibility  to  cratering, 
and  that  the  actual  rainfall  rate  may  have  been  noniewlial  greater  than 
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2.5  In/hr  for  tha  sled  tests » It  Is  surprising  that  the  results  are  In 
such  close  agreement. 

It  was  not  possible  to  obtain  a similar  comparison  for  the  z^domes 
of  runs  Nos.  4 and  1%  as  their  surfaces  wore  completely  covered  with 
craters  after  traveling  through  2000-ft  rain  fields.  Tho  computed  results 
Indicate  that  the  radomes  would  be  100  percent  covered  at  a distance  of 
925  ft  in  the  rain. 


SECTION  X 


CONCLUSIONS 


It  has  boon  shovm  that  the  water  jet  accelerator  is  a valuable  tool 
for  simulating  the  damage  caused  by  collisions  of  supersonic  radomes  with 
raindrops.  Cratering  and  erosion  data  obtained  by  use  of  the  aooelerator, 
together  with  theoretical  considerations,  give  relations  that  can  be  em- 
ployed in  the  design  of  high-speed  vehicles  that  must  possess  all-weather 
oapabllitles. 

When  the  rain  field  is  described  (l.e.,  rate,  duration,  and  extent) 
and  the  radons  profile,  wall  thickness,  velocity,  and  allowable  probability 
of  failure  are  specif lad,  the  methods  described  In  this  report  can  be  used 
to  determine  the  probable  damage,  provided  th<.  l'  the  radome  material  pxH>p- 
erties  and  their  relations  to  cratering  resistance  are  known. 

It  must  be  remembered  that  the  equations  derived  and  the  numerical 
values  computed  in  this,  study  were  based  upon  only  one  of  the  SCFS  targets. 
This  target  experlenoed  the  greatest  damage  of  any  of  those  f '?n.ishad  for 
uss  in  this  rssesrohi  therefore,  the  use  of  these  relations  in  radoms 
design  would  probably  be  on  tho  side  of  safety. 

The  craters  in  the  weakest  of  the  targets  averaged  six  times  the 
volume  of  those  in  the  strongest  targets  (Flgu'.'’e  30).  It  is  not  known 
which  of  the  material  properties  has  the  greuteat  influence  on  the  target's 
resistance  to  oraterlng.  The  effects  of  such  properties  as  hardness, 
porosity,  modulus  of  rupture,  Young's  modulus,  surface  finish,  and  the 
compressive,  tensile,  and  shear  strengths  upon  the  material's  resistance 
to  erosion  and  cratering  can  be  determined  by  the  use  of  t’  a jet  accelera- 
tor. Guch  information  would  certainly  be  of  groat  value  to  the  engineer 
in  preparing  the  radome  material  and  fabrication  speclJMcati ons. 

The  water  jot  accelerator  is  an  economical  tool  for  comparing  the 
erosion  resistance  of  different  materials  as  well  as  determining  the 
effects  of  coating,  laminates,  and  surface  conditions. 

Although  much  has  been  learned  about  high-speed  liquid  impact,  it  is 
apparent  that  much  more  Infurinatlon  is  needed.  Empirical  relations  have 
been  derived  that  will  give  the  probable  rain  damage  to  SCFS  radomes,  but 
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relatively  little  is  knovm  about  the  actual  mechanics  of  cratering.  The 
maximxun  tensile  stress  has  been  assumed  to  be  the  governing  factor  relat- 
ing to  subsurface  fracture  and  spallation.  This  is  probably  not  entirely 
oorreot.  Other  theories  of  fracture  should  be  investigated.  As  the  re- 
quired radome  wall  thickness  depends  upon  the  maximum  probable  raindrop 
sizet  more  InfotTmation  ocncei'ning  the  drop  size  distribution  is  needed,, 
especially  for  rainfall  at  varicus  altitudes. 
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FIGURE  8.  JET  PEMETRATIOH  OF  A LEAD  TARGET 


FIGURE  10.  FFJiCTURES  IN  VARIOUS  MATERIALS 
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FIGURE  36.  PH0TCX3RAPHS  OF  CRATERS  FORMED  BY  NORMAL  AND  OBLIQUE  IMPACTS 
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FIGURE  38.  EFFECT  OF  IMPACT  ANGLE  ON  CRATER  VOLUME 
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FIGURE  86.  RADOME  ON  SLED  AFTER  TEST  AT  HOLLOMAN  AFB 
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APPENDIX  A 


Prasavir*  Due  to  High-Valoolty  Impaot  of  a Watar  Jat 


Tha  tranaiant  prassure  distribution  aoroas  tha  impact 
araa  of  a small  hlgh-valooity  watar  jat  Is  atudlad 
by  maans  of  a pressure  transducer  technique 

by 

Dallas  Smith  and  Ray  Klnalow 
Assistant  Professor  and  Professor • raapeotlvely 

Department  of  Engineering  Sclanoo 
Tennasaao  Technological  University 
Cookeville,  Tennessee  38501 


Ab«tr«ct 


A pMsaurs  tranaduoar  taohniqua  waa  davaXopad  for  determining  the  tranalent 
distribution  of  praaaura  on  a aurfaoe  oauaad  by  the  Impact  of  a hlgh-’velooity  jet. 
Jet  paramatara  known  to  ba  effeotlva  in  producing  ring  oratara  wara  aalaoted  for 
tha  Btudy.  The  avaraga  jat  valoolty  waa  2100  ft/a  (640  m/a)  and  ita  approximata 
diameter  waa  0.26  In.  (0.66  cm).  A hardened,  anall>diametar  (0.039  in.,  0.099  cm) 
"praaaura  pin"  waa  uaad  to  tranamit  tha  praaaura  from  the  impact  aurfaoe  to  the 
praaaura  transducer.  The  average  praaaura  waa  thua  found  over  an  area  of  0.001192 

A 0 

in.  (0.007690  cm  ) at  aeveral  looationa  within  the  impact  area. 

Raaulta  ahcw  tha  graateat  praaaura  to  occur  at  tha  canter  of  tha  impact  area. 
Tliaae  resulta  refute  the  idea  that  ring  oratara  are  produced  by  the  existence  of 
higher  preaaurea  near  the  jet  edge. 


All 


Al 


Introduction 

To  •xplaln  cratering  or  fracturing  due  to  high-velocity  impact  of  water  drops 
or  jets*  knowledge  is  needed  of  the  spatial  and  temporal  variation  of  the  normal 
press«<r«  eaevted  on  the  target  surfAoe  duo  to  the  impact.  Hith  this  information 
an  attempt  can  be  made  to  determine  the  transient  state  of  stress  within  the  solid. 
Combining  the  stresses  with  the  correct  fracture  criterion  msy  eventually  lead  to 
a better  understanding  of  the  cratering  mechanism.  In  practice » cratering  due  to 
drop  rather  than  jet  Impact  is  of  primary  Importance • but  since  jets  have  been 
uaed  considerably  in  the  laboratory  to  simulate  drop  Impact » it  is  Important  to 
understand  the  pressure  due  to  a jet  Impact. 

Whan  a jet  impinges  on  a flat  solid* an  initial  pressure  occurs  which  is  com- 
parable to  the  water  hammer  pressure  of  Cook.^ 

P * pvo  (1) 

where  P is  the  pressure,  p is  the  liquid  density,  o is  the  sonic  velocity  in  the  liq- 
uid, and  V is  the  impact  velocity.  The  initial  high  pressura  given  by  equation  (1) 
decays  very  repid.ly  due  to  rulease  waves  propagating  into  the  jet  from  its  oiroum- 
forenoe  followed  by  laterel  jetting.  If  Impingement  continues  until  a steady  state 
is  retched,  the  pressure  approaches  the  hydrodjoiamlcal  pressure, 

P • j pvo^  (2) 

By  taking  account  of  the  compressibility  of  the  solid  being  impacted  as 
well  as  ths  properties  of  the  jst.  DeHallcr  showed  that  equation  (1)  would  be 
modified  slightly  to  contain  the  density  and  sonic  velocity  of  the  solid. 

3 

For  ths  impingement  of  a spherical  liquid  drop,  Engel  proposed 

p a j pvc  ( 3 ) 

where  the  factor  a depends  on  the  impact  velocity  and  approaohea  unity  for  high  ve- 
looitiao . The  maximum  presaure  proposed  by  Cngel  would  thus  bs  j pvc . 

u 

In  an  axporisMintal  study  Brunton  impaotad  a watar  jet  onto  a presaure  trane- 


A2 


duo«r.  Th«  rtitultlng  pp«8sure  pMk  •xhlbitod  a rls*  tln«  of  1 \nm  and  d«c«y«d  in  « 
tlM  of  lass  than  3 ys,  which  was  somawhat  gi eater  than  the  time  requited  for  re- 
lease waves  to  propagate  from  the  Qiro\nnferenoe  to  the  center  of  the  jet.  The 
longer  decay  times  were  believed  to  be  due  to  the  fact  that  the  head  of  the  jet  was 
neither  flat  nor  parallel  to  the  surface.  The  jet  velocity  was  2400  ft/s  (731.7 
m/s)  end  the  jet  diameter  was  0.17  in.  (0.43  cm).  The  average  pressure  exerted 
over  the  impact  area  was  134,000  psi  (924  MN/m^)  whereas  equation  (1)  yields  153,000 
psi  (1058  MN/m  ).  Thus  the  average  pressure  found  by  Brunton  was  0.674  pvo.  Brun- 
ton's  experiment  permitted  the  determination  of  average  pressure  only,  rather  than 
the  actual  distribution  of  pressure.  High-speed  photographs  made  by  Brunton  showed 
that  fracturing  due  to  the  jet  impact  was  completed  within  the  first  3 ys  of  impact. 
Therefore,  the  Initial  peak  of  high  pressure  is  of  primary  interest  and  the  small 
remaining  pressure  after  decay  is  of  little  consequence. 

While  equations  such  as  (3)  provide  an  estimate  of  the  maximum  px^ssure  ex- 
erted by  the  jet,  they  give  no  information  about  the  distribution  of  pressure  or 
its  variation  with  tLne.  Recent  numerical  solutions  by  Huong®*  8 provide 

results  for  both  spatial  and  temporal  variations  of  pressure  due  to  the  impact  of 
drops  of  various  geometries  onto  a flat  surface.  Hs  used  a numerical  scheme  known 
os  the  Compresslble-Cell-and-Narker  technique.  Both  slip  and  non-slip  boundary 
oonditioixs  between  the  drop  and  the  surface  have  been  considered.  His  results  oon- 
ftm  ths  rapid  rlss  and  decay  times  okaervud  by  Brunton.  With  a free-sllp  boundary 
oondltion  and  a wmter  velocity  of  980  ft/s  (299  m/s)  the  maximiun  pressure  ranged 
approximately  from  0.7  pvc  for  a spherical  drop  to  1.2  pvo  for  a finite- length 
oyllndrioal  jet.  Resulte  were  slightly  higher  for  the  nen-slip  boundary  condition. 
As  a percentage  of  pvo,  results  were  also  greatar  for  hlghar  impact  vsLooities. 

In  all  oases  the  maximum  pressure  occurred  at  the  center  of  Impect. 

g 

Recent  experimental  results  by  Johnson  and  Vickers  showed  the  maximum  pres- 
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•up«  to  ocour  OMP  th«  odgo  of  tho  jot.  Uto  {iroaouro  «u  «j>proKlMtoly  0.87  pvo 
noor  tho  eontor  and  junpod  to  1.5  pvc  noar  tho  odgo  of  tho  jot.  This  dooa  not 
afpoo  with  Huant'a  ppodlctlon  of  aaniauB  ppoaauro  at  tho  oontop.  Tho  woloolty  uaod 
by  Johaaoo  and  Vlokopo  was  ISl  ft/a  (46  n/a),  and  tho  jot  dlanotop  waa  1.97  in. 

(50  m).  Both  paraaotopa  aro  ooo  ardor  of  nafnltudo  raaowad  fpoa  thooo  uaually 
oonaidorod  rolativo  to  drop  lapaot. 

A poeont  onporiaont  by  Rochoator  and  Bpunton^^  for  tho  lapaot  of  a liquid  diak 
and  oylindop  agrooa  with  Johnaon  and  Viekopa  in  finding  a ping  of  high  proaauro.  A 
thin  rootangular  bullat  containing  a tauill  pioaoolootrio  ooraaio  waa  firod  into  a 
watop  diak  hold  botwoon  two  Popapox  windowa  or  into  a vortioal  watop  jot.  lapaot 
▼olooity  waa  328  ft/a  (100  a/a).  Tho  gpoatoat  ppoaaupo  at  tho  oantor  and  in  tho 
annular  region  at  a distanuo  0.2  of  tho  disk  radiua  fPoa  tho  oontor  wan  0.7  pvo 
and  1.8  pvo,  rospootivaly. 

IThora  is  conaldorabls  dlsagroonont  batwoan  tho  analytioal  and  oxparlaontal 

rosulta.  It  waa  thus  fait  that  an  axpopimontal  invostigation  should  bo  undsrtakon 
using  tho  aotual  jot  goomotrioo  and  volooltios,  which  havo  rooantly  boon  ussd  in 
tha  laboratory  to  alnulata  drop  cratorlng^^.  An  oxparinontal  prograa  was  undor- 
tokon  for  ono  sat  of  jot  toat  paromators.  Tha  aim  was  twofold:  (1)  to  ohaok 
analytioal  prodlotions  of  tho  prassuro  distribution,  and  (2)  to  provldo,  for  ono 
tost  oaso,  tha  dynoralo  loads  x'oquirad  as  input  in  thaorloa  for  datomlnlng  tho 
tronslont  atrosa  atata  in  tha  impaotad  solid,  ultimataly  landing  to  mathodn  of  pra- 
diotlng  tho  extant  of  fraoturlng  dua  to  high>volooity  drop  Inpaota. 

I Exporimontal  Method 

Tha  oxporliDont  oaployad  a proasura  tranaducar  which  providod  a voltogo  out- 
put dlsplayod  on  an  oscilloscopo  scroan.  Tho  proaauro  tronaduoop  was  asiuntod  in  a 
plats  whio!i  could  bo  aovod  accuratoly  by  moans  of  a nicromator  so  that  tho  lapaot 
opoa  oould  bo  trovorsod.  Figuro  1 shows  throo  viowa  of  tha  proasura  tranaducar 
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Th«  first  photograph  ahows  th«  transduoar  poaitlonad  In  front  of  tha 
watar  jat  accalarater  box,  tha  oscllloacopa,  and  tha  transducar  powar  souroa 
■ountad  on  top  of  tha  oaolUoacopa.  Tha  last  two  photographs  show  tna  bank  and 
ft*ont  aldas,  raapaotlvaly,  of  tha  praaaura  transducar  assssdyly.  Tha  prassura 
trausduoar  was  Nodal  lO.lAOS,  a«nufaoturad  by  PCB  Plasotronios,  Ino.,  of  Buffalo, 

Naw  Yorkr  Tha  transducar  had  a r.*.sa  tima  of  1 ws,  a natural  fraquancy  of  400  KHs, 
a sansltlvlty  of  O.S  ± O.OS  M<r/psi,  and  a ranga  of  J.0,000  psl  for  a 5»volt  output. 

Tha  prassura  was  transmittad  to  tha  transducar  by  naans  of  a small  cylindrl- 
oal  pin  mounted  In  a hols  in  tha  impact  Plata,  Figura  2.  Tha  dlsnatar  of  tha  small 
and  of  tha  prassura  pin  was  0.039  in.  (0.099  cm)  Hanes,  tha  avaraga  prassura  was 
datarminad  over  an  araa  of  only  0.001197  In.  (0.00769  cm  ),  small  anough  to  approx! 
mats  tha  prassura  at  a point.  Tha  nominal  dlmanalons  of  tha  pin  ara  shown  In  Fig- 
ura 2.  Tha  final  length  of  tha  pin  was  datarminad  by  asaambllng  tha  pin,  surfaoa 
Plata,  and  transducar,  and  machining  tha  protruding  and  of  tha  pin  flush  with  tha 
impact  plats.  A flat,  smooth  impacting  surfaoa  was  thus  providad  for  the  impinga- 
mant  of  the  watar  jot. 

In  tha  initial  stagas  of  tha  Invest Igation  stainless  steal  was  uaod  for  tha 
impact  pla*‘o  and  tha  prassura  pin.  Stainless  steal  proved  to  ba  too  soft.  After 
a few  impacts  the  pin  became  plastically  compressed i thus,  tha  and  of  the  pin  gradu- 
ally raoedad  into  the  hole  in  the  impact  plate  and  the  diameter  of  the  pin  increased 
slightly.  The  stainless  steel  impact  plate  after  a few  shots  became  dented  on  the 
surface  in  tha  impacting  area.  A solution  for  the  impact  plate  was  found  by  re- 
placing the  stainless  steel  with  tool  steel  which  was  hardened  by  heating  and  quench 
ing  in  oil.  Pins  were  isachined  fiKsn  ck'ill  rod  and  hardened  in  the  some  way.  These 
pins  proved  to  be  too  brittle,  fracturing  at  the  junction  of  the  small  diameter  part 
with  the  base  after  only  one  impact.  This  problem  was  finally  solved  by  heating 
amd  hardening  only  the  small  diameter  part  of  tha  pin.  Thus  on  impact  plate  and 
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pranurt  pin  evolvad  which  would  withstand  ssveral  impacts  bsfws  suffering  any 
visual  danaga  or  naasurabla  change  in  dimensions.  Figure  3 shows  a photograph  of 
two  views  of  an  impaot  plate  with  the  pressure  pin  removed. 

The  experiment  was  conducted  by  accurately  positioning  the  pressure  transducer  ' 

in  line  with  the  water  jet  nossle  1 inch  from  the  nozxle.  The  water  was  acceler- 
ated by  impacting  a nylon  piston  in  a water-filled  nozzle  with  a Hy~Soore  BB  cap  I 

bullet*  Figure  2.  The  average  velocilv  of  the  head  of  the  water  'et  was  2100  ft/s 
(640  m/s).  The  diameter  of  the  jet  core  was  0.094  in.  (0.23B  cm)  and  the  diameter 
of  the  jet  head  was  0.26  in.  (0.66  cm).  These  parameters  have  been  used  exten- 
sively for  making  craters  in  slip-cast  fused  silica  targets.  More  details  of  the 
water  jet  accelerator  are  given  in  Saotlon  II  of  this*  report. 

A trace  of  the  transducer  voltage  outnut  was  obtained  on  the  oaoilloscope 
screen  for  each  shot.  The  osoilloecope  was  triggered  internally  by  the  transducer 
output.  The  impact  area  was  troversed  by  means  of  the  ni'jrometer*  Figure  1,  using 
increments  of  0.040  In.  (0.102  cm).  In  order  to  get  an  average  value  of  tWe  pressure 
at  any  given  point,  several  shots  were  made  at  each  setting  of  the  micromotor,  (.'in- 

sideroble  scatter  was  experienced  from  shot  to  shot.  Some  rx  tho  scatter  due  to 

|| 

the  fact  that,  as  polntad  out  by  Brunton  , not  all  jet  hcvidK  will  Iam  e«);Ually  we  I), 
famed.  After  each  shot  the  pressure  pin  wae  removed  iind  dried.  The  dl;m«t«r  of 

I 

the  preseure  pin  wee  measured  freqviently  with  a mlcrcateter  to  doterittlrie  If  atty  ue- 
fcrmatlon  had  occurrad.  > 
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Raaulte  and  Diecussion  j 

Flipve  4 ahows  a sample  of  the  t'fm'fv  of  the  n'Mnntduoer  output  ..it 

various  distances  from  the  center  of  'ajMict,  Tl\e  wvrtlir;*!  d.lwtrniiionm  waIi.  ■■ 

ate  which,  by  means  of  the  tv  -t-di.  er  »y.Anv«rtitfd  to  prewur.,'.  w. 

the  t ‘ '‘■v.'v.t  . on  trant  I'., ' (Hrai.i.'%r»:wS  to  prwctiwty  *st  the  inypnM 

ffT ■■  i'i!  V h-p  v'Stioi  of  thu' 

■'i! 
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•od  pin  ai?ea.  Th«  rise  time  was  approximately  3 MS  and  the  decay  time  waa  5 to  6 
additloinal  ps. 

Figure  5 shows  the  distrlhution  of  pressure  (transducer  voltage)  across  the 
in^ct  area  obtained  by  plotting  the  peak  pressure  for  each  location  • r.  The 
effects  of  scatter  were  minimized  by  obtaining  several  data  points  at  each  loca- 
tion. The  broken  line  Is  drawn  through  the  mean  of  peak  pressures  obtained  at 
each  point.  It  Is  evident  that  the  largest  pressure  occurs  at  the  center  of  the 
impact  area  and  not  near  the  edge.  The  profiles  of  two  ring  craters  made  In  slip- 

cast  fused  silica  with  the  same  jet  parameters  are  Included  in  Figure  5.  Figure  6 
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shows  photographs  of  the  same  two  craters.  It  has  been  suggested  by  Engel  that 
ring  craters  may  be  due  to  larger  pressures  near  the  edge  of  the  impact  area.  From 
Figure  5 it  appears  that  this  may  not  be  the  correct  explanation  for  the  formation 
of  ring  cz>aters. 

The  observation  of  largest  pressures  at  the  center  agrees  with  the  calcula- 
5 6 7 8 

tions  of  Huang  * * * . For  large  times  after  the  initial  Impaott  Huang's  results 
show  that  the  center  pressure  decays  and  that  for  those  tiroes  the  pressure  near  the 
edge  may  exceed  the  center  pressure,  but  this  pressure  is  much  smaller  than  the 
maximum  press\u;>e  which  initially  existed  at  the  center. 

It  nust  be  remembered  that  the  curve  in  Figure  7 represents  the  mean  of  peak 
pressures  that  occurred  at  each  location.  With  the  present  experimental  axrange- 
ment  the  pressure  at  all  locations  for  some  constant  time  after  the  Initial  Impact 
could  not  be  obtained.  Since  the  oscilloscope  was  triggered  internally  by  the 
transducer  output ^ then,  for  say  a semi-spherical  jet  front,  triggering  for  points 
remote  to  the  center  would  occur  later  than  for  points  near  the  center. 

The  distribution  shown  in  Fig'.' re  5 should  ideally  be  sjnmetric  about  the  J 


i 
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center.  The  averages  shown  approximate  symmetry  to  a surprising  degree,  consider- 
ing the  amount  of  scatter  encountered.  To  enforce  syimetry,  the  mean  voltage  of 
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all  •qual-dlstanoe  points  was  computed  before  convertlnp,  voltage  to  pressure. 

The  resitltlng  pressure  envelope,  nondimenslouallxed  by  pvc  and  R,  the  jet  head 
radius,  is  shown  in  Figure  7.  It  was  fortuitous  that  the  normal  distribution 
curve 

^ * 0.915e“^*^^^^^  (4) 

where  r is  distance  from  the  center,  represented  the  experimental  points  almost 
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exactly.  The  normal  distribution  was  used  by  Banks  and  Chandrasekhara  for  the 
steady  state  impact  of  a liquid  jet.  The  maximum  pressure  is  0.915  pvc  or  125,100 

A ^ R 

psi  (862.8  MN/m  ).  This  compares  with  the  results  of  Huang'*  of  0.70  pvc  fo^’<  a 
spherical  drop  and  1.12  pvc  for  a cylindrical  jet.  Some  of  Huang's  results,  taken 
from  the  gi>aphs  in  references  5 and  6,  are  also  plotted  in  Figure  7.  The  present 
results  fall  between  the  results  of  Huang  for  a spherical  drop  and  a cylindrical 
jet.  Since  the  jet  used  in  the  present  experiment  corresponds  to  neither  a spheri- 
cal drop  nor  a flat-ended  cylinder,  it  seems  reasonable  that  the  experimental 
results  should  fall  between  the  results  for  those  two  cases.  The  jet  speed  used 
by  Huang  was  980  ft/s  (299  m/s)  whereas  the  speed  in  the  present  experiment  was 
2100  ft/s  (640  m/s).  For  the  non-slip  boundary  condition,  reference  8,  Huang's 
results  are  somewhat  higher  for  higher  speeds.  The  pressures  measured  by  the 
transducer  may  have  been  attenuated  somewhat  by  the  transfer  of  pressure  through 
the  pin.  Certainly  it  seems  that  some  energy  could  have  been  dissipated  in  the 
pin,  but  it  is  pointed  out  that  a pin  typically  withstood  many  shots  with  no 
measurable  deformation.  Considering  the  above,  it  is  felt  that  the  present 
results  support  the  magnitude  of  pressures  found  by  Huang. 

Contrary  to  the  results  of  Johnson  and  Vickers  , no  ring  of  high  pressure 
was  found  in  the  present  study.  The  ring  of  high  pressure  found  by  Johnson  and 
Vickers  was  at  the  edge  of  the  jet.  In  the  present  experiment  this  corresponds 
to  the  edge  of  the  jet  core  (r  = 0.047  in.),  not  the  jet  head  (r  = 0.13  in.). 

It  may  be  that  the  radial  increment  (Ar  = 0.04  in.)  used  in  the  present  study 


was  too  coarse  to  detect  the  ring,  but  it  also  seems  po88.lbl«  at  the  present 
velocity  of  2100  ft/s  (640  m/a)  that  the  formation  of  the  jet  head  is  consider- 
ably different  from  that  of  the  Johnson  and  Vickers  study,  where  the  velocity 
was  only  151  dft/s  (46  m/s).  A recent  theoretical  development  by  Huang'^*^  may 
resolve  the  difference  in  the  two  experiments.  His  theory  indicates  that  fcr 
A rigid  target  material  the  maximum  pressure  will  occur  at  the  center  whereas 
for  a deformable  material  the  maximum  pressure  may  shift:  to  an  annular  region. 
In  the  present  experiment  a hardened  tool  steel  was  used  for  the  target. 

The  rise  times  obcerved  in  the  present  experiment  wexv)  relatively  large. 
Figure  4.  A typical  value  is  3 us.  The  response  time  of  the  trancduoer  In 
the  present  experiment  would  account  for  1 us  of  the  rise  time  and  the  rise 
time  may  have  adso  been  auffected  by  the  behavior  of  the  stress  waves  in  the 
pin.  The  reason  for  the  large  rise  times  is  not  completely  understood  at  the 
present,  but  because  cf  the  larger  jet  in  this  experiment,  a pressure  pulse  of 
approximately  twice  that  observed  by  Brunton  wo\ild  be  expected. 

Conclusions 

Using  a pressure  transducer,  the  spatial  distribution  of  peak  pressures 
due  to  hlgh-Velocity  jet  impact  of  a rigid  target  has  been  determined.  The 
observed  rise  time  was  approximately  3 us  followed  by  a 6 us  decay.  The 
maximum  pressure  was  0.915  pvc,  and  occurred  at  the  center  of  the  Impact  area 
rather  than  near  the  edge,  even  though  the  jet  had  been  used  to  make  numerous 
ring  craters  in  slip-cast  fused  targets.  The  present  results  support  those 
of  Huang. 
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SCALES-Hon’zontal : 2 microsec. /division 
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APPENDIX  B 

HYDRODYNAMIC  MODELS  FOR  HIGH-^PEED  LIQUID  IMPACT 
by  Vlreshwar  Sehat,  Peter  Hsu,  and  Jer-Shong  Ueng 

INTRODUCTION 

Cratering  due  to  liquid  droplet  impingement  on  solid  surfaces  is  n 
serious  and  limiting  problem  in  the  design  of  objects  that  fly  at  high 
speed  through  rain.  A review  of  literature  (for  recent  comprehensive 
suiveys,  see  Heymann  [1],  Eisenberg  [21,  and  Field  [3])  has  shown  that 
there  have  been  many  recent  advances  toward  an  understanding  of  liquid 
impaot  dameige.  However,  while  an  impressive  amount  of  experimental  data 
has  been  generated,  very  little  work  has  been  done  toward  the  develop- 
ment of  a physical  thedry  for  quantitative  prediction  of  erosion  damage. 
This  is  understandable  in  view  of  the  very  complex  nature  of  the  damage 
mechanism.  The  theoretical  analysis  described  below  is  not  in  itself 
expected  to  quantitatively  predict  all  the  rain  erosion  characteristics 
of  materials i nevertheless,  it  is  hoped  that  it  will  provide  a better 
understanding  of  the  mechanism  of  cratering  due  to  liquid  impact. 

As  indicated  in  Appendix  A,  the  pressure  distribution  over  the 
contact  area  that  is  produced  when  a liquid  drop  strikes  a solid  surface 
is  not  yet  known  with  certainty.  It  is,  however,  generally  accepted 
that  a sharp  peak  of  pressure,  of  the  order  of  magnitude  of  the  water 
hammer  pressure,  occurs  in  the  Initial  stages  of  impact.  The  models 
proposed  in  the  present  study  are  based  upon  the  assumption  that  this 
initial  impact  pressure  and  its  rate  of  application  are  high  enough  to 
cause  the  target  material  to  be  liquified  in  the  neighborhood  of  the 
Impact  area.  This  assumption  allows  the  target  material  to  be  treated 
as  a fluid  during  the  cratering  process. 
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Such  a fluid-fluid  impact  mode]  was  first  conceived  by  Opik  [4]. 
Recently  this  model  was  studied  both  experimentally  and  analytically  by 
Engel  [5,  6].  Her  analytical  study,  however,  was  semi-empirical,  and 
it  involved  an  arbitrary  assumption  with  regard  to  partition  of  the 
energy  of  the  impacting  drops. 

Two  fluid-fluid  Impact  models  will  be  considered  in  the  present 
study.  The  first  model  is  based  on  an  analogy  with  the  impingement  of 
a high-speed  liquid  jet  on  a liquid  surface.  The  formulation  of  this 
mod  I was  prompted  by  a remark  by  Cheslak  et  al  [7]  that  the  cavities 
formed  by  the  impingement  of  high-speed  jets  on  a liquid  surface  bear 
a striking  resemblance  to  those  formed  on  solid  surfaces  by  high-speed 
’.mpact.  While  high-speed  jets  are  commonly  used  to  simulate  rain  ero- 
s.  on,  little  theoretical  work  has  been  done  to  exploit  this  analogy. 

In  the  jet  model  considered  here,  an  equation  developed  by  Rosier 
and  Stewart  [3]  in  connection  with  their  study  of  capillary  jet  impinge- 
ment cm  liquid  surfaces  will  be  used.  They  developed  the  governing 
equation  for  the  cavity  profile  using  the  principle  of  conservation 
of  momentum.  In  the  present  study,  the  Rosier- Stewart  equation  will 
be  used  to  determine  the  size  and  shape  of  the  cavities  formed  in  not 
only  liquid-liquid  Impacts  but  in  liquid-solid  impacts  as  well. 

The  second  model  is  based  upon  the  concept  of  apparent  mass  which 
deals  with  a body  moving  through  an  infinite  stationary  mass  of  fluid. 

As  la  the  case  with  all  hydrodynamic  models  of  high-velocity  impact,  it 
is  assumed  here  as  vrell  that  the  target  material  behaves  as  a liquid  in 
the  vicinity  of  the  point  of  impact.  The  concept  of  apparent  mass 
allows  the  flow  of  the  target  material  around  the  projectile  to  be 
described  in  rather  simple  terms.  Although  the  concept  is  being 
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overextended  somewhat  in  the  present  application,  it  is  hoped,  neverthe- 
less, that  it  will  provide  an  appropriate  simple  picture  of  the  high- 
velocity  impact  phenomenon. 

The  apparent  mass  model  was  first  conceived  by  Ludloff  [9].  A 
major  portion  of  his  work  was  devoted  co  the  resolution  of  an  apparent 
discrepancy  in  results  obtained  from  momentum  and  energy  considerations. 

He  was  also  ooncernied  with  the  kinetic  enei'gy  of  the  ejected  mass  of  the 
target  material.  Only  a limited  amount  of  comparison  was  made  with 
experimental  results  for  impact  of  solid  projectiles  on  solid  targets. 

The  purpose  of  the  present  study  is  to  apply  the  Ladloff  model  not 
only  to  solid-solid  impacts  but  also  to  liquid-solid  impacts.  One  of 
the  very  attractive  features  of  this  model  is  that  it  describes  the 
impact  cratering  as  a time- dependent  process.  In  addition  to  the  predic- 
tion of  maximum  orator  depth,  it  also  allows  the  calculation  of  the  rate 
of  crater  growth.  This  latter  feature  of  the  apparent  mass  model  will 
be  exploited  in  the  present  work. 

A problem  that  confronts  all  cratering  theories,  especially  those 
involving  hydrodynamic  models,  is  the  determination  of  the  proper  value 
to  be  used  for  target  strength.  The  problem  is  further  complicated  by 
the  fact  that  the  material  strength  is  likely  to  vary  in  different  phases 
of  the  cratering  process,  i’ortunately  3,t  was  possible,  however,  to  deter- 
mine simple  strength  criteria  for  the  two  models  considered  here,  which 
adequately  and  consistently  predict  the  cratering  characterisi tcs. 

Because  of  the  nature  of  the  models,  the  theory  is  most  directly 
applicable  when  the  target  material  is  ductile.  The  validity  of  the 
models  will  therefore  be  checked  against  available  experimental  results 
for  impact  against  metal  surfaces.  Hydrodyniimic  models  cannot  completely 
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charaoterlze  the  cjratering  process  in  brittle  materials  such  as  ceramics 
used  in  the  construction  of  radomes.  It  will  be  demonstrated,  however, 
that  the  jet  model,  under  certain  circvunstances , can  adequately  predict 
the  maximum  depths  and  volumes  of  the  craters  formed  in  slip-cast  fused 
silica  (SCrs)  targets  due  to  liquid  impact. 

Even  though  the  models  considered  here  are  of  doubtful  validity  in 
the  case  of  brittle  materials  used  in  radome  construction,  the  analyses 
presented  below  are  significant  in  two  respects.  First,  the  results  may 
be  directly  applicable  because  some  designs  of  radomes  suggest  that  metals 
may  be  Incorporated  in  the  attachment  to  the  afterbody  of  the  vehicle  or 
in  the  nose  as  a protection  against  rain  erosion.  Microwave  engineers 
have  shown  that  such  a use  of  metals  is  possible  without  serious  detriment 
to  radar  performance.  Second,  the  development  of  a reliable  theory  must 
be  based  upon  materials  on  which  the  test  data  is  repeatedly  reproducible. 
Metals  are  such  materials. 

JET  MODEL 

As  indicated  earlier,  this  model  is  based  upon  the  assumption  that 
for  high  speeds  of  Impact,  the  initial  pressure  developed  Is  high  enough 
to  liquify  the  tax'get  material  allowing  the  impact  to  be  categorized  as 
a fluid- fluid  Impact.  Based  on  the  arguments  of  Plesset  and  Chapman  [lO] 
and  others,  it  is  assumed,  however,  that  the  high  contact  pressure  due  to 
the  initial  Impact  decays  very  soon  and  it>  reduced  to  the  stagnation 
level.  The  calculetlons  ol'  Plesset  and  Chapman  showed  that  the  duration 
of  the  stagnation  pressure  pulse  Is  an  order  of  magnitude  higher  than  the 
period  over  which  the  initial  water  hammer  pressure  acts.  They  further 
expressed  the  opinion  that  this  longer  acting  stagnation  pressure  pulse 
may  be  the  primary  source  of  damage  caused  by  fluid  impact. 
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Based  upon  the  above>iAdnt;ijoned  arguments,  a simple  Idealized  model 
of  steady'-state  impingement  of  a cylindrical  liquid  jet  on  a liquid 
surface  will  be  used.  The  drop  is  replaced  by  a cylindrical  jet  in 
order  to  simplify  mathematical  analysis.  This  simplification  is  prompted 
by  the  fact  that  jets  are  often  used  with  success  to  simulate  rain  ero- 
sion. Because  of  its  importance  in  industrial  processes  (such  as  the 
otcygen  conversion  process  in  the  steel  industry),  the  jet  impingement  on 
liquid  surfaces  has  been  studied  extensively  both  experimentally  and  ana- 
lytically. Some  of  this  work  is  described  below. 

Banks  and  Chandreisekhara  [111  presented  an  experimental  investiga- 
tion of  normal  penetration  of  a hlgh-veloctty  gas  jet  through  a liquid 
surface.  Banks  and  Bhavamai  [12!1  extended  this  study  to  a more  general 
one— experimental  study  of  the  impingement  of  a liquid  jet  on  the  surface 
of  a heavier  liquid.  Some  300  experiments  were  made  to  measure  the  sizes 
of  cavities  formed  due  to  impact  of  oil  jets  on  water  and  water  jets  on 
carbon  tetrachloride. 

Prom  the  viewpoint  of  the  present  application,  the  most  useful  ana- 
lytical study  of  the  problem  is  by  Rosier  and  Stewart  [8].  They  derived 
the  governing  differential  equation  for  the  cavity  profile  using  a steady- 
state  force  analysis.  However,  since  their  eventual  purpose  was  to  explore 
the  instability  of  the  indention  formed  by  the  impact,  they  did  not  verify 
their  equation  against  experimental  results  such  as  those  cited  above.  In. 
what  follows,  a general  form  of  the  Rosler-Stewart  equation,  applicable  to 
any  given  pressure  and  shear  distribution  on  the  liquid  surface,  will  be 
derived.  After  testing  the  theory  against  experimental  results  of  Banks 
and  Bhavamai  [12]  for  the  ease  of  impact  of  a liquid  jet  against  a liquid 
surface,  it  will  be  applied  to  detatmlne  the  crater  sizes  in  the  high-speed 


! ' 


■I 

■{ 

\ 


I 


■i 


W 


B6 


impingements  of  water  and  mercury  drops  against  metals.  Attempts  will 
be  made  to  determine  the  correspondence  of  surface  tension  with  some 
strength  property  of  the  target  material.  Experimental  results  of  Engel 
Cl3,  143  will  be  used  for  this  purpose.  An  approximate  form  of  the  Rosler- 
Stewart  equation  and  Its  solution  will  also  be  presented.  In  addition  It 
will  be  shown  that^  even  though  the  governing  assumptions  are  not  entirely 
valid  for  a brittle  target  materialt  the  model  is  capable  of  yielding  good 
results  for  SCFS  If  a suitable  value  is  used  for  the  strength  parameter. 

Governing  Equations 

It  is  assumed  that  the  cavity  formed  by  normal  impact  is  axlsymmetric . 
The  configuration  of  the  cavity  and  the  coordinate  system  used  are  shown 
In  Figure  1.  The  forces  acting  on  an  infinitesimal  segment  ds  along  the 
cavity  profile  are  shotm  In  Figure  2.  Here 

p » pressure  difference  across  the  interface 
T s shear  stress  on  the  interface 
0 s surface  tension  of  the  target  liquid 
H = weight  of  the  impinging  jet  occupying  the  cavity 
B ~ bvjyaut  force 

For  the  cavity  to  be  in  equilibrium,  the  sum  of  the  vertical  components 

of  these  forces  must  vanish.  Hence 

2iird8  p co.^B  t 2n[raslneL 

r 

» 2Trrd8  t sin0  t 2TTrdr(Pj^  - P2)gh  + 2iiCro8inO]^^  0 

Here  and  p^  are  Jet  and  target  densities  respectively,  g is  the  gravita- 

tional ronstant,  and  B is  the  angle  between  ds  and  a horizontal  line.  Noting 
that  ds  = dr /cos 0 and  taking  the  limit  results  in 
p - T tanB  = (p,^  ^ Pj^)gh  + (o/r)d/dr(r  sinB) 
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Finally,  if  the  trigonometric  relation  tanS  = -dh/dr  and  a corresponding 
one  for  sinO  are  used,  Eq.  (1)  becomes 

h"  + C.hVr)ClKh‘)2]  = (l/a)C(p2  - p^)gh-p-Th«]Cl  t (h' (2) 

Here  h and  r arc  coordinates  describing  the  cavity  profile  (see  Figure  1) 
and  the  primes  denote  differentiation  with  respect  to  r.  Equation  (2)  Is 
the  governing  equation  for  the  cavity  profile  and  is  to  be  solved  subject 
to  the  following  boundary  conditions: 

h*  » 0 at  r “ 0 and  at  r both  h‘  and  h 0 (3) 

Equation  (2)  is  a highly  nonlinear  second  order  differential  equation. 
The  input  Information  needed  for  its  solution  Includes  the  two  densities, 
the  surface  tension  of  the  target  fluid,  and  the  pressure  and  shear  distri- 
butions along  the  cavity  profile.  Unfortunately  no  analytical  forms  of 
pressure  and  shear  distributions  are  available  for  high-speed  impacts. 
Approximate  forms  based  on  experimental  results  will  therefore  be  needed. 

Before  diaoussing  the  possible  forms  of  pressure  and  shear  distribu- 
tions for  the  solution  of  Eq.  (2),  it  will  be  convenient  to  nondimenslon- 
allze  the  equation.  The  following  relationships  are  used  for  this  purpose: 
h*  » h/BR,  r*  = r/BR,  p*  = p/(%Pj^v2),  t*  » t/(%Pj^v2)  (4) 

Here  R is  the  jet  radius,  V is  the  impact  velocity,  and  6 is  an  adjustable 
nondlmenslonal  parameter  chosen  so  that  r*  = 1 will  be  the  location  of  zero 
pressure  point.  The  starred  quantities  are  nondlmenslonal.  The  dimension- 
less form  of  Eq.  (2)  can  then  be  written  as  follows: 

h*"  + (hA/r*)[l  + (h*')2]  = [Ah*  - B(p*  + T*h*')][l  + (h**)*]®^^  (5) 

Here  A * [(p2"p2^)gB^R^ Vo  and  B = (%Pj^V^BR)/o.  A and  B are  both  dimen- 
sionless parameters.  Approximate  forms  of  the  pressure  and  shear  distribu- 
tions will  now  be  described  in  terms  of  the  new  dimensionless  variables. 
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Pi>^aiiiiq^e.  DlatfibMition. 

In  view  of  the  assumptions  stated  above , the  fotpm  of  pressure  dis- 
tribution needed  Is  that  for  steady-state  impact  of  a liquid  jet  on  a 


flat  surface.  Banks  and  Chandrasekhara  C.ll!]  used  a normal  distribution 
.2 


(7) 


where  F = < 


p*  ® exp(-Ki.'**)  (6) 

which  served  as  a fair  approximation  to  the  measured  data  of  Gibson  [15]. 

This  dlstribatlon,  however,  does  not  take  the  possible  negative  pressure 
near  the  civity  edge  into  account.  Rosier  and  Stewart  [8]  used  a differ- 
ent distribution  to  fit  Gibson’s  data,  a modified  form  of  which  is  given 
by 

p*  a F 8ln(l-r*)ff/2 

1 , 0 5 r*  < 1 

0.015  (r*-I),  1 i r*  < 3 

0 , 3 S r* 

This  sectionally  continuous  distribution  does  take  the  negative  pressure 
near  the  cavity  edge  into  account.  A conservation  of  momentum  analysis 
showed  that  the  parameter  5 in  the  definition  of  r*(r*  a r/BR)  must  be 
equal  to  2.72.  However,  a value  of  B = 2.0  provides  a better  fit  with 
the  experimental  data  of  Gibson.  The  pressure  distributions  given  by 
Eq.  (6)  ^uld  Eq.  (7)  with  B = 2.0  and  B = 2.72  are  compared  with  Gibson's 
results  in  Figure  3a. 

Another  useful  equation  for  pressure  distribution  is  that  by  Leech 
and  Walker  [16].  They  carried  out  an  extensive  sot  of  experiments  and 
fitted  their  results  with  the  following  polynomial: 
pO  a 1 3i.*2  ^ 2r**,  B » 2.6 

Their  results  however  do  not  differ  significantly  from  those  of  Gibson. 

A pressure  distribution  which  is  close  to  that  of  Leech  and  Walker  and 
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which  takes  negative  pressures  near  the  cavll^  Into  account  is  given 
by  the  equation 

p*  = (jL  - r*2)  «a<p  (-r*^),  B 2.B  (9) 

The  Measure  distributions  given  by  Rqs.  (7),  (8),  and  (^)  are  oonpared 
with  each  other  in  Figure  3b. 

Sheax*  Dletx!*ibutlon 



Banks  and  Chandrasekhara  [111  and  Cheslak,  et  al  [7]  concluded  from 
their  experimental  results  that  the  viscosity  of  the  impinging  jet  has  a 
negligible  effect  on  stable  cavities  on.  liquid  surfaces.  In  the  Impact 
of  drops  on  solid  surfaces,  however,  the  shear  stresses  may  not  be  neg- 
ligible because  the  velocity  of  the  lateral  flow  is  expected  to  be  very 
large.  To  take  the  shear  stresses  into  account,  the  following  approxi- 
mate distribution  suggested  by  Rosier  and  Stewart  Cd]  will  be  usedr 
T*  » (o2)<0.664/Re^){l  ~ expE-Cs/R)*]}  CIO) 

Here  Re^  « p^oVs/p  is  the  local  Reynolds  number  based  on  the  distance  s 
along  the  cavity  profile,  p is  the  viscosity  of  the  jet  fluid.  The 
numerical  factor  a (to  be  called  the  shear  factor)  has  been  introduced 
to  take  core  of  the  possibility  that  the  lateral  flow  velocity  may  be 
larger  than  the  normal  impact  velocity.  In  the  case  of  liquid-solid 
impacts,  several  experimenters  (see,  for  example,  Heymann  [1])  have 
found  the  lateral  flow  velocity  to  ba  several  times  the  velocity  of 
Impact. 

Numerical  Solution 

A generalized  program  (for  a lleting  of  the  program,  see  Hsu  [17]) 
using  a fourth-order  Hamming's  method  based  on  an  interval-halving  itera- 
tive technique  was  developed  to  solve  the  governing  equations  on  a Xerox 
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sigma  6 computer.  This  progrenn  was  used  to  determine  the  cavity  shapes 
and  sizes  in  the  case  of  jet  impingement  on  liquid  surfaces  as  well  as 
liquid  drop  impact  on  solid  surfaces. 

Because  the  nonlinear  nature  of  the  governing  equation  and  the 
nature  of  the  boundary  condition  made  convergence  difficult,  several 
subroutines  were  written  to  take  care  of  the  various  difficulties.  The 
final  form  of  the  computer  program  seems  to  provide  fast  and  stable  con- 
vergence in  all  cases  under  consideration. 

Discussion  of  Results 

First,  the  effect  of  various  parameters  in  the  governing  equation 
was  investigated.  For  simplicity,  the  center  line  velocity  of  the  jet 
was  assumed  to  remain  unchanged  upon  Impact,  thus  neglecting  the  effect 
of  jot  spreading.  The  parameters  used  were  those  for  impact  of  an  air 
jet  on  water.  As  shown  in  Figure  4,  the  cavity  depth  increases  with 
Increasing  velocity.  When  the  velocity  exceeds  a certain  limit,  the 
cavity  shape  is  no  longer  shallow,  and  a cavity  lip  is  created.  Both 
the  cavity  depth  and  the  lip  height  continue  to  grow  until  a maximum 
cavity  size  is  reached  at  a critical  velocity.  Beyond  this  value  the 
cavity  depth  starts  to  decrease  while  the  lip  height  continues  to  increase. 
It  might  be  mentioned,  however,  that  the  pressure  distribution  used  becomes 
less  and  less  accurate  as  the  cavity  gets  deeper. 

In  Figure  5,  the  effect  of  increasing  the  shear  factor  a on  the 
cavity  size  is  presented.  The  shear  factor  seems  to  have  a more  signifi- 
cant influence  on  deep  cavities  than  on  shallow  cavities.  Note  also  that 
the  numerical  solution  is  capable  of  providing  the  cavity  profile  as  well 
as  the  cavity  depth.  Figure  5 also  shows  the  presence  of  a cavity  lip  in 
the  case  of  deep  cavities. 
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Next,  the  effect  of  Increaaine  the  surface  tension  was  investigated. 
As  expected  • the  depth  of  the  cavity  decreasea  as  the  surface  tension  is 
increased.  The  effect  of  changing  the  parameter  B in  the  pressure  dis- 
tribution will  be  discussed  later. 

The  theory  waa  then  checked  against  experimental  results  of  Banks 
and  Bhavamel  [12]  for  impacts  of  oil  jets  against  water  and  water  jets 
sigainst  carbon  tetrachloride.  The  effect  of  turbulent  spreading  of  the 
jet  was  taken  into  account  in  this  case. 

Figure  6 presents  the  results  for  the  ease  of  the  impact  of  an  oil 
jet  on  water.  The  coordinates  used  are  the  sane  as  those  used  by  Banks 
and  Bhavamai.  The  ordinate  h*_„  is  the  cavity  depth  nondimensionalized 
with  respect  to  the  jet  elevation.  The  abscissa  M*  represents  nondimen- 
slonal  jet  momentum.  The  experimental  points  of  Banks  and  Bhavamai  for 
various  nozzle  elevations  are  plotted  on  this  graph.  Also  plotted  are 
the  calculated  results  of  the  pi'esent  theory  using  pressure  distribution 
Eq.  (7)  with  B > 2.72  and  B a 2.0.  In  view  of  ths  aonsiderable  soattsr 
in  the  experimental  data,  the  agreement  aeema  to  be  satiaf aotor^' . 

An  empirical  equation  obtained  by  Banks  and  Bhavamai  which  fits 
their  experimental  data  is  compered  with  the  present  theory  in  Figures 
7 and  8 for  oll-weter  and  water-norbon  tetrachloride  Impaote  respectively. 
The  ordinate  used  here  repreaenta  a normalized  cavity  depth  defined  in 
Banks  and  Bhavamai  [12]  or  Hsu  [17].  Specific  comperisons  with  experi- 
mental results  showed  that  the  higher  value  of  fi  is  batter  for  eases  of 
deep  penetration  while  lower  values  of  B are  more  suitable  for  shallow 
cavities. 

Ihis  modal  was  also  applied  to  the  case  of  the  impact  of  a water  drop 
on  water  surface.  This  case  was  considered  by  Engel  [5]  as  a model  for 


■'.1 


B12 


hi|^-«pa«d  llquld-aolld  laplngavnnts . In  Flgur«  9 her  experimental 
reaulta  are  oonpared  with  those  conputed  from  the  pz*esent  theory.  The 
agreement  is  satisfactory. 


The  fluid-fluid  impaot  model  was  then  applied  to  the  impact  of 
liquid  drops  on  solid  surfaces.  The  premise  on  idtich  this  modal  is 
based  has  already  been  discussed  earlier.  In  this  analysis » the  pres- 
suM  distx'ibutions  given  by  both  Eqs.  (7)  and  (9)  vere  used,  but  no  sig- 
nificant difference  tMW  noted.  As  far  as  the  shear  distribution  given 
by  Cq.  (10)  is  nonoemed,  it  was  found  that  increasing  the  shear  factor 
s to  a value  up  to  4 does  not  significantly  change  the  results;  there- 
fore, a was  fixed  at  a value  of  1.  In  fact,  it  was  found  that  the  shear 
term  in  Eq.  (5)  is  small  compared  with  other  terms  in  the  equation. 

One  of  the  difficulties  in  applying  the  proposed  model  to  liquid- 
solid  impacts  is  that  of  relating  the  surface  tension  parameter  o to 
some  strength  property  of  the  solid.  Experimental  results  of  Engel 
[13,  14]  were  used  to  roughly  test  the  order  of  magnitude  of  o by  a 
backward  integrating  process.  After  considerable  experimentation,  it 
was  found  that  the  use  of  dynamic  compressive  yield  strength  as  the 
strength  parameter  yields  the  most  consistent  results. 

Figures  10,  11,  12,  and  13  present  the  calculated  results  for  the 
impaot  of  2-mm  water  and  mercury  drops  on  copper  and  aluminum  targets 
at  high  velocities.  Engel  [14]  carried  out  experiments  to  measure  pit 
depths  in  such  impacts.  Mercury  drops  were  used  because  they  are  cap- 
able of  imparting  large  momenta  due  to  their  high  densities.  Experi- 
mental results  of  Engel  are  also  plotted  on  the  figures  for  comparison. 
Calculated  results  seem  to  be  surprisingly  good  in  view  of  the  crude 
natui’e  of  the  model  used.  Because  of  the  aisoumption  that  the  target 
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Mterlal  bahcvea  as  a fluid,  the  model  should  be  more  applicable  at 
higher  values  of  the  momentum.  This  is  apparent  from  the  figures;  the 
oorrespondsnoe  between  calculated  and  measured  pit  deptlts  is  bettor  for 
the  mercury'  impact  than  for  the  water  Impact.  Also,  in  the  case  of 
water  Impact,  the  calculated  results  get  closer  to  the  measured  data  as 
the  inpingenent  velocity  Increases. 

Approximate  Solution 

Examination  of  the  relative  importance  of  the  various  parameters 
in  the  nondimensional  form  of  the  governing  equation  (Eq.  (5))  revealed 
the  possibility  of  a simple  approximate  solution.  In  the  case  of  liquid- 
solid  impacts  0 is  very  large  and  consequently  the  nondimensional  pai.'ameter 
A is  very  small.  The  first  term  on  the  right-hand  side  is  therefore  neg- 
ligible in  oomparison  with  other  terns.  As  suggested  earlier,  the  shear 
term  makes  an  insignificant  contribution.  In  addition,  the  cavities  are 
axpaoted  to  be  shallow,  therefore  (h*')^  1.  With  these  approximations, 

Eq.  (S)  simplifies  to 

h*"  + h*Vr*  ■ -Bp*  (11) 

An  exact  solution  to  Eq.  (11)  can  be  obtained  if  the  approximate  form 
of  the  pressure  distribution  given  by  Eq.  (9)  is  used.  The  solution  of 
Eq.  (11)  subject  to  the  proper  boundary  conditions  (Eq.  (3))  iu  then, 
simply, 

h*  . <B/4)  sxp  (-r*^)  (12) 

The  maximum  cavity  depth  which  occurs  at  r*  » 0 is  given,  in  dimensional 
form,  by  the  following  expression; 

h„_  = P-V20'r2/8o  (13) 

max  1 

The  approximate  solution  given  by  Eq.  (13)  is  compared  with  the 
nunwrical  solution  of  the  entire  equation  and  with  the  experimental 


rvisults  of  Engel  in  Figures  14  and  15  for  impacts  of  mercury  drops 
against  2024-0  aluminum  and  steel  respectively.  It  can  he  concluded 
that  the  approximate  solution  is  quite  adequate.  Similar  correspondence 
was  found  in  other  cases  not  presented  here. 

Cratering  of  Slip-Cast  Fused  Silica 

The  mechanism  of  cratering  in  a brittle  material  such  as  SCFS  is 
significantly  diffei'ent  from  that  in  ductile  materials.  Tlie  assumptions 
associated  with  the  jet  model  therefore  are  not  completely  valid  for 
SCFS.  It  is  interesting,  nevertheless,  to  investigate  if  the  model  can 
yield  meaningful  results  for  such  a material. 

One  of  the  difficulties  in  applying  the  model  to  SCFS  is  to  deter- 
mine the  appropriate  value  to  be  used  for  the  strength  parameter, 
will  be  recalled  that  in  the  case  of  metals,  their  dynamic  compressive 
yield  strength,  which  is  an  order  of  magnitude  higher  than  the  ordinary 
static  strength  value,  was  used.  In  the  case  of  SCFS  a corresponding 
value  of  dynamic  strength  is  not  available.  It  was  decided  therefore 
to  use  a value  for  the  strength  pai’ameter  equal  to  ten  times  the  value 
of  ordinary  fracture  strength  for  SCFS, 

The  results  obtained  by  solving  the  governing  Fq.  (5)  for  the  jet 
model  are  presented  in  Figures  16  and  17.  These  results  correspond  to 
the  test  conditions  of  the  experiments  carried  out  by  Dr.  R.  Kinslow, 
the  results  of  which  are  presented  in  Section  IV of  the  report.  Figure  16 
presents  the  variation  of  the  maximum  crater  depth  with  the  jet  velocity. 
No  comparison  ha^:  been  made  with  experimental  results  since  there  was  a 
wide  variation  in  measured  values  under  apparently  the  same  test  condi- 
tions. There  was  considerable  variation  in  values  of  crater  volumes 
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measured  under  the  same  test  conditions,  but  the  averages  of  these  values 
are  more  likely  to  be  representative  of  the  true  conditions.  These  aver- 
age values  of  the  crater  volumes  are  plotted  along  with  the  computed 
values  in  Figure  17.  The  agreement  seems  fair  and  even  surprising  in 
view  of  the  nature  of  the  model  used.  The  inapplicability  of  the  model 
to  brittle  materials,  however,  must  be  kept  in  mind;  therefore,  the 
results  described  cdjove  should  be  used  with  care. 

APPARENT  MASS  MODEL 

The  apparent  mass  model,  just  like  the  jet  model,  is  a rough,  approxi- 
mate hydrodynamic  model.  This  model,  based  on  a concept  first  used  by 
Ludloff  [9]  in  connection  with  his  study  of  hypervelocity  impact,  is  char- 
acterized by  the  following  assumptions; 

1.  As  in  all  other  hydrodynamic  theories  of  high-velocity  impact, 
it  is  assumed  here  as  well  that  the  target  behaves  as  a fluid 
in  the  immediate  vicinity  of  the  point  of  impact. 

2.  Upon  impact  a fraction  of  the  initial  kinetic  energy  of  the 
projectile  is  expended  in  melting  the  target  material  surround- 
ing the  point  of  impact.  This  material  is  in  a highly  com- 
pressed state.  While  the  projectile  is  penetrating  through 
the  target,  this  stressed  and  liquified  target  material  is 

set  in  motion.  The  crater  grows  until  the  material  strength, 
which  resists  this  motion,  is  finally  able  to  stop  the  pene- 
tration. 

3.  Based  upon  the  penetration  mechanism  described  above,  the 
flow  of  the  target  material  will  be  represented  in  terms  of 
a fluid  mass  set  in  motion  due  to  a body  moving  through  it- 
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Such  a motion  can  be  desc3?ibed  most  conveniently  in  terms 
of  the  apparent  mass  associated  with  the  moving  body.  The 
concept  of  apparent  mass  is  often  used  in  impulsive  motion 
problems  (see  for  example  Batchalor  [18],  page  471). 

4.  Based  upon  experimental  evidence  Csee,,  for  example,  Engel 
[19])  it  is  assumed  that  the  crater  formed  is  approximately 
hemispherical . 

5.  The  force  resisting  the  penetration  is  taken  to  be  <-2nr^S 
where  r is  the  radius  of  the  growing  hemispherical  crater 
and  S is  a parameter  representing  somei  measure  of  strength 
of  the  target  material.  Correspondingly  the  energy  expended 
in  forming  the  crater  is  assumed  to  be  -■  ir  r^S. 

According  to  the  ooncept  of  apparent  mass,  the  equation  of  motion 
ST!oveming  the  flow  of  the  target  material  is  given  by 


V 


f 

' I 

i:  I 


^ [(m  + m')r]  + 2irr2s  = 0 

Here  m is  the  mass  of  the  projectile  and  m*  is  its  associated  apparent 
mass.  The  dot  denotes  differentiation  with  respect  to  time.  It  is 
assumed  that  the  motion  is  axially  symmetrical. 

Two  cases  will  be  considered.  In  the  first  case,  the  apparent 
mass  will  be  treated  as  a constant.  This  treatment  comes  closest  to 
the  fluid  dynamics  definition  of  apparent  mass.  However,  this  case  is 
an  oversimplification  because  it  does  not  consider  the  growing  size  of 
the  crater  in  which  the  apparent  mass  moves  with  the  projectile.  In 
reality,  the  apparent  mass  should  VcU'y  while  the  size  of  the  crater  is 
growing.  However,  the  assumption  of  constant  apparent  mass  will  g5.ve 
a simple  model  for  the  high-velocity  Impact  problem. 


(14) 
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The  second  case  deals  with  the  more  realistic  problems  of  variable 
apparent  mass.  This  does  trke  into  account  the  growth  of  the  crater. 


Constant  Apparent  Haas 

As  indicated  earlier,  the  constant  apparent  mass  case  does  not  take 
into  account  the  growing  size  of  the  crater>  in  which  the  flow  takes  place. 
The  assumption  of  constant  apparent  mass,  hovrever,  simplifies  the  govern- 
ing equations  considerably.  Two  shapes  of  projectile  will  bo  considered 
in  this  simplified  case-spherical  and  disc-shaped.  The  purpose  of  using 
two  different  shapes  for  the  projectile  is  to  consider  the  effect  of  the 
shape  of  the  projectile  on  the  cratering  process.  The  common  shape  for 
both  solid  and  liquid  projectiles  is  spherical.  However,  the  projectile 
is  expected  to  be  flattened  by  impact  and  thus  assume  a disc-like  shape. 

Spherical  projectile.  The  apparent  mass  associated  with  the  motion 
of  a sphere  (see  Batchelor  [18])  is  given  by 
m*  = (.2iT/3)p^a3 

and  the  mass  of  the  projectile  is 
m = (4ir/3)ppa^ 

where  a is  the  radius  of  the  sphere  and  Pp  and  P^  are  respectively  the 

densities  of  the  projectile  and  target  materials.  Substitution  of  these 

expressions  in  Eq.  (14)  results  in  the  following  equation: 

(4Tia^/3)(p  + p./2)r*  + s q ( 

P ^ 

This  equation  may  be  integr'  ited  to  yield 

(2iia^/3)(pp  + p^/2)v^  + (2Tr/3)r3s  = (2iia3/3)PpV^  ( 

where  the  integration  constant  on  the  right-hand  aide  represents  the  given 
initial  kinetic  energy,  ^ , of  the  projectile.  Here  V is  the  velocity 

cl"  impact.  When  the  projectile  comes  to  rest,  the  following  condition 
applies: 
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Using  the  shove  condition,  the  maximum  crater  depth  is  determined  from 
Eq.  C.16}  to  he 

,1/3 


h„.  • .(yVsi- 

It  is  now  convenient  to  express  Eq.  (16)  in  terms  of  a dimensionless 


Cl?) 


coordinate  y = r/h^„.  Equation  (16)  then  becomes 

nlclX 


(1  + p^/2p  )Ca/V)?Cp  V2/S)^'^®y2  * 1 - y 


p'  - • -p 

This  equation  can  be  Integrated  directly  to  give 


T s ak(l  + P,./2p„)^''^(h„^^/SV)^^® 
t p max 


(IB) 


Hera  f is  the  "penetration  time"  defined  to  be  the  period  of  time  measured 
from  the  beginning  of  penetration  to  the  end  of  penetration.  The  donstant 
k is  given  by 

k » ^\l  - y^)"^'^^  dy  = 1.376 


Di&c-shaped  projectile.  The  apparent  mass  for  a disk  with  radius  a 
and  thickness  h is  given  by  (see  Batchelor  [IB]) 


ni'  = j P^a3 


and  the  mass  of  disk  projectile  is 


m a P^irha^ 
P 


The  momentum  Eq.  (14)  becomes.  In  this  case, 

(ira^hPp  + a3p^)r  + 2itSr2  = 0 

Integration  of  this  equation  results  in  the  following  energy  equations 


(19) 


•^ira^hPp  + a^p^)r^  + ^ irSr^  = i ira^'hppV^ 


(20) 


Where  the  integration  constant  on  the  right-hand  side  is  the  given  initial 
kinetic  energy  of  the  projectile  with  V as  the  impact  velocity.  When  the 
projectile  comes  to  rrjst,  it  has  made  a crater  of  final  penetration  depth 


h in  the  target.  This  condition  can  be  written  as 
max 
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r = h 


max 


when  r = Q 


The  penetration  depth  can  new  be  calculated  from  Eq,.  t2Q)  by  using 

the  above  condition.  It  is  given  by 

It  is  convenient  again  to  introduce  dimensionless  coordinate 
y = *’^inax  '**'**'®  ^max  given  by  Eq.  C21).  Then  the  momentum  and  energy 
equations  become  • respectively • 

Oxa^hpp  + 

(3xa*hpp  + Ba®p^)/(y2/4rShjj^^)  = 1 - y^ 

The  penetration  time  is  given  by 

f a kOwa^hp^  + 8a3p^)'^^^(4TtSh 

p t max 

Here  the  constant  k is  again  equal  to  1.376. 

As  indicated  earlier.  It  is  of  interest  to  consider  the  effect  of 
the  shape  of  projectile  on  cratering.  For  the  purpose  of  comparison, 
consider  a disc-shaped  projectile  having  the  same  volume  as  a spherical 
projectile  of  equal  radius.  Thus 
Tta^h  ~ ^ ira^ 
or 

h = I a 

Then  the  maximum  crater  depth  given  by  Eq.  (21)  reduces  to 
"nax  = «<PpVVs)^^=’ 

Thus  a disc-shaped  projectile  produces  the  same  maximum  crater  depth  as 
a spherical  projectile  of  equal  volume.  For  this  equivalent  disc  projec- 


(21) 


(22) 

(23) 

(24) 


tile  the  penetration  time  is  given  by 

f = kad  t 2.^ 


A comparison  of  this  equation  with  Eq.  (18)  shows  that  the  only  difference 
in  the  two  equations  is  in  the  coefficient  of  p./p  . This  results  in  a 

t p 


(2.6) 


B20 


slightly  greater  time  of  penetration  of  the  disc  as  compared  to  that  for 
the  sphere,  but  the  difference  is  not  very  significant  in  most  cases. 


Variable  Apparent  Mass 

One  of  the  primai^y  objectives  of  Ludloff  [9Di  the  proposer  of  the 
apparent  mass  model,  was  to  determine  the  momentuun  and  kinetic  energy  of 
the  ejected  mass.  Me  found  that  the  constant  apparent  mass  model  gives 
an  expression  for  the  energy  of  ejecta  which  is  in  contradiction  with  the 
experimental  results.  He,  therefore,  proposed  a modified  model  in  which 
the  apparent  mass  was  assumed  to  be  variable  and  proportional  to  r^,  wher< 
r is  the  radius  of  the  growing  crater.  This  latter  assumption  makes  the 
model  more  realistic  inasmuch  as  it  takes  the  growth  of  the  crater  into 
account.  Ludloff,  however,  found  that  this  modified  model  leads  to  an 
apparent  discrepancy.  As  will  be  shown  below,  the  momentum  and  energy 
approaches  lead  to  two  different  results.  A major  portion  of  Ludloff 's 
work  was  devoted  to  the  resolution  of  this  discrepancy, 

In  the  present  work,  an  arbitrary  factor  a will  be  introduced  in  the 
expression  for  the  variable  apparent  mass.  A major  part  of  the  effort 
here  will  be  directed  towards  using  this  model  to  characterize  cratei' 
growth  as  a time-dependent  process.  Ludloff 's  primary  effort  was  directed 
towards  the  detorminatlon  of  the  energy  of  the  ejected  material. 

For  simplicity  only  a spherical  projectile  will  be  considered.  It 
has  been  shown  in  the  case  of  constant  apparent  mass  that  the  shape  of  the 
projectile  has  a very  little  effect  on  the  results.  Furthermore,  inclu- 
sion of  the  adjustable  parameter  a in  the  expression  for  the  variable 
apparent  mass  makes  the  results  applicable  to  other  shapes  as  well. 


lalii  «Wfc>ii’i'i'iiif I'lii’i  r 


B21 


In  acoordanc*  with  that  variable  apparent  naas  modal  daacribed  al>ove, 
the  apparent  mats  associated  with  a tranatatlng  sphere  can  he  written  as 

• 2 a 

" ’ “ T ^t’”’ 

Equation  (14}  then  becotoes 

^ C(^  ®Pt  3 + 2TfSr2  ■ 0 

where  2«Sr^  Is  the  force  of  resistance  to  penetration.  This  equation  can 
be  expanded  to 

(y  ’»a®Pp  + op^  2^r*)r  t ttp^2xr*r*  t 2«Sr*  ■ 0 (26 

The  maximum  crater  depth  may  be  found  by  integrating  Eq.  (26)  subject 
to  the  condition  r * Ii  ^ when  r » 0 and  i»»  given  by 

<h„ax^a)3  » (2/oi)(Pp/p^){(l  + ap^vVs)^''*  - 1}  <2'3 

The  penetration  time  T Is  obtained  by  a second  Integration  of  Eq.  (26)  sub- 
jeet  to  the  condition  r » V whan  r * 0 and  is  given  by 

f - (ap^/S)^^\^/(t(l+B)/(y3fB)]2  - (26 

0 

Here  y is  the  dimensionless  coordinate  defined  earlier  and  B is  a constant 
given  by 
B = 

As  indicated  earlier,  tne  energy  approach  gives  x'usults  that  are  some- 
what different  than  the  mcxnentutn  approach  described  above.  The  total  moving 
mass,  as  before,  Is  given  by 
(2iT/3)(2a^p„  + ap  r-'^) 

p X 

The  application  of  the  energy  conservation  principle  than  gives 

mV2/2  = (Tt/3)(2a^p  + ap.r*)r*  + (2ir/3)Sr®  (2? 

P ^ 

The  condition  r - 0 where  r = h then  yields  the  maximum  crater  depth  to 

max  ■' 
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Thl«  crater  depth  equation  is  the  same  as  that  derived  for  the  case  of 
constant  apparent  mass;  however,  it  differs  from  the  one  obtained  hy  the 
momentum  approach  above  (Eq.  (28)). 

The  penetration  time  T can  be  obtained  by  integrating  Eq.  (29)  and 
is  given  by 


f « c|[Ci  + 


where  C a CPpV*/S)^'^®(a/V) . The  details  of  Integration  for  both  momentum 
and  energy  approaches  may  be  found  in  Ueng  t20l. 

In  order  to  establish  the  validity  of  the  apparent  mass  model,  the 
results  obtained  from  equations  derived  above  need  to  be  compared  with 
available  experimental  data.  These  comparisons  of  results  are  presented 
below. 


Diseuasion  of  Results 

In  order  to  make  numerical  computations,  the  values  of  the  densities 
Pp  and  p^,  the  size  of  the  projectile,  impact  velocity,  and  the  strength 
parameter  S are  needed.  While  the  values  of  the  first  three  parameters 
are  easily  available,  the  determination  of  the  proper  value  to  bo  used 
for  target  strength  is  not  so  straightforward.  This  is  a problem  that 
confronts  all  cratering  theories,  especially  those  involving  hydrodynamic 
models.  The  problem  is  further  complicated  by  the  fact  that  the  material 
strength  is  likely  to  vary  In  different  phases  of  the  cratering  process. 

The  problem  is  less  acute  in  the  determination  of  the  maximum  crater 
depth  since  in  this  case  the  procosa  is  represented  on  an  integrated, 
average  basis.  Still,  however,  the  problem  remains  as  to  which  strength 
criterion  should  he  used.  Ludloff  [9.1,  the  proposer  of  the  models  presently 
under  consideration,  has  suggested  the  use  of  latent  heat  of  molting  (or 
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fusion)  «s  a atrsngth  parameter.  The  argument  involved  ia  that,  at  high- 
velocity  impact,  the  target  material  changes  frcn  the  solid  state  to  the 
liquid  state  (melting)  and  then  from  the  liquid  state  to  the  solid  state 
(fusion)  at  a very  fast  rate.  It  stands  to  reason  then  that  the  energy 
expended  in  melting  and  fusion  is  related  to  the  latent  heat  of  the  mate- 
rial. A dlsoussion  of  the  rolo  of  melting  and  vaporization  in  hyperveloc- 
Ity  Impact  may  be  found  in  Olshaker  and  Bjork  [21]. 

In  the  present  work,  latent  heat  will  be  used  as  a strength  parameter 
In  the  determination  of  the  maximum  crater  depth.  The  energy  E expended 
in  melting  a hemispherical  crater  of  varying  penetration  depth  r is  assumed 
to  be  equal  to  the  latent  heat  of  fusion  for  the  mass  of  the  instantaneous 
hemispherical  crater.  This  Is  given  by 

E . I 

where  is  the  latent  heat  of  fusion  per  vinit  mass.  Let  the  strength  of 
the  material  S be  expressed  in  terms  of  the  latent  heat  of  fusion  as 
follows 

t m 


E = i mr^S 

Table  1 presents  some  typical  values  of  the  strength  of  the  material 
S calculated  in  terms  of  the  latent  heat  of  fusion.  As  indicated,  the 
strength  of  the  target  material  ts  not  expected  to  remain  constant  over 
the  entire  period  of  impact.  This  suggests  that  in  the  determination  of 
crater  depth  as  a function  of  time,  one  should  use  a time-dependent  con- 
stitutive relationship  for  the  target  material.  Even  if  such  a relation- 
ship could  be  found,  it  would  complicate  the  analysis,  bo  as  to  negate 
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the  main  advantage  of  the  model — Its  simplicity.  Efforts  were  therefore 
directed  towards  finding  a measure  of  strength  that  is  easily  available 
and  yet  gives  a good  verification  of  the  experimental  results  on  an  average 
basis.  It  was  found  that  the  dynamic  yield  strength  Calso  used  as  a 
strength  parameter  in  the  jet  model)  serves  this  ptirpose  in  an  adequate 
manner. 


Table  1 

Some  Typioal  Values  of  the  Strength  of  the  Material  S 
Calculated  in  Terms  of  the  Latent  Heat  of  Fusion 


Material 

Latent  heat 
*(Hm,cal/QFW) 

Density 

Material  Strength 
(S, dyne/cm*) 

Aluminum 

2550 

2.70 

0.107  X 10“ 

Copper 

3120 

8.96 

0.184  X 10“ 

Iron 

3670 

7.87 

0.217  X 10‘* 

Lead 

VM 

11.34 

0.261  X 10^0 

Nickel 

4210 

8.90 

0.267  X 10*^ 

Platinum 

4700 

21.45 

0.216  X 10“ 

Tantalum 

7500 

16.60 

0.288  X lo'^ 

Tin 

1720 

7.30 

0.443  X 

Titanium 

3700 

4.50 

0.146  X lO^l 

Zinc 

1765 

7.14 

0.007  X 10'° 

^Elliot  C22] 

Numerical  results  will  now  bo  presented  for  maximum  crater  depth, 
penetration  time,  and  instantaneous  crater  depth  foi’  several  different 
oases.  Whenever  possible,  these  results  will  be  oompared  with  availa})le 
experimental  data. 


lUxl»ia  p>n«tgatlon  dfpth.  Tho  •quatior.s  h«v«  bMQ  d«Flv«d  for  maxl- 
■UB  poaotrtttion  d«pth.  'ih«  constant  app^a••^t  mass  modal  and  tha  anargy 
apporasoh  for  tha  variabla  apparant  mass  modal  ylald  Idantlcal  rasults 
glvan  by  Eq.  (17).  On  tha  othar  hand*  in  tha  casa  of  tha  momantum  approach 
for  tha  variabla  appax*ant  mass  modal « tha  maximum  oratar  dapth  it  givan  by 
Eq.  (27).  Equation  (17)  gives  higher  value  of  penetration  depth  than 
Eq.  (27).  Howavaro  in  tha  range  of  low  impact  valooitias  (iiapaot  valoo- 
itias  under  40«000  ca/sao)  these  two  aquations  give  almost  tha  same  result. 
Tha  results  of  present  theory  will  now  be  ccnparad  with  axpariioantal  data 
by  means  of  the  aratar>dapth-varsus-valooity  curves. 

Tha  modal  applies  most  directly  in  the  casa  of  impact  of  solid  pro- 
jectile against  solid  targets.  Figures  18  and  19  prasant  some  reprasantn- 
tiva  results.  Tha  results  computed  from  Eq.  (17)  are  oonparad  with  the 
experimental  results  of  Engel  [23]  in  Figure  18  for  the  impact  of  ataal 
spheres  sgsinst  aluminum.  Similar  comparisons  with  axpartmantal  data  of 
Engsl  [19]  for  tha  casa  of  impact  of  ooppwc  apharas  against  copper  targets 
are  presented  in  Figure  19.  In  each  case  the  theory  seems  to  fit  tha 
expsrlmsntal  results  fairly  wall.  A more  extensive  oomparison  with  avail- 
able experimental  data  may  be  found  in  Ueng  [20]. 

At  high  velocities  of  Impact,  the  only  properties  of  the  projectile 
that  materially  eiffect  the  crater  depth  are  the  velocity  and  density. 

This  indicates  that  the  results  of  studies  of  the  affects  of  Impacts  of 
solid  on  solid  can  bo  used  to  predict  the  effects  of  hlgh-veloolty  impacts 
of  liquid  drops  on  solid.  Unfortunately,  very  little  experimental  data 
is  available  for  single  impacts  of  liquid  drops  on  solid  targets  at  veloc- 
Itles  over  10  x 10  cm/sec.  Thla  is  undoubtedly  because  of  tha  experi- 
mental difficulties  associated  with  accelerating  liquid  drops  to  very  high 
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v«lociti«a.  Eng«l  [13]  partly  ovarcamR  this  problsn  by  using  MPcury  drops 
whioK«  bsosuss  of  thair  dsnsity,  arm  capable  of  generating  a high  value  of 
nomntua  even  at  low  valocittes  of  impact. 

The  present  theory  trill  be  oonpared  with  the  experimental  data  of 
Engle  [13]  in  Figures  20,  21,  and  22.  The  crater-dapth<-versua>valooity 
curves  celouleted  by  use  of  Eqs.  (17)  end  (27)  for  collision  of  0.10-cn 
drops  against  lead  are  shown  in  Figure  20.  It  oan  be  seen  that  the  two 
curves  fit  the  experimental  data  of  Engel  fairly  well.  The  calculated 
curves  for  collisions  of  0.10-cm  mercury  drops  against  aluminum  plates  are 
shown  in  Figure  21.  It  would  appear  that  near  the  impact  veloolty  of  about 
40,000  cm/seo,  the  presont  theory  gives  good  predictions,  but  a curve  that 
would  fit  the  experimental  data  would  have  a slope  considerably  more  than 
that  of  the  calculated  curves.  Figure  22  shows  calculated  curves  of  Eq. 

(17)  for  collisions  of  mercury  drops  of  two  sizes  against  platus  of  copper. 
It  can  be  seen  that  the  present  theory  is  in  good  agreement  with  the  experi- 
mental data.  It  must  be  noted,  however,  that  the  present  model  is  somewhat 
inferior  to  the  jet  model  in  the  prediction  of  crater  depths. 


Time  of  penetration.  For  the  case  of  constant  apparent  mass,  two  dif- 
ferent shapes  for  the  projectile  were  considered.  The  penetration  time  for 
a spherical  projectile  is  given  by  Eq.  (18)  and  the  penetration  time  for  a 
disc  projectile  having  the  same  volume  as  a spherical  projectile  of  equal 
radius  is  given  by  Eq.  (24).  As  observed  earlier,  the  results  obtained 
from  the  two  equations  are  not  expootad  to  be  significantly  different.  Tfiis 
is  corroborated  by  tho  results  presented  in  Figwe  23  which  gives  the  pene- 
tration times  produced  in  Im^jacta  of  aluminum  projectiles  (DpaO.635  cm) 
against  aluminum  targets  obtained  by  using  Eqa.  (10)  and  (24). 
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The  apppoaoh  of  conatant  apparant  maaa  doas  not  glva  aatlsfactopy 
raauXts  for  penatration  tine.  For  this  reason,  ai.  Improved  model  using 
variable  apparent  mass  was  developed.  For  this  model,  the  momentiim  and 
energy  approaches  yield  two  different  results.  The  equations  for  penetra- 
tion tine  for  nonentta  approach  and  energy  approach  of  variable  apparent 
mass  are,  respectively,  Eqs.  (38)  and  (30). 

In  Figure  24  the  penetration  time  produced  in  impacts  of  mercury 
spheres  * 0.10  cm  against  copper  plates  are  plotted.  It  can  be  seen 
that  the  time  of  penetration  obtained  by  using  the  energy  approach  of 
variable  apparent  mass  model  keeps  increasing  with  increasing  impact 
velocities,  while  the  coR'ssponding  values  obtained  by  using  the  momentum 
approach  tend  to  level  off. 

As  far  aa  the  authors  are  aware,  measurements  have  not  been  made  for 
penetration  time  fw  Imiiact  of  liquid  drops  against  solids.  However,  the 
time  of  penetration  shown  in  Figure  24  (2  microseconds)  checks  out  with 
the  usual  impact  times  reported  in  the  literature  (1-3  microseconds).  For 
the  impact  of  solids  against  solids,  there  is  some  enperimental  data  avail- 
able which  tTfeats  the  penetration  as  a time-dependent  process.  However, 
comparison  with  oxporlmentul  data  can  best  be  made  In  terms  of  the  instan- 
taneous crater  depth  expressed  as  a function  of  time.  These  results  are 
presented  below. 

Instantaneous  crater  depth.  There  were  three  differential  equations 
derived  earlier,  the  solution  of  which  will  yield  crater  depth  expressed 
as  a function  of  time.  Equation  (16)  Is  based  on  the  constant  apparent 
mass  model,  while  the  variable  apparent  mass  model  gives  two  equations, 

Eqa.  (.26) and  (2Q),  based  on  momentum  and  energy  approaches,  respectively.  | 
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onsiderable  amount  of  testing  with  the  help  of  available  experimental 
ata  waa  done  to  determine  which  one  might  yield  the  best  results.  It  was 
ound  that  Eq.  (16)  based  on  the  constant  apparent  mass  model  was  unsatis- 
I actory  in  all  cases  tested . This  is  to  be  expected  in  view  of  the  restric- 
i ive  assumptions  made  with  respect  to  this  model. 

While  the  energy  approach  of  the  variable  apparent  mass  model  is  cap- 
ble  of  giving  satisfactory  results  in  a few  of  the  cases , Eq.  (26)  obtained 
I y using  the  momentum  approach  gives  the  most  consistent  results.  The 
' isults  presented  in  the  following  discussion  are  ail  based  upon  this  equa- 
lon.  The  differential  equation  was  integrated  by  using  a fourth-order 
unge-Kutta  procedure. 

An  important  factor,  already  discussed,  that  affects  the  results 
tgnificantly  is  the  value  of  the  strength  parameter  S.  For  reasons 
tated  earlier,  dynamic  yield  strength  will  be  used  for  calculations  of 
istantaneous  crater  growth.  In  Figure  25,  however,  results  using  two 
Ifferent  values  of  S (dynamic  yield  strength  and  latent  heat  value)  are 
ompared  for  the  case  of  impact  of  aluminum  spheres  (D^  = 0.635  cm) 
gainst  aluminum  plates  with  two  different  impact  velocities.  Here  R 
s the  instantaneous  crater  depth  and  is  the  diameter  of  the  projectile, 
he  coefficient  of  variable  apparent  mass  a has  been  taken  to  be  0.5.  In 
he  same  figure,  the  results  of  the  present  theory  are  also  compared  with 
he  computed  results  of  Rosenblatt  [24].  Rosenblatt  used  a sophisticated 
umerical  prreedure  using  a rather  complicated  cons'^'itutive  equation.  In 
iew  of  the  simplicity  of  the  apparent  mass  model,  the  present  results 
rom  Eq.  (26)  seem  to  be  satisfactory. 

As  far  as  the  author  is  aware,  Kineke  [25]  and  Kineke  and  Vitali  [26] 
re  the  only  ones  who  have  made  extensive  and  careful  measurements  of 
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crater  depth  as  a function  of  time.  In  what  follows,  the  calculated  results 
from  the  present  theory  will  be  compared  with  their  experimental  results, 
figures  26  and  27  present  results  for  the  impact  of  0.18  gram  steel  disc 
against  lucite  and  aluminum  targets,  respectively.  The  impact  velocity  for 
the  aluminum  target,  was  5.01  km/sec  and  for  lucite  it  was  4.6  km/see.  Ae 
indicated  earlier,  the  effect  of  the  shape  of  projectile  is  not  significant. 
Therefore,  results  were  calculated  from  Eq.  (26)  using  a spherical  projec- 
tile of  equal  weight.  In  these  cases  the  present  theory  has  been  compared 
with  the  experimental  results  of  Kineke  [25]. 

In  Figures  28,  29,  30,  and  31,  results  are  presented  for  the  cases  of 
four  different  weights  of  steel  projectile,  impacting  with  different  impact 
velocities  against  lead  targets.  In  these  oases  the  present  theory  has 
been  compared  with  the  experimental  results  of  Kineke  and  Vital!  [26]. 

In  the  variable  apparent  mass  model,  the  value  of  « is  adjustable.  It 
is  seen  from  Figures  26  through  31  that,  for  most  cases,  the  optimum  value 
of  a lies  between  0.1  and  0.5. 

Fair  agreement  between  the  theory  and  the  experimental  result  was 
obtained  in  all  of  the  cases  tested.  This  ia  gratifying  in  view  of  the 
crudeness  of  the  model  used  in  the  calculations. 
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FIGURE  1.  CAVITY  CONFIGURATION 


FIGURE  2.  FORCE  BALANCE  ON  AN  INFINITESIMAL  ELEMENT 
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FIGURE  B.  SHEAR  FACTOR  EFFECTS  IN  STRONG  PENETRATION  (V-8000  CM/SEC) 
AND  WEAK  PENETRATION  (V-600  CM/SEC) 
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URE  7.  IMPACT  OF  OIL  JET  ON  WATER  SURFACE 
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8.  IMPACT  OF  WATER  JET  ON  CARBON  TETRACHLORIDE  SURFACE 
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FIGURE  10.  IMPACT  OF  WATER  DROPS  ON  2024-0  ALUMINUM 
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FIGURE  12.  IMPACT  OF  WATER  DROPS  ON  COPPER 
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FIGURE  15.  IMPACT  OF  MERCURY  DROPS  AGAINST  STEEL 
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FIGURE  20.  IMPACTS  OF  MERCURY  DROPS  (D^  - 0.10  CM)  AGAINST 
LEAD 
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FiaKE  23.  PENETRATION  TIME  IN  IMPACTS  OF  TW  .SJAPES  OF  ALUMINUM  PROJECTILES 
(Do  = 0.635  CM/  AGAINST  ALUMINUM 
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FIGURE  25.  INSTANTANEOUS  CRATER  DEPTH  IN  IMPACTS  OF 
ALUMINUM  SPHERES  (Dt,  » 0.635  CM)  AGAINST 
ALUMINUM  {CURVES  a/b  ARE  BASED  ON  DYNAMIC 
YIELD  STRENGTH  AND  A'B'  ARE  BASED  ON  LATENT 


INSTANTANEOUS  DEPTH,  mm 


INSTANTANEOUS  CRATER  DEPTH,  mm 


Hld3a  Sn03NVlNVlSNI 
( WO) 


FIGURE  28.  INSTANTANEOUS  CR.ATER  DEPTH  IN  IMPACTS  OF  STEEL  PROJECTILES 
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FIGURE  29.  INSTANTANEOUS  CRATER  DEPTH  IN  IMPACTS  OF  STEEL  PROJECTILES  AGAINST 


PRESENT  THEORY 


AGAINST  LEAD 


APPENDIX  C 


FRACTURE  TOUGHNESS  OF  SCFS 
by  Pallas  Smith,  and  Mikkilineni  Chowdary 


INTRODUCTION 

This  appendix  is  concerned  with  the  fracture  toughness  of  the  slip- 
cast  fused  silica  (SCFS).  While  this  material  has  been  intensively  inves- 
tigated as  a missile  radome  material,  its  fracture  toughness  has  not  been 
determined.  This  quantity,  an  Intrinsic  property  of  the  material,  is  a 
measure  of  the  resistance  of  the  material  to  brittle  fracture.  It  servos 
as  a useful  basis  of  comparison  of  the  fracture  properties  of  the  material 
with  those  of  other  materials  and  as  an  indication  of  the  influence  of 
certain  fabrication  variables,  such  as  firing  temperature,  etc.,  on  the 
fracture  behavior  of  the  material.  The  immediate  object  of  the  investiga- 
tion was  to  determine  the  plane-strain  critical  stress  intensity  factor 
Kjq  and  to  demonstrate  the  possibility  of  increasing  the  fracture  strength 
by  impregnating  the  material  with  a fluid  known  as  Almag  oil. 

For  most  ceramics  and  glasses  the  theoretical  cohesive  strength  is 
approximately  100  times  the  normal  engineering  strength  CH.  This  discrep 
ancy  was  first  explained  by  Griffith  [2].  G5riffith  postulated  that  a 
brittle  material  contains  a population  of  fine  cracks  prior  to  loading 
which  produce  a stress  concentration  of  sufficient  magnitude  so  that  the 
theoretical  cohesive  strength  is  reached  in  localized  regions  at  a nominal 
stress  which  is  well  below  the  theoretical  value.  The  fracture  criterion 
developed  by  Griffith  can  be  applied  not  only  to  micro-cracks  but  to  large 


cracks  and  flaws  aa  well. 


Different  approaches  have  been  used  to  apply  Griffith's  fracture 
criterion,  but  the  stress  intensity  factor  (SIF)  approach  ia  the  one  which 
is  most  widely  accepted.  Tfie  plane-strain  stresses  near  the  tip  of  a crack 
loaded  by  tension  forces  are  [3] 
n - ‘‘l  9 fi  I 9 » 39  1 


°y  ° t I 9^" 


, » 4 0 9 39 

= sin  cos  ^ cos 


a = v(o  +0)1  T ST  =0 
z ' X y''  xy  yz 


where  Kj.  is  the  stress  intensity  factor  for  the  opening  mode  (mode  I),  r 
and  0 are  polar-  coordinates,  and  the  stress  components  are  given  in 
Figure  1.  The  stress  intensity  factor  does  not  depend  on  the  coordinates, 
r and  0 , hence  it  controls  the  intonsity  of  the  stress  field  but  not  the 
distribution.  The  stress  intensity  factor  is  a function  of  geometry  of 
the  specimen,  crack  geomet,ry,  and  type  of  loading.  In  general  the  GIF  is 
given  by 

Kj  = ao(ira)-‘-'^^  (2) 

where  a is  the  stress,  a is  crack  length,  and  a is  a geometric  factor 
which  can  be  determined  by  solving  the  appropriate  equations  of  elasticity 
for  a particular  geometry.  Fracture  occurs  when  the  value  of  Kj  cal'ciilated 
from  Kq,  (?)  approaches  the  critical  value  of  Kj.  The  critical  strain 

energy  rate  of  Irwin  [4]  is  given  in  terms  of  Kj^  by 
(l-y2 )k2 


lev«r  beam  methcxl  and  the  Integral  work  of  fracture  method.  Explanations 
of  the  double  cantilever  beam  method  ore  given  by  Gillis  and  Gilman  [5]  and 
Wiederhorn  et  al  [6].  The  integral  work  of  fracture  method,  used  by  Naka- 
yama  [7]  and  Simpson  and  Wasylyshyn  [8],  employs  a three-point  bond  •='peol- 
men  with  a special-shaped  crack  which  allows  stable  crack  extension.  For 
stable  extension  all  the  work  expended  goes  to  the  creation  of  fracture 
surfaces.  This  demands  that  energy  losses  such  as  stored  energy  in  the 
testing  machine,  kinetic  energy  of  the  fragments,  etc.  must  be  kept  to  a 
minimum.  To  find  f,  the  total  work  expended  is  divided  by  the  area  of 
fracture  surfaces  created.  The  main  disadvantage  lies  in  the  possibility 
of  energy  losses  occurring  during  unstable  crack  extension. 
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In  the  present  work  the  three-point  bend*  specimen  reoorotnended  by 
ASTM  [9]  for  fracture  toughness  testing  of  metals  was  used.  This  specimen 
has  the  advantage  that  it  has  been  thoroughly  inv.stigated  and  is 
accurately  known  as  a function  of  load  and  dimensions.  It  is  universally 
accepted  for  the  testing  of  brittle  metals.  Swartisberg  [10]  used  this 
specimen  for  the  testing  of  fused  silica  glass.  One  disadvantage  is  the 
necessity  of  having  an  actual  crack  in  the  specimen  prior  to  the  test. 

The  SCFS  plates,  5 inches  by  5 inches,  from  which  the  specimens  were 
machined,  were  fabricated  and  supplied  by  the  U.  S.  Army  Missile  Command. 
The  silica  slip  was  prepared  by  wet  grinding  fused  silica  to  a particle 
size  in  the  range  1-50  microns  with  an  average  size  of  7.5-8  microns.  The 
slip  was  poured  into  plaster  molds  of  the  required  dimensions  and  allowed 
to  hax?den  throughout.  The  firing  treatment  given  to  the  castings  was  as 
follows!  The  castings  wore  heated  to  1800®  F in  a period  of  3 hours  and 
held  for  30  to  45  minutes  at  that  temperature.  Then  the  castings  were 
heated  to  2310°  to  2320®  F in  2-3/4  hour's  and  soaked  at  that  temperature 
for  30-45  minutes.  The  castings  were  then  air-cooled  in  the  furnace 
to  room  temperature  in  a period  of  approximately  17  to  18  hours.  The 
total  amount  of  impurity  is  200  ppm.  For  the  above  firing  the  amount  of 
oristobaJ.ite  is  approximately  1 percent.  The  approximate  properties  of 


the  SCFS  at  room  temperature  ax’e: 

Young's  modulus 


Young's  modulus  6.5  x 10  psi 

3 

Modulus  of  Rupture  5.0  x lo  psi 


Poisson's  ratio 
Density 


0.155 

0.186  X 10 


-3  lb-sec^ 


Percent  porosity  13  percent 


The  effects  of  firing  temperature  and  firing  time  on  the  properties  of 
SCFS  have  been  studied  extensively  by  Walton  and  Poulos  [11]. 
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A photograph  of  a beam  ready  for  testing  la  shown  In  Figure  2.  The 
beoma  were  prepared  of  three  nominal  thlcknessea''-0.25,  Q>40,  and  0.50 
Inch.  The  first  two  were  the  thickness  of  the  castings;  the  last  was 
machined  to  0.50  inch  from  a 0.75-'inch  casting.  The  depth  and  length  of 
the  beams  were  1.0  Inch  and  4.5  Inches,  respectively.  The  beams  ware 
machined  to  size  by  means  of  a 20-inoh-<dlameter  dlamond'-impregnated  saw. 

The  saw  thickness  was  0.075  Inch  and  the  speed  was  1725  rpm.  Hater  was 
used  as  a cutting  lubricant. 

The  crack-starter  slot  was  introduced  into  the  specimens  by  using  a 
circular  diamond-lmpx‘’egnated  saw  blade  of  4- inch  diameter.  The  blade 
speed  was  200  rpm.  The  notch  wi'dth  was  0.04  inch,  and  the  depth  was  main- 
tained within  the  limits  of  0.45  inch  to  0.50  inch  to  meet  ASTM  require- 
ments. It  is  important  that  the  notch  terminate  with  a sharp  crack.  The 
following  procedui'o  was  used  to  accomplish  this.  The  slot  was  extended 
an  additional  0.02  inch  by  means  of  an  0.008-inoh  diamond-impregnated  wire 
saw.  A hacksaw  blade— ground  as  a sharp  knife  edge  along  the  sides  of  the 
teeth--was  used  to  further  extend  the  notch.  The  hacksaw  notch  extended 
an  additional  0.02  inch,  teminatlng  in  a tip  radius  of  approximately 
0.002  inch.  This  last  cut  caused  small  cracks  to  extend  a distance  of 
0.01  to  0.02  inch.  This  procedure  was  developed  by  using  glass  so  that 
the  crack-tip  could  be  observed.  I’igui'e  3 shows  photographs  of  two  typi- 
cal crack  tips  taken  at  45°  through  the  sides  of  the  glass  beams.  That 
the  small  notch-root  cracks  existed  in  the  SCFS  apecimons  aa  well  as  in 
glass  specimens  was  verified  by  inspection  of  the  SCFS  fracture  surfaces 
after  each  test.  Figure  4 shows  the  approximate  shape  of  the  final  crask  tip 

An  autographic  curve  of  load  versus  crack-opening -displacement  (COD) 
is  required  by  ASTM  to  establish  the  critical  load.  A standard  COD  glge 
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xtras  attached  across  the  notch.  Figure  2,  by  means  of  knife  edges  cemented 
to  the  SCFS  beam  with  epoxy.  The  load  rate  was  controlled  by  means  of  a 
spring  of  suitable  stiffness  (8i>  Ih/in)  inserted  between  the  specimen  and 
the  cross  head.  Figure  2.  Using  a cross  head  speed  of  0,1  inch/minute, 
the  resulting  load  rate  was  approximately  8.5  Ibs/minute.  This  resulted 
in  a test  duration  of  approximately  the  same  as  for* a typical  metal  when 
using  the  load  rate  specified  by  ASTM.  A 1000-lb~capaoity  load  cell  was 
used  for  the  tests.  The  0-20-lb  range  was  used  for  0.25-inch~thlck  speci- 
mens, and  the  0-50-lb  range  was  used  for  the  0.40- and  0.50-inch-thick 
8pecln\ens.  The  load  fixture  wau  machined  in  accordance  with  the  ASTM 
specimens. 

To  obtain  an  average,  at  least  three  dry  samples  of  each  thickness 
ware  tested.  To  avoid  any  environmental  effects  on  the  crack  tip,  the 
final  crack  tip  was  made  just  prior  to  the  test.  Several  samples  were 
also  tested  after  being  soaked  for  different  periods  in  Almag  oil  (a 
metal-working  lubrlcaot  manufactured  by  the  Texaco  Company).  In  this  case 
the  final  crack  was  made  just  before  Immersing  the  specimen  in  tho  oil. 

The  precise  crack  length  waa  measured  after  specimen  fraoturo.  With 
tho  crack  length,  specimen  dimensions,  and  critical  load  known,  tho  crit- 
ical stress  intensity  factor  waa  calculated  by  the  following  formula 


[9] 

"ic  “ ^ (t) 


where i 

H 

S 

w 


“the  critical  load, 

“ thickness  of  the  beam.  Inch, 
= span  length  - 4 Inches, 

= depth  of  the  beam,  inch, 

- crack  length,  inch,  and 


(6) 


a 
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RESULTS 

The  individual  and  average  values  determined  for  and  for  all 

the  dry  and  oil- Impregnated  oamples  are  shown  in  Table  I.  For  the  dry 

1/2 

samples  the  average  values  of  are  644,  63B,  and  692  pai-ln  for  the 
0.2S~,  0.4-,  and  O.S-inch-thiok  speoimonst  respectively. 

Contrary  to  the  usual  behavior  in  metals , the  highest  value  oaourred 
for  the  thickest  speolmen.  There  is  a simple  explanation  for  this.  The 
0.2S>0.40-inQh-thiak  beams  were  the  same  thiokness  as  the  oastingsi  the 
sides  of  the  beams  contained  the  original  casting  surfaces.  The  casting 
surfaces  were  noticed  to  be  of  poorer  quality  than  the  average;  in  some 
cases  chipping  and  flaking  occurred.  The  presence  of  these  surfaces 
lowered  the  value  of  Kj.^  for  the  thinner  specimens.  The  O.SO-lnoh-thiok 
specimens  were  machined  from  casting  0.75  inch  thlckt  and  hanoo  did  not 
contain  the  original  castiug  surfaces.  Thus,  the  value  of  fracture  to’ugh- 
ness  believed  to  bo  representative  of  slip-cast  fused  silica  is  692  psl- 

Another  material  fabrication  effect  was  noticed.  A layer  of  material 
at  the  mid-plane  of  the  castings  apparently  had  properties  different  from 
the  average,,  This  layer  was  easily  visible  in  the  oil-soaked  samplou. 

The  photograph  in  Figure  5 clearly  shows  the  layer.  'Hie  properties  of  t;ho 
mid-piano  layer,  if  significantly  different  from  the  average,  would  oxorl: 
a strong  influence  on  the  strength  of  the  thinner  beams. 


i 
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In  general,  scatter  was  low  except  for  the  0. 40-inch-thlnk  boainu. 
These  beams  exhibited  a considerable  thickness  vai’lation  from  one  and  to 


ca 

the  other,  scnetlmes  varying  as  much  as  0.06  inch.  This  tapering  probably 
explains  the  scatter  encountered  for  the  0.40-lnch'' thick  beams.  This 
thickness  variation  resulted  from  inaccurate  casting. 

The  increase  in  due  to  soaking  the  SCFS  in  Almag  oil  is  also  shown 
in  Table  I.  For  the  O.SS-inohothlck  apeoimens  the  increase  is  12.5  percent 
for  12  hours  of  soaking  and  17  percent  for  15  hours.  The  increase  was  not 
as  great  for  the  specimens  scaked  for  24  hours.  This  may  have  been  due  to 
the  high  humidity  in  the  laboratory  on  the  day  these  samples  were  tested. 

The  relative  humidity  on  that  day  was  73  percent,  whereas  the  average  rela- 
tive humidity  was  near  40  percent.  Cvun  after  24  hours  of  soaking  the  0.25- 
Inoh  beams  were  not  completely  impregnated  with  oil.  The  oil  gives  the  SCFS 
a yellowish  appearance,  but  after  fracture  a whitish  region  could  be  observed 
at  the  interior  of  the  beam  where  the  oil  had  not  penetrated.  Two  0.50-inoh- 
thlok  beams  were  soaked  for  60  hours.  They  show  un  average  value  of 
17  percent  more  than  the  0.50-inoh-thiak  dry  spooimen.  These  specimens,  too, 
wore  not  impregnated  at  the  interior.  Figure  6 displays  the  improvement  in 
fracture  strength  of  SCFS  due  to  impregnation  with  Almag  oil. 

Almag  oil  was  an  example  fluid  chosen  primarily  booauae  of  its  poim- 
trating  characteristics.  Impregnation— perhaps  with  other  materials  sunh 
as  epoxy- -appeal’s  to  be  a promising  way  to  increase  the  fracture  stwngth 
of  SCFS.  A silicone  resin  hau  been  uaod  on  some  SCFS  raclomos.  Unforlmriatcly^ 
depletion  of  the  test  material  prevented  a more  thorough  study  of  the  of foots) 
of  impregnation. 

The  mechanism  by  which  impregnation  with  Almag  oil  iiicroasou  the  frac- 
ture tougluiess  of  SCFS  is  not  understood  at  this  time.  A numbor  of  reaBonf^, 
however,  can  he  suggested.  Hy  chemical  reaction  the  oil  may  blunt  1:1ki  tip 
of  the  crack  slightly,  decreasing  the  stress  concentration,  thus  I’cxiulring 
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a 1 her  load  for  fracture.  In  soaking  into  the  SCfS,  the  oil  fills  the 
por  3.  It  is  not  inconceivable  that  this  permits  the  transfer  of  stress 
ai  I 3S  pores  in  such  a way  as  to  .edistribute  the  stress  and  decrease 
ml'  . 'scopio  stress  concentrations. 

Photographs  of  fracture  surfaces  made  by  the  scanning  electron  micro- 
ra  M.  «,  Figures  7 and  8,  show  a striking  difference  'in  the  dry  and  oil- 
wc'.n  jd  samples.  The  fracture  surfaces  of  the  oil-soaked  samples  have  the 
ap'i,  u'ance  of  numerous  small  globules.  Dark  angular  particles  of  fused 
si  I : :a  10-20p  in  size  are  visible  on  the  surfaces  of  the  di’y  -amples. 
lii',  : ! large  particles  in  general  are  not  visible  in  the  oil-soaked  samples. 

I suggests  that  in  t’.e  dry  samples  the  crack  progressed  around  the 
bouii'larles  of  the  large  particles,  while  in  the  oil-soaked  samples  the 
crvi  passed  through  the  lai'^ge  particles,  breaking  them  into  rough  sur- 
l.ii."  ..  This  would  effectively  increase  the  fracture  surface  area,  thus 
ill'  ' aslng  Why  the  oil  would  cause  this  behavior  is  not  known. 

All  the  above  explanations  for  the  Increase  in  Kj^  due  to  soaking  in 
A'n;,  , oil  are  tentative.  Further  research  is  needed  to  settle  this  ques- 
Li'ii  and  to  suggest  other  ways  tn  enhance 

niNi  .U8I0NS 

The  ASTM  ihree-point  bend  specimen  was  used  to  find  the  fracture 

h r ness  of  slip-cast  .fir.ed  sLlicrU.  The  ct-i.tical  stress  Intonsiry  factor 

1/2 

I as  dotermlned  to  be  692  psi-in  . l.ome  material  i nhornogene.Lt les  due 
I"  ' e casting  tectinlc|ue  caused  slighLiy  lower  values  For  thinner  spec  imr-M&i. 
It  w.is  observed  that  the  fracture  toughness  was  i ru'r'easeJ  by  impreg- 
r lie  specimens  with  Alin.ig  cu,.l.ing  oil.  I’tie  amount  o<'  increase 
! b ii  cpt'c  iii,f>n  I li  I '".I  ness  anl  lima  of  soaking  ir  oil. 
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increase  observed  in  was  approximately  17  percent.  An  inadequate  sup- 
ply of  material  prevented  an  extensive  investigation. 

As  a missile  i’adome  material,  SCFS  haa  one  main  disadvantage:  its 
relatively  low  resistance  to  cratering  due  to  rain  impact.  This  property 
limits  the  maximum  speed  of  missiles  flying  through  rain  fields.  To  obtain 
higher  velocities  a way  must  be  found  to  increase  the  capability  of  the 
SCFS  to  resist  rain  erosion.  It  is  an  important  finding  of  this  research 
that  oil  impregnation  is  one  way  to  do  this.  Since  a significant  increase 
in  fracture  toughness  was  observed  due  to  oil  soaking,  a similar  increase 
in  erosion  resistance  would  be  expected.  Considerably  more  research  is 
needed  on  this  topic. 

In  order  to  find  the  fluid  which  provides  the  greatest  permanent 
increase  in  toughness,  experiments  are  needed  using  impregnating  materials 
other  than  Almag  oil.  For  a given  fluid,  i udies  of  the  impregnation  tech- 
nique will  be  required.  Such  a program  might  eventually  lead  to  a greatly 
improved  radome,  permitting  much  higher  all-weather  missile  velocities. 
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TABLE  I. 
EXPERIMENTAL  VALUES  OF  K 
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Condition 

Thickness , 
Inches 

R.H. 

Temp  ®F 

Avg  Kjj, 
PSI-In^''^ 

Avg  Gjp 
li-In/In^ 

1 

1 

0.2716 

45 

69 

657 

] 

■1 

Dry 

0.2702 

0.2702 

40.5 

40.5 

69 

69 

623 

658 

644 

0.0623 

\ 

0.2678 

40.5 

69 

639 

\ 

0.4090 

60 

70 

737 

t 

Dry 

0.4513 

0.4527 

48 

48 

68 

63 

649 

540 

638 

0.0611 

.< 

% 

0.4652 

48 

65 

624 

'< 

0.4912 

53.5 

70 

682 

Dry 

0.4942 

53 

70 

698 

692 

0.0719 

1 

0.5120 

48 

68 

695 

1 

Soaked  for 
12  hours 

0.2677 

0.2586 

0,2612 

44 

50.5 

50.5 

70 

70 

70 

781 

663 

718 

721 

0.0780 

1 

1 

1 

1 

j 

Soaked  for> 
15  hours 

0.2752 

0.2605 

0.2694 

42 

42 

43 

69 

69 

65 

742 

756 

761 

753 

0.0851 

i 

1 

» 

1 

Soaked  for 

0.2710 

73 

69 

735 

24  hours 

0.2734 

73 

69 

697 

716 

0.0770 

Soaked  fox' 

0.5010 

65 

70 

807 

60  hours 

0.5016 

65 

70 

817 

812 

0,0990 

< f 


(I.)  I Pii'Hiit'..;  .".uplai.'o  ol'  12-hour'  oJ  l-aciakud  .samplo  - VOOX, 

rij'i.urp  V.  ''i  innlii)'  o 1 i.'ct poii  ni i (ir'oj'raph.'i  ahowiiif'  ooinp.ir'.trioiia  of  dry 
iiid  l.;’-  liour  ()  i 1 od  fr’aclut'i*  r.urd'.toon . 


(a)  Fracture  surface  of  dry  sample  - 700X. 


(b)  Fracture  surface  of  ib-hour  oil-aoakod  sample  -■  700X. 


igure  B.  Scanning  electron  mlcroj-rapha  showing  comparison  of  dry 
and  lQ“hour  oil-soakod  fracture  surfaces. 
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APPPJ(UIX  D 

PROBAIIUTY  MODEL  FOR  RAIN  E‘^DSIOH  DAMAGE 
by  Laland  L.  Long 

I.  INTRODUCTION 

Hatura],  rainftll  aichibitg  all  th«  propartlaa  neoaanary  to  ba  elaaai- 
flad  as  a atoehaatlc  procata.  Thus«  probability  imidallng  la  tha  only 
affaotlva  maana  wharaby  tha  proeaaa  can  bo  adaquataly  dascribad  aatha- 
Mtloally. 

This  raport  praaanti  auch  a modaling  approach  with  particular 
aaphaaia  on  rain  aroaion  daaiaga  caused  by  high-velocity  inpact.  A modal 
is  alao  davalopad  which  displays  tha  interrelationship  batwaen  rainfall 
rata,  drop  diaaetar  range,  and  distance  traveled  as  they  affect  tha  oumu-' 
latlva  probability  of  exactly  K impacts  in  a circular  surface  of  radius 
r as  it  trevals  through  tha  rainstorm. 

Curves  are  presantad  which  graphically  display  the  information 
available  fx'om  the  nwthamatlcal  results. 

II.  PROBABILITY  MODEL  FOR  DISTRIBUTION  OF  RAINDROPS  WITH  DROP  SIZE 
Considerable  work  has  been  done  in  the  "study  of  the  distribution  of 

raindrops  with  size.  Host  of  this  effort  has  been  directed  toward  apply- 
ing the  results  to  weather  observation  and  related  atmospheric  problems. 
However,  these  rasults  are  applicable  to  the  present  study  and  have  baen 
used  with  good  results. 

The  keynote  article  on  drop  size  distribution  Is  a paper  by  Marshall 
and  Palmer  [ll  which  established  what  has  come  to  be  a ratandard  reference 
for  most  other  studies  involving  this  subject.  They  concluded  that,  excop 


02 


for  MMll  drop  dimotors  Cioas  than  Q.S  mn),  the  drop  siss  distribution 
is  wsll  desoribod  by  th«  sxponsntiai  distribution  function 

p(,) . »y**  (1) 

whoro 

• MOO 
o 

A ■ 

R ■ Rainfall  rata  (aa/hr) 

K ■ Drop  diaaatar  (m). 

Slnoa  p(n)  rapraaanta  a continuous  type  diatrlbutioni  it  follows  that 

tha  corraapondini  probability  dansity  function  (p.d.f.)  la 

[SOOO  0 a>cp(-4.1R"**^x),  X > 0 
f(x)  ■ i 

b • alaawhara* 

Tha  constant  o ia  obtained  froa 

0000  0 ^%xp(-4.1R“**^x)dx  » 1 

which  givat 

0 ■ 4.1R’**V0OOO. 

Tharafora 

f4.1R"’*Vp(4.1R“*‘’^),  X > 0 

f(x)  ■ < (2) 

lo  t olsawhara 

Now  lot  X ba  a continuous  typa  random  variable  with  p.d.f.  given  by 
(2)»  than 
Pr(X  ■ Xj^)  ■ 0 

where  x^  is  a fixed  drop  diameter.  Thus,  tha  only  measure  of  probability 
which  can  ba  established  is  with  rafsranoa  to  an  interval.  That  It, 

Pr(a  < X < b)  * /*^f(x)dH 

a 

In  this  Bt\idy  most  results  are  based  on  probitility  meauure  tox'  drop 
dismatwrs  greater  than  a preset  value.  Henue,  if  x^  represents  thti  smallest 
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drop  dl«Mt«p  to  b«  conaid«red|  than 
Pr(X  > X ) ■ /* f(x)dx 

It  is  Also  Important  to  realize 

probability  distribution!  the  number 

sidered  within  a drop  size  Interval. 

drops  per  n in  the  Interval  1 nn  to 

N a / p(x)dx 
1 


that!  based  upon  the  asstimed  continuous 
of  drops  of  given  diameter  must  be  con- 
For  example!  the  expected  number  of 
2 mn  is 


This  concept  is  used  in. the  development  of  expressions  for  accumulated 
volume  of  erosion  and  accumulated  eroded  area. 


111.  ACCUHULATCD  AREA  OF  EROSION 

If  a water  drop  strikes  a given  svirface  w.lth  energy  E(ft-lb),  then 
the  resulting  crater  area  is  (see  Secti<m  IV  of  main  report) 

A„  . C/-”  in* 

where  is  a constant  which  depends  on  the  given  mater.tal  being  impacted. 

It  can  be  shown  that 

L » C^xV^  ft- lb 
6 n 

where  is  a conversion  constant  and 
X = drop  diameter  (mm) 

v^  » normal  component  of  the  impact  velocity  (ft/sec) 

Therefore ! 

A = C (C 

n SO 

- P P 0,55  1,55  1.1  ^2 

- X V w • 

s O 

How  subdividing  the  Marshall-Palmer  equation  (1)  into  subintcrvals  of  equal 

length  for  x > x gives 
o 

nj  = p(X|^)dx  drops/m^ 


M an  appPOKlaation  of  th«  nuabar  of  dropa  par  m in  tha  drop  interval 

to  X|.  If  thaaa  dropa  ara  intarcaptod  by  a noaa  cona  traveling  at  a 

velocity  V ft/sac,  than 

v_  * V ain  • 
n 

idiara  d ia  the  angle  of  the  noaa  cone  with  tha  horizontal.  Since  the 

dropa  will  be  daflactad  by  the  ahook  wave  along  the  noaa  cone,  wa  write 

v„  « V aln(6-d(a,x)) 
n 

where 

6 • deflection  angle 
X ■ poeltion  along  noae  cone. 

Now  the  crater  area  ia 

K - c C ®‘®V‘Heln(e-«(z,x))]^*V-*®  in*.  (3) 

The  number  of  drops  per  (in  tha  drop-size  interval  Xi.i  to  Xj) 
which  tha  noae  cona  will  intercept  when  traveling  a distance  S (meters) 
through  a given  rain  field  ia 
ni*  = Sp(xj^)8in0dx  dropa/m*. 

The  net  effect  of  these  intercepted  drops  in  relation  to  eroded  area  ia 

M * A^ni'  in*/m* 

a c 


M = C C °-®V*^[8in(e-«(z,x,))3^-^x/*®®Sp(x,)8in«Ax 

6 A 6 XII 

S C^C^®’®®Sv^*^8in0Cein(0-d(z,x^))]^’^XjP(xj^)dx. 

Taking  the  Rleroann  a«’m  limit,  the  accumulated  area  of  erosion  naused  by 


drops  having  diameter  x > x^  is 

A = C.C  ®’®®Sv^*^sln0/**C8in(0-0(z,x)3^*^x^'®S(>t)dx  in*/m*. 

0 A H _ 


Convtrtion  to  In^/in^  glvot 
A^'  * (2.54)*ic  10"^^  in*/ln*. 

Thui»  tho  p«>o«ntag«  ar«a  of  oposlon  lo 


P » lOOA^* . 


IV.  ACCUMUUTEO  VOLUME  OF  EROSION 


If  a watar  drop  atrikaa  a givan  aurfaca’with  anargy  E(ft-lb),  than 
tha  raaulting  era tar  yoliata  is  (saa  Sactlon  IV  of  main  raport) 

V^  . c/-****  X lO-'^in®. 

wbara  is  a oonstant  which  again  dapands  on  tha  matarial  being  impactad 
As  with  tha  eratar  araa  derivation* 

E » ^t-lb 

Thuai 

Taking  a nose  cona  at  angle  9»  wa  usa 

E » C^x\^  slnB,  ft-lb 
a n 

It  follows  that  the  crater  volume  is 

« C^c/’^V’^WsinCa-dCx.x))]^’****  X 10“**  in® 

* C^C^^-‘“*v^*®®Cain(0-«(z.Jt))]^*‘*‘*  x***®^  x lO"**  in® 

Again*  there  are 
n^'  « S pCx^)  sinOAx 

2 

drops/m  in  the  drop  diameter  interval  to  which  Impact  the  nose 
cone.  Therefore*  the  volvnne  eroded  by  these  dropa  is 
AV  «Vn.»  tn®/ni^ 


Tiiking  th«  Rlemann  sum  Unit,  the  •ccumuLoted  volume  of  vroMlon  cnunod 


by  drops  having  drop  dlamatar  x > ia 


*o 

It  la  convanitnt  again  to  convent  to  in^/ln^.  Therefore 
V.»  ■ (2.54)=  X lo'^V  in®/in= 


ia  the  accumulated  volume  of  erosion  (In^)  from  one  square  Inch  of  material. 

Finally,  the  total  eroded  volume  as  a function  of  V ' and  P Is  given  by 

o 

the  relation 

Vt  ■ V^'<2  - exp(-3P/(132-P)))  InVin*.  (9) 


V.  PROBABILITY  MODEL  FOR  RAINDROP  IMPACTS 

If  rainfall  rate  is  fixed  at  a constant  value,  then  it  Is  legitimate 
[2]  to  assume  that  the  number  of  drops  per  unit  volume  ia  represented 
statistically  as  a Poisson  process.  Let  the  random  variable  Y represent 
the  number  of  drops  impacting  a given  surface  area,  A,  which  travels 
through  the  givk-n  ralnfield  a distance  S.  Than  the  probability  density 
function  of  Y Is 


f(y)  - 


aV^ 

yl  • 


y = 0,  1,  2,  3 . . . 


els^wh^re 


where 


\ a NSA. 


Note  that  H represents  the  average  number  of  drops  per  unit  volume. 

It  should  be  recalled  that  N will  depend  on  the  drop  size  interval 
being  considered.  That  ia,  if  and  x^  represent,  respectively,  the 
smallest  drop  and  the  largest  drop  diameters  being  considered,  then 


JL 

N • / • p(»l<lic 


whtra  p(x)  i>  again  tha  function  r<appes«ntlng  drop  siz«  diatribution. 
Xf  it  la  daalrad  to  consider  all  drops  having  diaffleters  greater  than 
x^,  then 

M * lijj  /**"p<x)dx 
^ *o 

“ /*  p(x)dx. 


Motr  oonaldar  the  areai  A|  to  ba  that  of  a circle  of  radius  p ao  that 
A ■ xr^.  Let  the  random  variable  R represent  the  radius  of  the  circle 
with  exactly  k raindrop  impacts.  Then, 

Pr(R  > r)  « Pp<Yao)tP(Y«l)+.  . .+Pr(Y»k-l) 
k-A 

a E Pr(Yey) 
y«0 


a E 

y«0 

It  follows  that 


(MSfr*)ye-NSirr* 

y» 


Pr(R  S r)  » 1 - Pr<R  > r) 


■!  1 - E 
y=0 


But,  by  definition,  the  cumilative  distribution  function  of  the  random 
variable  R is 
a(r)  a Pr(R  S r). 

Therefore , 


liilhgiLi  a' hiAiii' ' ix  s/V 


M 


As  an  oxam>lat  conaidar  tha  casa  whara  k ° 1 (i.a.,  ona  ing>aot). 

Than, 

G(r)  » 1 - a"**®'"*.  (12) 

It  fellows  that  tha  probability  danaity  function  of  R is 

g(r)  » G'<r)  ' 

^MSitr^a"**®**'*,  r > 0 I 

(13)  I 

b t alsatrhara. 

'j 

Two  intarpratationa  ara  possible  in  regard  to  tha  axpraasion  G(r)  ^ 

for  a given  value  of  k.  These  ara:  < 

•i 

1.  Fix  ths  value  of  r * and  calculate  G(r^)>  For  axampla» 
suppoas  G(r^)  * .80  and  k = 4.  Than  if  100  aasplas  ara  takan 

for  a circular  region  having  radius  r^,  it  should  be  true  I 

that I on  tha  average t for  80  of  those  sanplaa  tha  radius 

to  tha  kth  hit  will  ba  < r^. 

o 

2.  Fix  Q(r^)  a .95  (or  any  chosen  probability)  for  a given  value 
of  k and  obtain  the  resultant  value  r » r^.  Then*  if  100 
ssaplas  ara  taken  for  a circular  region  having  radius  r^t 

it  should  ba  true  that)  on  the  average » for  95  of  these 
saaq)las  the  radius  to  the  kth  hit  will  be  < r^^. 

It  is  important  to  note  that  the  parameters  which  control  Q(r)  are 

(a)  Rainfall  rata  (contained  in  p(x)), 

(b)  Minimum  drop  diameter, 

(c)  Number  of  impacts,  k,  and 

(d)  Distance,  S. 

Solving  Eq.  (12)  for  N gives 

N « -i—  In  ( ^). 

vSr*  l-Q(r) 


(14) 


The  value  of  H nay  be  obtained  by  the  uso  of  Cci,  (.1)  so  that 


K » / " N dx 

* A 


* (e^^o  -e”^**").  (1! 

Setting  the  two  expressions  for  N equal  to  each  other  and  solving  for  S 


gives 


4-G(rr 


Equation  (16)  is  very  important  since,  for  a given  rainfall  rate  and 

radius  r,  it  establishes  the  distance  S for  which  the  probability  is  6(r) 

that  a single  raindrop  having  diameter  between  x and  x will  strike  the 

o m 

surface. 


VI.  DISCUSSION  or  RESULTS 

The  resultant  erosion  formulas  which  are  develc^^ed  in  Sections  XI, 

III  I IV,  and  V of  this  appendix  are  used  extensively  in  the  report.  Thus, 
for  a fuller  appreciation  of  their  usefulness,  it  is  necessary  to  refer 
to  the  corresponding  graphical  presentations  and  computer  calculations 
which  ax<e  presented  there. 

Also,  reference  should  be  made  to  the  discussion  of  FORTRAN  subrou- 
tines presented  In  Appendix  G.  In  particular,  SUBROUTINE  PCTA  and  SUB- 
ROUTINE VONE  produce  outputs,  respectively,  which  are  given  by  the  formu- 
las in  Sections  II,  III,  IV,  and  V.  That  is: 

PCTA  Percentage  of  area  eroded 

VONE  Accumulated  volume  of  erosion. 

The  results  agree  quite  well  with  available  experimental  data. 
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The  rasulta  of  Soetion  V of  thli  appendix  ara  shewn  graphically  in 
Figures  1 through  S.  As  stated*  Cq.  (11)  gives  the  cunulative  probability* 

Q(r)  « 1 - E i!!2!2lJL2 , 

y*0  yl 

of  exactly  k raindrop  Inpaots  in  a circular  region  of  radius  r*  for  a given 
rainfall  rate  and  distance  travelled. 

The  graph  of  Figure  1 shows  the  effect  on  GCr)  versus  r when  different 
valuta  of  k are  assunad.  Here  the  rainfall  rate  is  2.5  in/hr  and  the  dia> 
tance  is  500  ft. 

Figure  2 demonstrates  the  shift  in  the  0(r)  curves  when  distance  is 
used  as  a parameter  with  a rainfall  rate  of  2.5  in/hr  and  k * 1.  In  Fig> 
ure  3*  the  aame  effect  is  noted  with  a rainfall  rate  of  2.5  in/hr  but  with 
k ■ 2. 

Changes  in  rainfall  rate  will  also  affect  G(r).  This  is  noted  in 
Figure  4 which  shows  G(r)  versus  r for  various  rainfall  rates.  Hare  k = 1 
and  S « 500  ft. 

Since 

H » /"  p(x)dx* 


then  changes  in  will  also  cause  a shift  in  the  graphs  of  6(r)  versus  r. 
This  is  demonstrated  in  Figure  5*  where  rainfall  rate  is  again  2.5  in/hr* 
k a 1*  and  S • 500  ft. 

These  results  were  all  obtained  by  use  of  SUBROUTINE  PROB  (see  Sec- 
tion VII).  Similar  graphs  are  available  through  use  of  this  subroutine 


with  choice  of  parameters  left  to  the  user. 
Equation  (16)* 

„ _ Aln^l-Gffl-'.  1 


SOOOur* 


[-Ax^)-exp(-Ax^] 
o o 
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la  also  vary  usaful  aa  la  daaionatratad  in  Figura  6.  Hara,  tha  rainfall 
rate  is  sat  at  2.5  in/hr  and  x •*  10  aa.  The  resultant  graphs  show  how 
S(ft)  changes  with  increasing  value  of  the  mininun  drop  dianeter,  x^.  To 
use  tha  curvas*  lat  it  be  assunad  that  a nose  cone  is  to  travel  through 
a rainstorm  of  2.5  in.^r  and  suppose  that  a raindrop  size  greater  than 
B nm  in  diameter  nust  be  avoided  (at  a given  velocity).  Also,  aasune  that 
it  is  desired  that  tha  probability  of  impact  with  a single  drop  (k  « 1)  be 
small  (.05).  Than  the  vertical  intercept  (x^  a 8 wu)  with  tha  desired' 
probability  curve  (Q  - .05)  will  give  tha  resultant  distance  on  the  S(ft) 
axis.  Obviously  there  are  variations  on  the  use  of  these  curves  as  for 
exanple  the  distance  might  be  fixed  by  the  extent  of  a given  rainstorm 
throu^  which  the  vehicle  is  to  travel. 

If  other  values  of  rainfall  rate,  etc.,  are  to  be  used,  then  similar 
families  of  evolves  can  be  obtained  by  use  of  SUBROUTINE  BGDROP.  Tha 
listing  of  this  subroutine  follows  in  Section  VIZ. 


VXX.  SUMQUTXMC  UimU 


c tutnourm  mmo^ 

C NAIH  ra  lUAPIIOtAAfl 
C ft  CJflULATtVC  PAaSAAlLXrv 

c At  AAINTAU  AATC  (|«>i/Nfl) 

C AAftt  RAOlUt  ar  eiAClILAA  MCOION  XAPACrCO 

C XOt  niNlHUH  OAO»  aiAHCTKA  IHNl 

C WOTS  THAT  XO<iO 

C tUMROaRAM  TO  HAIR 

c trrt  oxtTANCc  ifti 


•JIROUTINC  •ROROPU#R«RAO#XO«IFT) 

RHN«li««»R 

RA0R««0XS4«RA9 

coNi«(  Auoau  •/<  i««ai  i )/<PZ#iooo**RAOH»»t) 
CORIM«l«RnH««l«*fll 

•R«C0Rt «C0NI/  ( CXP  ( •COR2MO ) •fL%P  UtO • »CaNt  1 1 

trT«a*ttoa4«aN 

RfTJRM 

KRO 


•UMSJfXMC  PIIM 

NAi^  ro  •uirKdoiiA'i 

«t  RAtMFALL  tArC  IlM/NftI 

tt  0|tTAI«CC  Iff} 

At  ^MflSCN  or  D«3At  IH^ACTCO 

rmrAt  coitc  A«ta.i  locoocco) 

X8i  rtlNlAUn  OAOf>  DIAHCTM  (nni 

t4MMlOllT|llC  OUTPUT 

TAILC  LliTlM  OAOIJO  tnni«  CUnULAriTI  •OOOAliLITV*  A.^ 
AOCA 


tJOAOUTINt  PIIOOIII#l«iC«THfTA«XOI 

OXiSNIION  ai3i*H(S90l«lll(OOOl 

rAtKIaCKPlMalvArO^vl-OtlllAXt 

PUltlAlSf 

tO«*30Aa«0 

OfRatftAAO 

X«XO 

oxoti 

000Pt«0O 

ALPHAapfATHCTA/tlO* 

QdlafAlXI 
00  10  l•t#9oe 
00  to  J«t«3 
x«xtox 

to  0<JI«PAfXI 

Ofk«OX«IOIlKA«AQCtdOI3M/8« 
Xri3CL«tT»l«C«AlQ0  TO  iO 
oxo*o«o«eopotoiL 

10  0<1I«0(0I 

10  T9IIOPO«SOOOt4^000rO«IXN( ALPHA! 
OfOtOOCt 

r*i*o 

C«T9llOPO«OH«PX 
00  10  H>1«900 
HdtHl*0 
10  XtM!«n«0t 
00  %0  lallK 
NRXrcUfDX 
MRITEU#!! 

00  90  tt«l4!fOO 
|■C*PtlHI««l 
IPf t-ll70«A0«70 
40  X*CXPI«Ot 
00  TO  10 

70  x*i»*ii*i)*cxpi«i)/r 

•0  HM>"H(I1I»X 

irHM)«QT«0*99>09  TO  90 


's., 
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10  coort^ 

•«  l^CorLOATlHI^tO* 
xriiMC*Ka*oiiNcn 
iiii»tooo*«oa*tNc 

DO  IS  J*XNC#H«XMC 
itn*i«ttNn*RX 

AReA*Pi«Rnn«*i/ts«4»«z 
•9  t«llXTCl*#A}ll»tn«H(jl«ARCA 
AO  F«r»i 

2 rORSATllX^iMUnoCR  or  doom  In  RA0IUI»'*X10//I 

3 rOR'IATliXt'llADXUi  (nil  CUngLATXVe  P40AA3XUITY 

t AREA  IXNA^tM/lK#'*^^*#*^*#*#***^******###**#^*^*#*** 

lAAAAVAAAAAAVAA****) 

A rORiAT(tX«riO*2«riA*3«lAX«CiAtA) 

RCTUIIN 
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RADIUS  , r (mm) 

FIGURE  1.  CUMULATIVE  PROBABILITY,  G(r),  AT  1C  IMPACTS  IS  A RADIUS  OF  r (wn). 
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Chapter  1 


INTRODUCTION 

The  problm  of  lupereoDlc  flow  of  an  air-part iola  luapenaloo  (the 
partiolee  beini  relndrope,  lee,  or  dust)  past  a solid  body  has  beoosM  of 
great  Inportanoe  to  a wide  range  of  teehnological  applloatlons  in  aero- 
nautlos  and  rocketry  because  high-speed  impacts  of  such  particles  wltlr  a 
▼ehiole  flying  through  the  atnoaphsre  can  causa  signlf i'-auat  eroalon  and 
oratariag  of  its  surface.  To  get  an  accurate  estimate  of  the  cratering 
and  srosicn  damage.  It  seeau  important  to  know  the  relative  velocitiaa 
with  which  the  particles  strike  the  vehicle,  the  particle  trajeotcriea , 
and  the  distribution  of  particle  properties  over  its  surface.  In  thia 
report  these  quantities  are  computed  theoretically  for  the  oasea  where 
the  body  is  a wedge,  a right  circular  cone,  a circular  pylinder , . or  a 
sphere.  These  problems  are  chosen  because  their  geoawtries  are  simple, 
their  solutions  in  the  single-phase  case  are  well  known  (see  Sima  Cl]  and 
Hayes  and  Probstein  [2]),  and  because  both  the  conical  and  spherical 
shock  layers  represent  good  approKlmations  to  many  readistle  flow  fields 
experienced  by  rockets  and  guided  missiles.  Hhila  the  problasw  of  flow 
past  a wedge  or  a circular  oylinde.>  have  no  direct  applications  to  rock- 
etry, some  results  for  these  cases  are  also  presented  so  that  the  prop- 
erties of  plane  and  axlsymmetrlc  two-phase  flows  of  this  type  can  be 
compared  and  also  because  they  provide  rough  approKlmations  to  the  flow 
fields  over  certain  wings. 
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In  tha  ataosphara  tha  maas  fx^aotlon  of  tha  suapandad  paptlclaa  Js 
uaually  so  aaall  that  tha  prasanoa  of  the  particles  does  not  significantly 
affect  tha  motion  of  tha  air.  Thua  tha  two-pliase  flow  problem  dlsouflsed 
above  is  simplified  to  that  of  computing  tha  motion  of  tha  partiolas  mov-* 
ing  through  a known  gas  flow  fiald.  (In  this  report,  as  in  all  previous 
work  on  this  and  ralatad  problams,  it  is  assumed  that  tha  gas  flow  field 
is  sufficiently  wall  described  by  that  appropriate  to  an  inviscid  cc«- 
pressible  fluid.)  To  do  this,  tha  particle  cloud  is  treated  in  the  pres- 
ant  work  as  a pseudo-con tinuum.  That  is,  it  is  assumed  that  a volume 
alamant,  as  shown  In  Figure  1,  of  tha  suspension,  whose  diawnaions  are 
email  compared  to  the  eharactaristio  dimensiona  of  tha  shock  liq^sr,  con- 
tains a numbar  of  partiolsa  large  enough  to  allow  tha  fonaation  of  main- 
ingful  avaragas  of  tha  particle  propartiaa  within  tha  volume  alamant.  It 
is  than  treated  mathematically  as  a diffarantiei  alamant  and  tha  avaragas 
are  traatad  aa  continuoua  variablaa.  General  disousaiona  of  tha  govarning 
aquations  appropriata  to  such  two-phaaa  flows  are  givan  in  tha  hooka  by 
Mallis  [3]  and  Soo  [4]  and  tha  review  article  by  Marble  [53. 

Several  papers  on  two-phase  hyperaonio  flow  hava  appeared  in  the 
lait  five  yeera.  Probstain  and  Fasaio  [6]  analysed  flows  past  thin  wedges 
and  oonaa  and  in  the  stagnation  regions  of  the  cylinders  and  spheres.  They 
employed  tha  constant  density  approalmation  (sea  Hayes  and  Prbbstein  [23) 
to  tha  gas  flow  fiald  in  their  work.  Their  equations  were  solved  analyti- 
cally for  tha  wedge  and  numai'ically  for  tha  other  oases.  Waldman  and 
Rainaoka  [73  oonaidared  two-phaae  flow  in  a conical  shook  layer  and  in  the 
stagnation  region  of  a spharioai.  shock  layer.  They  fitted  analytical 
axpraasions  to  known  exact  numarical  solutions  of  the  governing  equations 
for  the  gas  and  used  these  to  describe  the  fluid-phase  motion.  They 
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obtained  approximate  analytical  solutions  by  a coordinate  perturbation 
watiiod.  Spurk  and  Gerber  [8]  discussed  the  flows  in  shock  layers  on 
power- law  bodies.  Slender-body  theory  was  used  to  describe  the  gas  flow 
field.  The  particle-phase  governing  equations  were  solved  numerically. 
These  authors  also  performed  some  calculations  using  the  exact  solution 
for  inylscld  flow  of  a perfect  gas  past  a cone  to  check  their  results 
baaed  on  slender-body  theory. 

All  three  of  these  papers  used  the  Lagranglan  viewpoint  to  fomu- 
Iste  the  governing  equations  for  the  particle  phase.  None  computed  the 
particle-phase  density  distribution,  and  Probsteln  and  Fassio  [B]  did  not 
find  the  particle-phase  temperature  distribution.  These  three  papws 
were  concerned  primarily  with  determining  the  overall  collection  effi- 
ciencies of  the  body  shapes  they  discussed.  (The  overall  collection 
efficiency  of  a body  is  the  rate  at  which  particulate  mass  actually 
strike*  the  body  surface  divided  by  the  rate  that  would  occur  if  the 
notion  of  the  particles  was  unaii acted  by  the  shock  layer.) 

In  addition  to  the  papers  mentioned  previously,  an  extensive 
literature  exists  concerning  related  subsonic  two-phase  flow  problems 
having  to  do  with  such  applications  as  dust  collection,  aerosol  sampling, 
ica  formation  on  aircraft,  and  erosion  of  turbine  blades.  For  a review 
of  some  of  the  literature  (which  is  concerned  primarily  with  overall 
collection  efficiency  calculations),  see  Peddieson  [9]  and  the  references 
cited  therein. 

In  Chapter  2 a set  of  equations  gov>  ning  the  motion  of  the  par- 
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tide  phase  of  an  elr-partlcle  mixture  is  formulated  using  the  Eulerian 
description.  In  Chapter  3 a procedure  for  solving  these  equations  numer' 
ically  to  obtain  the  particle  velocities,  streamline  patterns,  density 
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distributions,  and  temperature  distrlbutionn  is  outlined  for  the  cases  of 


flow  past  thin  wedges  and  cones.  This  method  is  verified  by  comparison 
with  an  analytical  solution  for  flow  over  a thin  wedge.  In  Chapter  4 this 
method  is  applied  to  problems  of  two-phase  flow  in  general  wedge-shaped 
and  conical  shock  layers  over  wedges  and  cones  that  are  not  required  to 
be  thin.  Both  approximate  analytical  solutions  (valid  for  thin  shock 
layers)  and  exact  numerical  solutions  are  obtained.  The  application  of 
the  above  procedure  to  two-phase  flow  in  shock  layers  on  blunt-nosed 
(spherical  and  cylindrical)  vehicle  shapes  is  discussed  in  Chapter  5.  In 
Chapter  6 calculations  are  cax«rled  out  to  investigate  the  sensitivity  of 
the  solution  variables  to  the  value  of  nonnegllgible  particle-phase 
volume  fractions  (the  ratio  of  particle  volume  to  the  total  mixture 
volume)  and  to  the  distribution  of  particle  sizes  present  within  the 
mixture.  In  Chapters  7 and  8 flows  past  bodies  havi.ig  general  symmetric 
shapes  are  considered.  The  governing  equations  are  put  in  a general  form 
which  is  convenient  for  such  problems  in  Chapter  7.  Chapter  8 deals  with 
a simple  set  of  equations  which,  however,  is  only  applicable  to  flow  past 
bodies  with  attached  shock  waves.  Concluding  remarks  are  contained  in 
Chapter  9. 


Chapt«p  2 


GOVERNING  EQUATIONS 

Slnoe  It  is  assumed,  as  mentioned  previously,  that  the  gas-phase 
motion  is  unaffected  by  the  presence  of  the  partiolss,  it  may  be  regarded 
as  known  focra  existing  work  (such  as  that  reported  by  Sims  Cl]),  and  it 
is  only  necessary  to  solve  the  governing  equations  for  the  partlole  phase. 
This  chapter  Is  devoted  to  the  derivation  of  these  equations. 

The  appropriate  governing  equations  fop  analysis  of  the  behavior 
of  the  particle  phase  are  found  from  balances  of  mass,  linear  mooentun, 
and  energy.  These  are  respectively 

Pp»t  ^ ^‘^Pp^p^  * A 

Pp^^p't  ^ ^ 

Pp(«p,t  + ^ (2»1) 


1 


where  Eq.  (2.1a)  results  from  balance  of  mws,  Eq.  (2.1b)  from  balance  of 
linear  momentum,  and  Eq,  (2.1c)  from  balance  of  energy.  In  Eqa.  (2.1) 

P^,  u^,  and  e^  are  respectively  the  particle-phase  In-suapenslon  density, 
velocity  vector,  and  Internal  energy  while  A,  and  C are  respectively 
the  rates  per  unit  volume  of  Interphase  mass,  linear  momentum,  and  energy 
transfer  from  the  gas  phase  to  the  particle  phase}  t Is  time;  and  a comma 
In  Eqs,  (2.1)  denotes  partial  differentiation  with  respect  to  the  follow- 
ing subscript.  In  vfpitlng  Eqs.  (2.1)  it  has  been  assumed  that  the 
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particle-phasa  stress  tensor  vanishes  (which  is  true  for  the  dilute  sus" 
pensions  under  discussion  hare)  and  that  body  farces  are  negligible.  To 
render  Eqs.  (2,1)  determinate, constitutive  equations  for  A,  B,  C,  and  e^ 
are  required.  For  the  internal  energy,  it  is  asstaned  (see  Marble  [5]) 
that 


“ oj,.  <2,2) 

P ^ P 

where  Cp  is  the  heat  capacity  of  the  particle  phase,  is  its  tempera- 
ture. In  the  present  report  the  mass,  momentum,  and  heat  transfer  terms 
are  taken  to  be 


A = 0 

t . - Sp) 

c = N,CP„(T  - T^)  (2,3) 

where  u and  T are  respectively  the  velocity  vector  and  temperature  of  the 
gas  phase,  c Is  the  gas-phase  specific  heat  at  constant  pressure,  and 
N^,  N2,  and  b are  constitutive  coefficients.  The  next  three  paragraphs 
will  be  devoted  to  discussion  of  Eqs.  (2.3). 

Mass  loss  fi<an  the  particle  phase  can  occur  because  of  evapora- 
tion or  stripping  and  eventual  breakup  of  liquid  drops  and  from  melting 
of  ice  or  dust  particles.  Calculations  performed  by  Waldraan  and  Reinecke 
[7]  indicate  that  melting  of  solid  particles  is  minimal  in  many  situa- 
tions. Theories  of  two-phase  flow  incorporating  mass  transfer  through 
evaporation  of  liquid  drops  have  been  developed  by  Lu  and  Chiu  [10], 
Panton  [11],  Panton  and  Oppenheim  [12],  and  Marble  [5].  This  mass-loss 
mechanism,  however,  does  not  appear  to  be  important  for  flow  in  shock 
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layera  aaaooiated  with  flight  vehicles » as  pointed  out  several  years  ago 
by  Wheelahan  [13].  He  also  stated  that  drop  breakup  was  not  significant; 
but  recent  experlnental  work,  such  as  that  reported  by  Haldman,  Relnacke, 
and  Glenn  [14],  shows  that  this  is  not  true  in  certain  hlgh-Mach-nundier 
situations.  At  present  the  Information  needed  to  fozmulate  a realistic 
constitutive  equation  for  A based  on  the  breakup  mechanism  Is  not  avail- 
able. Thus  It  seems  reasonable  to  neglect  mass  loss  in  the  present  work 
as  indicated  by  £q.  (2.3a).  The  solutions  obtained  in  this  way  will  be 
accurate  for  the  many  situations  in  which  appreciable  mass  loss  does  not 
occur  and  will  also  serve  as  standards  of  comparison  for  the  predictions 
of  more  oomprehensive  future  theories  which  account  for  particulate  mass 
loss. 

Equation  (2.3b)  has  a form  consistent  with  that  of  equations  that 
can  be  fitted  to  the  standard  drag  ourve  for  steady  incompressible  flow 
past  a single  rigid  sphere  (see  Probstein  and  Fasslo  [6]  and  Spurk  and 
Garber  [8]).  In  principle  the  coefficients  and  b can  be  determined 
fran  a knowledge  of  the  microscopic  properties  of  the  suspension.  It  can 
be  shown,  for  example,  that  if  the  particle  phase  consists  of  identical 
rigid  spheres  of  mass  m and  radius  a which  are  sufficiently  far  apart  to 
preclude  interference  between  the  flows  past  neighboring  particles,  if 
the  local  Reynolds  nvimber  for  flow  past  each  partic].e  is  very  small,  and 
if  the  fluid  phase  is  incompressible;  then  b c i and  = (Bvap/m),  where 
y is  the  viscosity  of  the  fluid  phase.  In  general,  definitive  information 
about  the  microscopic  properties  of  the  suspension  is  not  available.  Even 
if  it  were,  the  standard  drag  curve  cannot  be  applied  to  suspension  flows 
with  complete  confidence  because  it  does  not  account  for  lift,  flow 
unsteadiness,  finite  particle  volume  fractions,  deviations  from  spherical 
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particle  shapes,  nonunlformity  of  particle  size  and  mass,  fluid  compress- 
ibility, deformablllty  of  particles  (Important,  for  example,  in  the  ceuie 
of  liquid  drops),  and  several  other  effects.  While  sane  of  these  can  (at 
least  approximately)  be  taken  into  consideration  (see,  for  instance,  the 
drag  formulas  discussed  by  Spurk  and  Gerber  [8]),  nc  expression  presently 
available  accounts  for  all  of  themiand  none  is  to  be  expected  in  the  near 
future.  It  seems  reasonable,  therefore,  to  choose  forms  of  the  constitu- 
tive equations  for  f guided  by  the  forms  of  equations  that  fit  the  stan- 
dard drag  ourve,  but  to  regard  the  ooeffiolenta  appearing  therein  (in 
this  case  and  b)  as  macrosoopic  properties  of  the  suspension  which  are 
to  be  determined  so  as  to  maximize  the  agreement  between  theoretical  pre- 
dictions and  experimental  results.  This  is  the  approach  adopted  in  this 
report  in  employing  Eq.  (2.3b).  It  should  be  pointed  out  that  the  values 
of  and  b,  based  on  particuleu?  idealized  microscopic  models  of  the  sus- 
pension, are  still  very  useful  in  estimating  the  orders  of  magnitude  of 
these  parameters.  Such  estimates  are  simply  not  regarded  as  definitive. 

The  approach  discussed  in  the  previous  paragraph  applies  equally 
well  to  the  interphase  heat-transfer  term.  Thus  Nj  in  Eq.  (2.3c)  is 
thought  of  as  a macrosoopic  property  of  the  suspension.  For  the  idealized 
model  of  the  suspension  mentioned  in  the  above  example  that  hoat  is  trans- 
ferred from  the  fluid  phase  to  a single  rigid  sphere,  then  tlie  value  of 
Nj  is  equal  to  (4natc)/(mc).  < is  the  fluid-phase  thermal  conductivity. 

For  the  sake  of  simplicity,  N^,  and  b are  taken  to  be  constant  in  the 
remainder  of  this  work. 

Substituting  Eqs.  (2.2)  «ind  (2.3)  into  Eqs.(2.1)  leads  to 


^p’t 


+ ?.(p  u ) 
P P 


= 0 


Chaptar  3 


SHOCK  UYERS  ON  THIN  HEDGES  AND  CONES 

In  this  ohaptex*  tha  problam  of  two-phaac  flow  paut  thin  \imigma  and 
ooiMs  Is  oonsldarad.  First  an  aiutlytical. solution  la  found  ioac  fXov  past: 
a thin  wadga.  T^sn  tha  nuasrioal  procedure  to  be  used  i.n  t:he  ppeasnt  woc*lc 
is  Introduced  and  applied  to  flow  past  both  thin  wedges  and  thdn  oonea, 

Tlie  nunerioal  aund  analytical  solutions  for  the  wedge  ara  oonpaned  and 
found  to  be  In  excellent  agreement  t This  verifies  that  tha  numerical 
method  is  accurate « In  the  next  chapter  this  method  la  applied  to  prob- 
lems of  two-phaise  flow  in  wedge-shaped  and  conical  shook  layers  oxrer 
bodies  that  are  not  required  to  be  thin. 

ANALYTICAL  SOLUTIONS  FOR  THIN  WEDGES 

Consider  the  steady  supersonic  flow  of  a gas-par.’tlole  suspension 
past  a wedge  of  surface  length  L and  half-angle  0^^  a t zero  angle  of 
attack.  The  shock  wave  is  known  to  be  a straight  line  making  an  angle 
(for  a thin  shock  layer) 


®s  ^ ■' 

with  the  center  line  of  the  wedge,  where  e denotes  the  ratio  of  the  gas- 
phase  density  before  the  shock  to  that  after  the  shock.  Figure  2 shows 
the  geometi'y  of  the  flow  field.  The  free-stream  valoci-ty  of  each  phase 
is  U , the  density  of  the  particle  phase  just  behind  the  shock  is  , 
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and  fpa«  atp—  taapaimtur*  of  th«  mlxtur*  la  T..  This  problM  is  eoim- 
tkiantly  dMoribod  In  taonM  of  oartssian  eoapdlxtatas  x and  y with  x Msa- 
Burad  pavallal  to  tha  body  aurfaca'  and  y aaastirad  noraal  to  it.  It  ia 
ocnnranlant  to  dafina  tha  following  dimenaionlasw  variablas 


8 ■ x/Lt  n ■ y/L 
riatOa^  - u/U.,  Fpa.^^pJ^  - Up/U, 


% • 


H - T/T^,  Hp  - Tp/T, 


(3.2) 


whera  i'  and  tfv  ara  unit  vaotoirs  asaooiatad  with  tha  a and  n axaa.  Tha 

m u 


prooasa  of  nondinansionalizlng  tha  govarning  Eqa.  (2.*f)  yialda 


p„r..  t«  F..  • o,«r-r_)».(8-o.)®)'^‘*'’^*(v-r  ) 

ppapp'n  1 p p P 


p p’a  p p 


P P # P P n 1 p p p 


p p 6 p p n z p 


(3.3) 


H«ra  tha  two  dinenaionlaaa  paranetara  and  02  measure  the  rates  at 
which  momentum  and  energy  aire  respectively  transferred  between  the  gas 
and  particle  continuum.  They  are  evaluated  by  the  following  expresalonat 


Di^  * (Mj^D/U^,  02  » (N2L/U,)(o/o  ) 


(3.4) 


Tha  gas  flow  variables  are  modeled  by  the  inviscld  solution  for  super>' 
sonic  flow  past  a wedge.  This  solution  is  known  exactly  and  for  a thin 


shook  layer*  (which  occurs  when  0^^  and  e are  small)  has  the  form 


Fsl,  GsO,  H=H=  e((l+E)M‘9‘-l) 


(3.5) 


whare  the  siibscrlpt  s denotes  the  value  of  the  variables  on  the  downstreaa 
side  of  the  shook  wave,  and  la  the  free-etream  Naoh  nuuber.  The  aolu- 

SB 

tion  of  Eqs.  (3.3)  must  satisfy  the  boundary  conditions 


P “1.  K ‘ Qr.  • 1 

P P D P P 


(3.6) 


on  the  shook  wave  whloh  la  the  lino 


n = (e_  - e.  )8 

8 D 


(3.7) 


This  problem  Is  most  easily  solved  using  a Von  Mises  transforma- 
tion familiar  from  boundary- layer  theory.  This  is  done  by  defining  a 
stream  function  i|i  such  that 


(1)  , s -Q  Q , , = Q P 

^p*s  ^p  p’  ’p*n  ^p  p 


(3.B) 


and  converting  the  Independent  variables  frcm  s and  n to  and  z where 

a = n.  The  total  differential  of  is 

P 


(3.9) 


Solving  Eq.  (3.9)  for  ds  yields 


ds  = -(1/(Q  Q ))dip  +(F’  /Q„)da 
P P P P P 


(3.10) 


Now  regarding  s as  a dependant  variable  which  is  a function  of  and  z, 
it  is  clear  that 


S.,  =rp/Gp 


(3.11) 


obtain* 


p p 2 1 p P P 

Q^G.  = 0,<(1-F  )2+G 
p p z 1 p P P 

a 

p p Z 2 S p 


V-*  = ^'p 


(3.12) 

whare  Qqs.  (3.5)  have  ba«n  used.  Substituting  Eqa.  (3.6)  and  Eq.  (3.7) 


into  Eq.  (3,9),  integrating  along  the  shook  wave,  and  assuming  4*^(0, 0)  =0 
yields 


(3.13) 


(3.14) 


It  la  convenient  to  replace  i()p  by  z^  as  one  of  the  Independent  varlablea. 
Vfhen  this  is  done  Eq.  (3.8a)  reads 

T>)e  initial  conditions  are 

^p  “ °p  “ -®b-  '^p  “ ^ 

on  z = z . Since  Eqs.  (3.12)  contain  no  derivatives  with  respect  to  z , 

they  can  be  integrated  like  ordinary  differential  equations  along  the 

streamlines  (lines  of  constant  z ).  The  dependence  of  the  fjolution  on 

8 

z enters  through  the  application  of  the  boundary  conditions.  For  all 
8 

values  of  b the  solution  for  the  tangential  velocity  is 


b ■ 1 : s » (2^/(9^-0jj))-(l/aj)log(l-(aj^/e|j)<2g-*)) 


Qp-  l/<l-{6jj/e^){l-(a^/e^)(*^-2)))  (3.17) 

b ■ 0.6  ; s * (z./(0„-0.  ))-(5/(2a,0. 

S 8 O ID 


Gp  « -0jj{l-(3a^/(5ej^®^®))(Zjj-*))^''® 

HpO  Hg-(H^-l)exp(-(502/(2aj^ejj^^®))>< 

( ( l-(  3a^/(  ) )(  2^-*)  ) 

Qp---  l/(l-(8^/0g)(l-(l-(3Oj^/(50jj®^®))(Sg~*))  (3.18) 

b 3 0 : 8 = Ug/(6jj“®g))-(l/(®jj“j^))(l-exp(aj^(z^-z))) 

°p“ 

“p=  \-(H,-l).«p(-(V<Vb»’‘ 

(oxp(0j^(2g-z))-l)) 

Qp=  l/(l-(ej,/eg)(l-exp(oj^(V®^^^^  <3-19) 


Results  equivalent  to  Eqs.  (3.17a»  b),  (3.18a,  b),  and  0.19a,  b)  have 
been  given  by  Probatein  and  Fassio  [6].  They  used  a bagrangian 
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dMevlptioB.  Th«  t«Hp«Mtur«  and  danaity  raaulta  ara  naw.  Tha  uaa  at  an 
Eularian  daaoriptlon  faoilltataa  the  datanilnation  at  tha  partiola~phaaa 
danaity  and  tha  location  of  tha  body  surfaca  (it  is  at  s eO).  Thaaa 
raaulta  vara  uaad  aa  a ohaok  on  tha  nuanpioal  oaleulations  to  badaaeribad 
aubaaquantly. 


MUMERICAL  SOLUTIOMS  FOR  THIM  SHOCK  LAYERS 


Xn  thia  saotion  tha  synbol  j ia  introduoad  to  diffarantiata 
batuaan  plana  and  axiaymMtric  flow.  For  tha  fonMr,  j >0;  while  for  tha 
latter* i ■ 1.  Tha  diaouaaion  will  ba  for  tha  oonloal  oaaa^but  tha  raanlt- 
lag  aquationa  ara  also  valid  for  wadga  flowa  if  j ia  aat  equal  to  aero. 
Fifura  2 dapiots  either  a wadga- shaped  or  oonioal  shook  layer. 

For  nunarioal  work  it  ia  found  oonvaniant  to  use  a ayatan  of  polar 
aoordinatas  r and  6 with  r * 0 at  tha  leading  adga  of  tha  body  and  6 ■ 0 
on  tha  axis  of  synaatry  of  tha  oona.  Defining  tha  diMnsionlaaa  variablsa 

€ ■ r/L,  n ■ 9 

Fa.tOa^  ■ u/U.,  F J-tG  i (3.20) 

in  ••  pipn  p*" 

•4*  *4 

where  a^  and  e^  are  unit  vectors  associated  with  i and  n*  substituting 
Eqs.  (3.20)  and  (3.2o*d)  into  Eqs.  (2.4),  and  oonbining  the  results  yields 


(i(in)^Q  F ),P 

Vp-5"‘°p'«>°p-n*Vp''  ■ 

F H ,.+(G  /OH  , = 
p p i P p n 


♦ ((5n)^QpOp).„  ■ 0 

o,((F-r  ) 

1 P P P 

a,((F-r  )2+(G-6„)2)^^“‘‘^^^Q-G  ) 

1 p p p 


(3.21) 


i 


f 


I: 

I' 


me 

Th«  gas  flON  varlablas  ar«  nodaisd  by  th«  oonatant  daiuiity  approKiwitioii 
(a««  Probstain  and  Fasslo  [6]). 

F = 1,  G = -(l+j)(n-ejj).  H * » c((Ui:)Mie2.i)  (3.22) 

(Not#  that,  within  tha  thin-ahook-Iayar  approKiaationa , thaaa  axprasalona 
ara  axaot  fop  j ■ 0.)  Tha  shock  wava  is  a cona  naking  an  angla 

*8  * 

with  tha  axis  of  ayawatry.  Tha  boundaz^  conditions 

F ■ 1,  Q » -e  . H..  ■ 1,  Q..  ■ 1 (3.24) 

P P ® P P 

nust  ba  aatlaflad  on  tha  shook  wava.  As  will  ba  pointed  out  In  tha  oaxt 
ohaptar,  soaia  tarma  in  tha  foragolng  aquations  can  ba  naglaotad  for  thin 
shook  layars.  This  was  not  dona,  howavaPt  in  this  ohaptar  to  insure  that 
tha  analytloal  and  numarloal  raaults  for  wadga  flows  wara  solutions  to 
axaatly  tha  sans  governing  aquations.  Thus  any  dlsorapanoy  batwaan  tha 
numarloal  and  analytloal  solutions  would  ba  due  to  Inaoouraoy  of  tha 
numarloal  method  and  not  due  to  tha  dlffaranoas  in  tha  sets  of  aquations 
being  solved. 

Again  it  Is  useful  to  employ  a Von  Misas  transformation.  Defining 

a streont  function  i|>  such  that 
P 

♦p-c  • *p’n  ■ 


j 

I 

I 

I 


s 


1 


and  converting  to  tha  independent  variables  <(p  and  z * n-6jj  one  obtains 


GpCp.^+FpGp  • -«j^C((.l-Fp)*-^(-(l+j)z4€p)^)^^“^^^^<(l+|)j!-H3p) 


6 H , 3 a„(H  -H  ) 

p p*a  2s  p 


V*.  • 


Qp  - -1/  ((5(z+0b>^^V>  ^ 


(3.26) 


Th*  relationship  batwaan  ♦p  and  (tha  radial  eoordlnata  at  which  tha 
partlcla-phasa  straaallna  #p  ■ constant  antars  tha  shook  layar)  Iw  aasl3y 
found,  using  Rq*  (3.25a), to  ha 


s - (e^^^/dtj))?/’"^ 

r fl  " 


(3.27) 


Usli^  this  aicprasslon  Eq.  (3.26a)  can  ba  written  as 


Qp  ■ -(C,/O^(0^/(*+0^))^<e^/(QpC,^^)) 


(3.28) 


Equations  (3.26a,  b,  c,  d)  ara  lumarioaily  Intecratad  simultanaously 

along  varioiis  straanllnaa  using  a fourth-order  Runge-Kutta  algorithm. 

Slnoa  each  stiNMunllna  raprasanta  a line  of  C_  * « constant,  tha  partial 

0 

dax'lvatlvas  with  raspact  to  z can  be  treated  as  ordinary  derivatives  in 
this  calculation.  After  the  datarmination  of  Fp,  0^,  and  Qp  is 
obtained  from  the  algebraic  Eq.  (3.28).  The  derivative  with  raepect  to 
is  approximated  by  a two-point  backward  difference  quotient.  Equation 
(3.28)  Is  then  solved  along  the  given  streamline,  A discussion  of  the 
numerical  results  obtained  by  this  method  is  the  subject  of  the  next  two 


paragraphs . 
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Figures  3 and  4 show  the  distribution  of  the  parti.cle-phase  normal 
velocity  and  the  particle-phase  density  along  the  vehicle  surface.  Tliese 
calculations  are  for  a vertex  half-angle  = 0.1  and  a gas  density  ratio 
c = C.l.  Results  are  plotted  for  various  values  of  the  dimensionless 
drag  parameter  and  for  the  linear  drag  law  b c i.  Figure  3 pertains 
to  wedges  while  Fig.  4 pertains  to  conical  shock  layers.  It  can  be  seen 

4 

that  for  small  values  of  the  drag  parameter  the  particle-phase  normal 
velocity  and  the  particle-phase  density  are  nearly  constant  along  the 
surface.  This  represents  a situation  in  which  the  motion  of  the  particles 
is  almost  unaffected  by  the  presence  of  the  shock  layer.  As  increases, 
significant  deviations  from  the  free-stream  values  of  the  variables 
quickly  become  apparent.  It  is  clear  that  this  effect  is  greater  for  the 
wedge  than  for  the  cone.  Figure  3 represents  either  the  nuxoerical  solu- 
tion or  the  analytical  solution  represented  by  Eqs.  (3,17a,  b,  d).  For 
the  s,tep  sizes  used  in  this  work  [ASg  = 0.005,  Az  = (eg-ejj)/100]  it  was 
found  that  the  numerical  and  analytical  solutions  were  indistinguishable. 
Reductions  in  the  step  sizes  failed  to  produce  any  change  in  the  solution 

I 

variables.  Thus  the  wedge  results  do  exhibit  the  correct  qualitative 
behavior  and  are  especially  useful  to  serve  as  a check  on  the  numerical, 
results . 

Figure  5 shows  some  ccxnparisons  of  the  results  dbtalhed  iii»  dif- 
ferent drag  regimes  (different  values  of  b)  for  0j^  = 0.1  and  e = 0.1. 

The  lines  labeled  b - 1 correspond  to  the  linear  law,  while  those  labeled 
b “ 0.6  and  b = 0 pertain  to  the  intermediate  and  quadratic  laws  respec- 
tively. Obviously  the  aencitivity  of  the  solution  variables  to  the  value 
of  b increases  as  increases  because  b is  contained  only  in  the  drag 
tonus  whose  magnitude  is  determined  by  the  value  of  a^.  It  is  cletu*  from 
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the  plotted  data  that  for  & 10  significantly  different  values  of  the 
flow  variables  exist  in  different  regimes  of  the  standard  drag  curve. 

The  computer  program  actually  calculates  the  flow  variables  at 


all  points  in  the  shock  layer.  The  results  are  presented  here  only  for 
the  values  of  the  variables  on  the  body  surface  because  these  are  thought 
to  be  of  primary  interest  in  applications. 


Chapter  4 


GENERAL  WEDQE-SHAPED  AND  CONICAL  SHOCK  LAYERS 

It  is  now  desired  to  eliminate  any  Msunption  that  either  the  body 
angle  or  the  shock  layer  Is  thin.  Before  beginning  the  analysis  of  this 
chapter  a notatlonal  correction  is  pointed  out.  In  all  subsequent  equa- 
tions a subscript  s will  Indicate  the  value  of  a variable  at  the  shock 
wave  while  a subscript  b will  indicate  the  value  of  a variable  on  the 
body  surface. 

GOVERNING  EQUATIONS  FOR  GENERAL  SHOCK  LAYERS 

It  is  desired  to  investigate  collisions  of  particles  with  the 
body  sxirface  occux*rlng  between  r - 0 and  r > L.  The  governing  Eqs.  (3.21) 
are  now  replaced  by 

(?(58inn)^QpFp),^  + {( 5 sin  n)^QpGp)  = 0 

''p"p’5*‘V'’'V-n  “ “2‘"-"p' 

where  and  are  given  by  Eq8.(9.4).  In  this  case  the  particle-phase 
stream  fvuiction  is  defined  so  as  to  satisfy  Eq.  (4.1a)  by 

s -(esin  n)^QpGp,  = e(Csin  n)^QpFp  (4.2) 
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Converting  Eqs.  (4.1) ‘to  the  Independent  variables  and  n and  writing 
all  the  governing  equations  (using  a procedure  Identical  to  that  dis- 
cussed in  Chapter  3)  in  terms  of  new  independent  vaurlables  t and 

fl 

a 

(which  transforms  the  region  ®8  region  1 > z > 0),  the 

modified  governing  Eqs.  (3.26)  finally  replaced  by 


Vp’»‘‘’t''pV“l‘'L'«'’-''p>*+«-'’p)'>'^''’’'‘«S-Op>  * » 


S'-*  " “ 

Vp'2  * “2*L«<"-"p^  ° ^ 


Qp  = -(({jSln  9j,)/<{slii(6j(l-x)tej^z)))^sln  9,/(8  {,,  ) (*.4) 

Mr  V,* 


where  6^^  » ®8“®b*  appropriate  boundary  conditions  are  (since  it  is 

assumed  that  the  particles  are  unaffected  by  passage  through  the  shock) 

F (£  ,0)  = cos  0^,  G„(5„,0)  « -sin  6. 

^ o ops  9 

It  should  be  noted  that  Eqs.  (4.4a,  b,  c,  d)  contain  no  derivatives  with 
respect  to  Thus  when  integrated  along  a given  particle-phase  stream- 
line (5g  = a constant),  they  can  be  treated  as  ordinary  differential 
equations . 
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NUMERICAL  SOLUTIONS  FOR  ARBITRARY 
SHOCK  LAYERS  ON  WEDGES  AND  CONES 

In  this  section  the  ex.iat  numerical  solution  of  Eqs.  (4.4)  is 
discussed.  Equations  (4.4at  b,  c,  d)  and  Eq.  (4.4e)  are  solved  numeri- 
cally using  the  method  dlrcusaed  earlier.  The  solution  begins  at  £ « 0 

s 

with  the  initial  oonclltlona 

F„(0,z)  = co8(e  (l-z)+e.a),  Q„(0*s)  * “8ln(e  (l-»)+e,.  z) 

p 8 b p s b 

H (O.z)  n 1,  0 (o.z)  « 1 (4.6) 

Jr  Ir 

[Equations  (4.6)  are  ths  solutions  to  Eqs.  (4.4a,  b,  d,  e)  with  ^ > 0] 
and  narchea  from  fitreamline  to  straamline  in  the  direction  of  increasing 
The  fluid  phase  is  taken  to  be  an  invisold  perfect  gas  with  constant 
specific  heats  and  specific  heat  ratio  y - 1.4.  (The  thlu  viscous  bound- 
ary layer  neai*  the  body  surface  is  unlikely  to  have  a pronounced  effect 
the  behavior  of  the  particle  phase  and  is  neg.leoted.)  The  gas-phase 
flow  variables  are  modeled  by  the  linear  functions 

F = Fg(\-z)tFjjZ,  G = 3g(l-z)tQjjZ,  H » Hg(l-z)fHjjZ  (4.7) 
where  F , ;i  , and  e have  the  following  forms s 

S 8 

F » cos  0 , G * -E  sin  0 
s 8 8 s 

Hg  - e(l+(l-e)YM28in20^) 

e - ((Y-l)M2ain20^+2)/((Ytl)M2sin20^)  (4.8) 

(see  Liepmann  and  Roshko  [15]).  The  transverse  velocity  Is  normal  to  the 
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body  surface  at  a »■  1 90  - 0.  The  exact  values  for  and  (as 

tabulated  by  Sin  [1]}  are  uaed  to  complete  the  description  of  the  gas- 
phase  flow  field.  The  quantities  and  0^  can  be  found  froa  Hef. 

[1]  once  the  frea-stream  Haoh  number  and  the  body  angle  6^  are  speci- 
fied. Since  the  gas-phase  solution  is  independent  of  C (see  Liepmann 
and  Roshho  CIS]),  and  are  constants.  The  exact  numerical  solution 
for  the  gas  flow  field  could  have  been  used  direotlyi  but  utilization  of 
Eqs.  (4.7)  saves  considerable  computer  storaiga  and  coeBparison  with  some 
results  obtai'Acd  by  Spurk  and  Gerber  [8]  shows  that  the  loss  of  accuracy 
involved  is  Insignificant . 

A parametric  study  Involving  6^,  a2i  snd  b was  carried 
out  and  same  representative  results  of  these  caloulatlons  are  presentod 
praphioally  in  Figs.  6 through  10.  Host  pertinent  to  the  evaluation  of 
cratering  and  erosion  damage  are  FpCS^,!)  » Fpj^,  Gp(?g*l)  ■ Gpj,*  *nd 
Qp(Cgil)  ■ Qpj,*  ^*8  formed  from  the  numerical  results  that 

cos  6g<Fpjj<(oo8*0g+e^8in^8)^^^(the  lower  limit  corresponds  to  ci^»0,  the 

upper  limit  to  » «•).  Since  this  estimate  of  Fpj^  is  available  In 
closed  form,  for  the  soke  of  brevity  no  numerical  results  are  present 
for  this  quantity  and  attention  is  directed  toward  Qpj^  and  Qpj^.  In 
addition  a faw  results  are  given  for  HpCt^,!)  = Hpj^  and  the  local  col- 
lection efficiency  E (the  actual  rate  at  which  particulate  mass  strikes 
the  surface  between  the  oone  vertex  and  C(tg»l)  “ divided  by  the  rate 
that  would  occur  If  the  particle  phasa  was  unaffected  by  the  shook 
layer).  It  can  be  shown  that  the  value  of  E associated  with  the  stream- 
line “ constant  is 

B 


E = (((gflin  B^)/U^3in 


(4.9) 


since  the  results  of  particle-phase  variables  for  the  wedge  flows  (j  = 0) 
were  found  qualitatively  very  similar  to  that  for  cone  flows  (j  =1),  for 
the  sake  of  brevity  the  dlsoussion  will  be  confined  to  the  conical  case . 

The  basic  features' of  the  flow  field  are  Illustrated  by  Figs.  6 
and  7.  Increasing  t (which  Increases  the  length  of  the  particle-phase 

B 

streamline  C.  ■ constant)  and  Increasing  at.  both  inoreaise  the  effective- 

8 Jl 

ness  of  the  intorphase  momentum  transfer  which  tends  to  bring  the  par- 
ticles into  equilibrium  with  gas  and  thus  deflect  them  away  from  the  body. 
Ttie  magnitude  of  the  particle-phase  normal  velocity  component  is, 
therefora,  a decreasing  function  of  both  (since  increases  with 
and  as  can  be  seen  from  Fig.  6.  The  decrease  in  -0^^^  Is  accompanied 
by  a compression  of  the  particle  phase  as  Indloated  by  the  behavior  of 
in  rig.  6.  Some  partiolea  which  would  strike  the  body  in  the  region 
0 ^ 1 in  the  absence  of  intwphaso  momentum  transfer  are  deflected 

enough  so  that  they  now  do  not  strike  the  body  In  this  region.  Thus  the 
collection  efficiency  Is  reduced  as  shown  In  Fig.  7.  The  decrease  in 
causes  an  increase  in  the  time  spent  by  each  peu?tlole  In  the  shock 
layer  In  which  Interphase  heat  transfer  can  bring  the  partiole-phaae 
temperature  closer  to  equilibrium  with  the  (higher)  gas  vemperature. 

Thus,  as  can  be  seen  from  Fig.  7,  is  an  increasing  function  of  and 
. It  can  be  observed  that  the  theory  predicts  large  increase  in 
as  becomes  small.  It  is  therefore  possible  that  for  a particular 
suspension  the  free-stream  mass  fraction  of  particles  would  be  small 
enough  to  justify  the  neglect  of  the  presence  of  the  particles  on  the 
motion  of  the  fluid  but  the  computed  results  for  the  partlale-phase 
density  within  the  shock  layer  would  violate  this  aasumption.  Thus  the 
calculation  of  the  particle-phase  density  (which  was  omitted  by  previous 


Invtstlgators ) can  sar^e  aa  an  Important  check  on  the  validity  of  the 
theory. 

Figure  8 aervas  as  a supplement  to  Fig.  6.  Taken  together  they 
show  that  the  peo’tiole  phase  is  considerably  more  sensitive  to  interphase 
monontun  transfer  for  b » 1 than  for  b « 0.  Qualitative  differences  in 
behavior  can  be  seen  to  exist  between  the  results  for  these  two  values  of 
b.  For  a glvon  value  of  at  4^^  a i the  curve  for  b ■ 0 appears  to 

approach  that  final  value  more  rapidly  than  does  the  one  for  b ■ 1.  The 
oorreeponding  density  curves  exhibit  an  always  increasing  slope  for  b ■ 1 
but  possess  a region  of  Increasing  slope  (difficult  to  detect  because  of 
the  scale  of  the  drawing)  followed  by  a region  of  decreasing  slope  for 
b ■ 0 . Qualitative  observations  such  as  these  should  be  helpful  in  deter- 
mining appropriate  values  of  and  b for  various  flow  conditions  and 

suspensions . 

Increasing  increases  the  shook  angle  and  thus  thickens  the 
shook  layer.  The  resulting  increase  in  ~%h  is  not  made  up  for  by  the 
resulting  Increase  in  the  effectiveness  of  Interphase  momentum  transfer* 
and  inoreased  impact  velooltias  all  along  the  body  surface  are  the  result 
as  shown  In  Fig.  9.  In  addition  the  density  of  the  particle  phase  is 
also  an  inoreaslng  function  of  0^.  Thus  whether  erosion  and  cratering 
ore  caused  by  individual  high-speed  impacts  or  a number  of  lower  speed 
Impacts  occurring  in  the  same  place » increasing  will  increase  the 
likelihood  of  damage  to  the  body  surface. 

Inoreaslng  the  free- stream  Mach  number  decreases  6^  and  there- 
fore the  effectiveness  of  Intorphase  momentum  transfer.  Thus  “®pb  is  an 
increasing  function  of  while  is  a decreasing  function  of  this 
parameter  as  shown  in  Fig.  10.  The  results  for  b 10  are  representative 
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of  hyparsonlc  flight  conditions.  Sl«d  teats,  on  the  other  hand,  are  of  ten 
carried  out  at  much  lower  Mach  numbers  and  the  results  for  » 2 are 
intended  to  be  representative  of  these  conditions.  The  results  pi?e8cntftd 
in  Fig.  10  serve  to  further  Illustrate  qualitative  differenoes  between 
solutions  corresponding  to  b ■■  0 and  b > 1. 


APPROXIMATE  ANALYTICAL  SOLUTION  FOR  THIN  SHOCK  LAYIRS 


In  this  section  Eqs.  (4.4)  are  simplified  for  thin  shook  layers. 
These  are  situations  for  whloh  the  inequalities 


<<  1 and  **  1 


(4.10) 


are  satisfied.  (Note  that  it  is  not  required  that  0^  <<  1 as  was  dona  in 
Chapter  3.)  Suoh  situatlonc  exist  when  M.  » 1.  The  resulting  approxi- 
mate equations  can  be  solved  analytically.  Toward  this  end  it  in  assumed, 
following  Probsteln  and  Fasslo  [6],  that 


0,7Q  » 1,  H /H  « 1,  F » F„  • cos  0„,  H »<  H_  (4.11) 

P P B 5 B 


For  » 1 a large  decrease  In  G and  a large  Increase  In  H occur'  acr>us8 
the  shock  wave.  The  quantities  and  on  tile  other''  hand,  are  contin- 
uous aoi'oea  the  shook  wave.  These  facts  provide  the  motivation  for 
assumptions  (4.11a,  b).  Assumptions  (4.11o,  d)  are  motivated  by  adesirc 
to  simplify  the  form  of  the  analytical  solutions  to  the  maximum  extent 
possible  while  retaining  the  correct  qualitative  behavior.  Substituting 
assumptions  (4. lie,  d)  Into  Eqs.  (4.4),  estimating  the  order  of  magnitude 
of  each  term  In  the  resulting  equations,  using  assumptions  (4.11a,  b)  and 
(4.10)  [but  alltjwlng  for  the  possibilities  “2®L  * ®d)],  and 

retaining  only  terms  of  0(1)  leads  to 


Q-F  . +0  e 5((coa  0 0. -P„)  » 0 

ppZxXi  spp  "P 

G_tt  . -a,0,a(coa  e^-F^)2fG  * » 0 
ppsslli  sp  P P 


Qp  - -(e./0^»ln  9,/(«pC.5 


(4.12) 


Equations  (4.12a«  o)  can  ba  solvadi  sitbjaot  raapeotlvaly  to  Eqs.  (4.5a,  o), 
to  ylald 


Pp=«'«»s. 


Substituting  Eqs.  (4.13)  Into  Eqs.  (4.12b,  d,  a)  one  obtains 


(4.13) 


v2-b 


®p«p'z"«2®L«s«p  = ° 


Qp  » -sin  e^/Qp 


(4.14) 


Solving  these  aquations  for  soma  realistic  values  of  b (sea  Probsteln  and 
Fasslo  [6])  gives 


b » 0 i Q » -oin  0 axp(-a,0.t;„z.) 

p S 1 L S 

a it(a2Hg/(ajBin  0^))(0xp(a^ej?;^z)-l) 
Qp  a 0Xp(aj^O^Cg2) 

b = 3/5  5 - -«ln  9„(l-3a.0,e  z/(5aln^'^^9.  ))®'^® 

p s i Lt  a o 


(4.15) 


H » l+(5o,H  /(2o,sin  ))x 

p 2 S X 8 

» l/(l-(3a-e,e„z/(5sin®''®0„)))®''®  (4.16) 

P 1 Ij  8 S 

b “ 1 ! a -Bin  0.(l-(o.6^ E a/sin  0„)) 

P B 1 li  8 8 

Hp  = lt(a2Hg/aj^)log(l/(l-(a^0^^C^a/8in  0^))) 

Qp  = l/(l-<aj^6j^e^z/Bin  0^))  ' (4.17) 

Th«a«  solutions  should  be  useful  booauBe  they  demonstrate  some  of  the 
qualitative  features  of  the  exaot  nmtericsl  Solutions  and  provide  quick 
estimates  of  the  properties  of  two^phasa  flow  without  having  to  engage  in 
extensive  numerical  calculations  for  thin  shook  layers.  It  should  be 
noted  that  Cqa.  (4.1Ca)  and  (4.17a)  predict  that 

G a 0 at  z,  » (Rin*’o„/(ba.,e.E  ))  (4.18) 

'nds  should  indicate  that  the  particleo  coming  from  shock  wave  are  brought 
to  rest  at  this  value  of  z and  that  a particlo-free  zona  exists  for 
< z < 1.  This  prediction  must  be  dia<'iounted , however,  because  when 
Qp  = 0 assumption  (4.11a)  io  obviously  violated.  Only  results  for  which 
Q is  negative  everywhere  in  the  shock  layer  can  be  taken  seriously. 


Chapter  5 

SPHERICAL  AND  CYLINDRICAL  SHOCK  LAYERS 

The  pr«8«nt  chapter  is  conoemod  with  the  motion  of  the  particle 
phase  In  the  vicinity  of  a sphere  or  a circular  cylinder.  The  flow  con- 
figuration is  shown  in  Fig.  11.  Since  a sphere  Is  the  geometrically 
simplest  example  of  a blunt  bodyt  the  results  computed  In  the  present 
work  ax'e  of  fundamental  Interest  In  estimating  the  cratering  and  erosion 
damage  that  will  be  experienced  by  blunt-nosed  vehicles  flying  through 
particle- laden  regions  of  the  atmosphere.  Slnoe  the  shook  wave  Is 
detached  from  the  body  surface  in  such  cases,  one  would  expect  t.'hat  the 
effectiveness  of  ths  Interphase  drag  force  in  slowing  down  the  particles 
before  they  strike  the  vehicle  surface  would  be  greater  for  i spherical 
shock  layer  than  for  a conical  shook  layer.  Tills,  in  turn,  would  lead 
to  less  likelihood  of  damage  to  vehicle  surfaces.  Calculations  of  the 
flow  variables  for  this  case  will  bo  carried  out  by  a method  very  similar 
to  that  discussed  In  the  previous  chapters.  Some  results  for  the  case 
for  cylindrical  eihook  layers  are  also  presented  in  this  chapter  to  pro- 
vide a basis  for  oomparisons  of  flow  variables  between  plane  and  axi- 
symmetrio  two-phase  flows. 

GOVERNING  EQUATIONS  IN  POLAR  COORDINATES 

Consider  the  steady  supersonic  flow  of  an  air-particle  suspension 
past  a sphere  of  radius  To  describe  the  motion,  polar  coordinates  r 
and  0 (with  associated  unit  vectors  and  Oq)  are  used.  The  polar 
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coordinate  aystem  lies  In  the  plane  of  synmetry  of  the  flow,  has  origin 
at  the  center  of  the  sphere » and  la  oriented  so  that  the  line  3 - 0 Is 
coincident  witit  the  forward  stagnation  line  of  the  gas  motion.  Using 
Eqs.  (2.4)  and  Introducing  the  transformations 


r » TjjC,  e ■ n 


u » U^(r:^tQeg), 


p r p 0 


T - T.H.  Tp  - T.Hp,  Pp  - Pp.Qp 


(5.1) 


leads  to 


(C(t  sin  n)^QpFp).^+((<;  8ln  h)^QpGp),^  ■ 0 

''p®P'e*'®p''>“p'n’Vp'''  * 

Vp-C*"'p'''>"p>n  “ “P<"-"p> 


(5.2) 


where  u (N^rj^/U^Xc/Op),  and  j » 1.  As  previously 

stated,  the  dimensionless  parameters  oi^  and  are  measures  of  effective- 
ness of  Interphase  momentum  and  heat  transfer  respectively.  For  plane 
flow  past  a circular  cylinder  of  radius  the  same  equations  I'esult  with 
j a 0.  Equations  (5.2)  have  the  same  form  as  do  Eqs.  (4.1).  It  should 
be  noted  that  in  this  chapter  the  normal  velocity  with  which  particles 
strike  the  body  is  found  by  evaluating  F'p  at  the  vehicle  aurface  while 
the  tangential  impact  velocity  la  found  by  evaluating  Gp  at  the  surface. 
This  is  the  opposite  of  the  notation  employed  in  previous  chapters  where 
the  normal  impact  velocity  was  found  by  evaluating  Qp  at  the  vehicle 
surface  while  the  tangential  impact  velocity  was  found  by  computing  the 


E31 


ir«lu«  of  Fp.  It  Is  aasily  sho*m  that  local  collection  offiolenoy 

is 

E(n)  » -((l+j)/aln^^'*‘^^n)A  (I.O)F  (l,o)3in^oda  (5^3) 

0 p P 

wheica  or  Is  a dumQr  variahle. 

In  order  to  solve  Eqa.  (5.2)^  i\  G,  and  H must  ho  specified. 
Following  Waldman  and  Relneoke  L'7],  these  flow  variables  are  modeled  by 
the  linear  functions  of  C. 


F = ((F^-Fj^)/d^)(5-l)+Fj^ 

G . ((Q^.G^)/4^)(t-lHG^ 

H = (5.4) 

where  is  the  radial  dlsbance  from  the  body  suv'face  to  the  shook  wav© 
(the  standoff  distance)  made  dimensionless  by  the  body  radius  r^^.  To 
determine  the  dependence  of  the  quantities  appearing  in  Cqs.  (5.4)  on  n» 
reference  is  made  to  the  modiried  constant  density  theory  for  an  invlsoid 
gas  discussed  by  Hayes  and  Probstein  C2].  Acoot'dlng  to  this  theory,  6 

s 

is  independent  of  n and  has  the  form 

& » X-/(l-A,)  (5.6) 

si  1 


In  Eq.  (5.5) 

(e/2)log(4/3e)t(E/2)^(log(M/3c)-l),  j a 0 

^1  “ 

e/(1+(0e/3)^^^)  , j = 1 (5.6) 


where  e lo  the  ratio  of  the  gas  density  just  before  the  shock  wave  to  the 
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gas  density  just  behind  the  sViock  uave  at  n =0.  The  constant  density 
theory  also  yields  the  expressions 

e = ((y-1)m2+2)/((y+1)M^) 

F a -C  COS  n,  F.  = 0 
3 ’ D 

= sin  n,  Gj^  = ((n-j)e/S)^‘^^sin  n 
= e(l+YM£(l-e)co8*n) 

= e(l+YM2(l-(E/2)-X28in2n))  (5.7) 

where 

(3/2)(l+(e/2)log(4/3c)-l)),  j = 0 

(4/3)(l+(e/4)(l-(8/3)(8e/3)^^^)),  j = 1 (5.8) 

As  previously  stated^ is  the  free-stream  Mach  number  and  y is  the  ratio 
of  specific  heats  for  a perfect  gas.  In  all  calculations  performed  it 
was  assumed  that  Y = 1.4. 

If  it  is  assumed  that  the  shock  wave  has  no  effect  on  the  particle- 
phase  variables,  the  boundary  conditions  ai’e 

F = - cos  n,  G = sin  n,  Q -1*  H =1  (5.9) 

pc  PS  ’ ps  ’ ps 

NUMERICAL  SOLUTIONS  AT  STAGNATION  LINE 

To  start  the  numerical  method  to  be  discussed  in  the  following 
sections,  the  solutions  for  the  particle-phase  flow  variables  in  the 
vicinity  of  the  forward  stagnation  line  of  the  gas  flow  field  are  needed. 
These  solutions  are  also  of  interest  in  themselves  because  they  illustrat® 
iTiany  of  the  basic  features  of  blunt-body  two-phase  flows  of  the  type  under 


discussion  in  the  present  chapter.  This  section  is,  therefore,  devoted 
to  an  a.ialysls  of  the  particle-phase  flow  field  near  n ® p.  To  begin  the 
analysis,  the  following  expansions  are  employed 


Fp(5,n)  = Fp^(O-*-0(n2) 

Qp(C,n)  = n(Gp^(C)+0(n^)) 

Qp(e,n)  = Qp^(C)+0(n2) 

Hp(C,n)  = Hp^(O+0(n2) 

cos  n = i+o(n^) 
sin  n * n(i-fo(n^)) 

E = s +0{n*)  (5.10) 

o 

Substituting  Eqs.  (S«10)  into  Eqs.  (5.2)  - (5.9),  equating  the  coefficient 
of  each  power  of  n appearing  in  each  of  the  resulting  aquations  to  zero 
individually  in  the  usual  way,  writing  all  the  equations  involving  the 
first  terms  of  the  series  (5.10a,  b,  c,  d,  g)  in  terms  of  the  new 
independent  variable 

z = (1+A  -e)/d„  (5.11) 

s s 

[which  transforms  the  interval  (1<5<1+A  ) into  the  interval  (l<z<0)], 
and  dropping  the  subscript  o for  convenience  yields  the  differential 
equations 

(FpQp)*-(l+j)(A^/(l+A^(l-z)))(Fp+Gp)Qp  = 0 

F F ‘to,  A [F-F  |^^"^^(F-F  ) = 0 
p p 1 s ' p ' p 
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F G ' - ( /( 1+A  ( 1- z ) ) ) ( F^+G^ )G„ 
p p a 8 P p P 

Vp'“A<"-"p>  ■ 0 

(where' a prlne  denotes  differentiation  with  respect  to  z),  the  initial 
oonditlons 

Fp(0)  = -1.  Gp(0)  » 1,  Qp(0)  = 1, 

and  the  expressions 

E = -Fp(l)Qp(l> 

F s F„(l-z)+rvZ 
s 0 

G » G^(1-2)+Q|jZ 
H = H^(1-2)+Hj^z 

where 

F^  = -e.  Fj^  = 0,  Gg=l,  Gj,  = ((9-j)c/3)^^^ 

Hg  = e(l+7M2(l-€)).  Hjj  = e(l+YM2(l-(e/2)))  (5.15) 

The  governing  llqs.  (5.12)  eu?e  nonlinear*  and  it  seews  highly 
unlikely  that  analytical  solutions  can  he  found.  Thu.s  these  equations 
ware  numerically  integrated  using  a fourth  order  Runge-Kutta  procedure. 
Numerical  solutions  were  obtained  for  a variety  of  values  of  and 

for  both  b = 0 and  b = 1.  Son»  typical  results  of  these  calculations 
are  shown  in  Figs.  12  - 17. 


H^(0)  s 1 (5.13) 

P 


(5.14) 




ill 


Flgurcia  12  and  13  show  the  radial  velocity  and  density  profiles 
of  the  particle  phase  predicted  by  approximate  Cwll.l  be  discussed  later) 
and  exact  solution  methods  for  b s *1.  it  can  be  seen  that  the  decrease 
In  the  i^dlal  velocity  of  the  particles  Increases  with  increasing  and 
Is  associated  with  a compression  of  the  particle  phase  which  also 
Increases  as  Increases. 

In  Figs.  14  and  IS  the  partlole-phase  flow  variables  at  the 
vehicle  surface  are  plotted  versus  for  b b 1.  It  can  be  seen  that 

-F^(l)  Is  a decreasing  function  of  and  an  increasing  function  of 

This  Is  becaiuifr  both  Increases  In  and  decreases  In  Increase  the 
Importance  of  Interphase  momentum  transfer « the  former  directly  and  the 
latter  Indirectly  by  thickening  the  shock  layer.  These  effects  ere  con- 
siderably more  pronounced  for  plane  than  for  axisymlnetrio  flow.  For  a 
given  the  radial  Impact  velocity  vanishes  at  a finite  value 
and  remains  ;ero  for  Thus  for  no  cratering  and  ero- 

sion damage  will  occur  because  no  particles  stri'..;  >:he  surface  of  the 
vehicle.  This  situation  is  in  contrast  to  that  occurring  in  cone  flows 
(see  Chapter  4}  where  partJ.cles  strike  the  body  surface  for  any  finite 
amount  of  Interphase  momentum  transfer.  It  is  evident  that  blunting  of 
flight  vehicles  Is  an  option  open  to  designers  desirous  of  reducing 
cratering  and  erosion  damage. 

As  pointed  out  when  viewl.ig  the  Figs.  12  and  13,  decreases  In 
Fp(l)  are  accompanied  by  rapid  increases  of  Qp(l).  The  value  of  Qp(l) 
is  indicative  of  the  number  of  imfiacts  per  unit  time  that  will  be  experi- 
enced by  the  surface  of  the  vehicle  in  the  vicinity  of  the  forward  stag- 
nation point.  The  ramge  of  parameters  for  which  the  greatest  cratering 
and  erosion  damage  will  occur  depends  on  the  damage  mechanism.  If  damage 


<1-  I,'.  ••*»''' ''•itr'4' 
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Is  caussd  primarily  by  single  particles  Impacting  at  high  speeds,  one 

would  expect  the  most  severe  damage  for  the  smaller  values  of  and  the 

larger  values  of  M where  -F  (I)  is  the  largest.  If,  on  the  other  hand, 

P 

damage  Is  primarily  due  to  repeated  Impacts  In  the  same  area  (fatigue 
damage,  for  example)  the  greatest  damage  would  be  expected  for  the  larger 
values  of  and  the  smaller  values  of  where  Qp(l)  1b  the  largest.  Of 
course,  as  previously  stated,  no  damage  will  occur  for 

If  both  of  the  damage  mechanisms  discussed*  above  are  of  equal 
Importance,  the  collection  efficiency  E [which  is  the  product  of  -F^d) 
and  Qp(l)]  might  be  a suitable  measure  of  the  severity  of  croterlng  and 
erosion  damage.  To  the  authors''  knowledge,  however,  no  such  cor^relatlon 
has  so  far  been  established.  It  can  be  seen  that  E is  a decreasing  func- 
tion of  and  an  Increasing  function  of  For  a given  It  Is  clear 

that  E must  vanish  when  This  vi'vlue  Is  considerably  lower  for 

plane  flow  than  It  is  for  axlsymmetrlo  flow. 

The  particle-phase  temperature  Hp(l)  Is  an  Increasing  function 
of  both  and  The  former  effect  is  due  to  the  fact  that  Increasing 
decreases  -F(l)  and  thus  decreases  the  importance  of  the  oonvectlve 
term  in  Eq.  (5.12d).  TTte  latter  is  a result  of  the  fact  that  the  gas 
temperature  at  any  point  in  the  shock  layer  is  an  increasing  function  of 
M„.  When  “F^Cl)  vanishes,  Hp(l)  is  brought  into  equilibrium  with  the 
temperatui?e  of  the  gas  phase  as  indicated  by  the  constant-temperature 
portions  of  the  curves  in  Fig.  IS. 

Figures  16  and  17  depict  numerical  results  for  b = 0 similar  to 
those  just  discussed  for  b = 1.  It  can  be  seen  that  the  trends  of  the 
data  are  identical  to  thosf  found  for  b = 1 but  that  the  flow  variables 
are  predicted  to  be  less  sensitive  to  changes  in  and  for  b = 0 
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than  for  b ? 1.  It  is  also  Intaraatlng  that  the  shapes  of  the  curves  ara 
somewhat  different.  The  cvirvos  of  -Fp(l)  versus  for  example,  exhibit 
moz^  curvature  for  b = 0 thi^n  for  b =1.  Comparisons  such  as  this  are 
useful  in  determining  the  value  of  b which  best  fits  a given  set  cf 
experimental  data. 

APPROXIMATE  AMAI^YTICAL  SOLUTIONS  AT  STAGNATION  LINE 

If  certain  simplifying  assumptions  aim  made,  approximate  analyti- 
cal solutions  to  the  governing  Eqs.  (5.12)  can  be  found.  Because  these 
solutions  Illustrate  some  of  the  interesting  features  of  the  particle- 
phase  flow  field  and  because  they  can  be  used  io  obtain  quick  estimates 
of  the  particle-phase  flow  variables,  they  will  now  be  presented. 

The  basic  simplifying  assumptions  are  (1)  that  the  shook  layer 
is  thin,  and  (2)  that  the  shock  is  strong.  These  two  assumptions  imply 

Ajj  <<  1,  Fp/F  >>  1.  Hp/H  « 1 (5.16) 

(see  Probstein  and  Fasslo  [6]).  Using  these  assumptions  to  simplify 
Eqs.  (5,12)  and  asouming  (to  simplify  the  forms  of  the  analytlosl  solu- 
tions) that  G and  H can  b«  represented  to  a sufficient  degree  of  accuracy 
by  the  expressions 

Q « s 1,  H » « td+rM^d-e))  (5.17) 

leads  to  the  approximate  equations 

(FpQ,)'  = 0 

F F 'ta.A  (-F„)^^"^^  = 0 
P P Is  P 
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F H *+a,A^H^  B 0 
p p 2 a s 


(5.18) 


Hota  th«t«  even  though  it  hu  been  assumed  that  L « 1,  the  possibility 

8 

that  ■ 0(1)  (1  ■ 1,2)  has  been  allowed  for.  Solving  Eq.  (S.lSo) 


subject  to  Eq.  (5. lab)  yields 


(5.19) 


Solving  Eqs.  (5.18a,  b,  d)  aubjeot  to  Eqs.  (S.13a,  o,  d)  for  aose 
reallatlo  values  of  b (see  Probsteln  and  Fassio  [63  and  Spurk  and  Qerber 
[8]),  one  obtains 


b ■ 1 ! F ■ -(1-0, A.z) 

p la 

Q ■ l/(l-a,A,*) 
p 18 


H » l+(o2H^/aj)log(l/(l-a^A^x)) 


(5.20) 


b ■ 3/5  t F„  ■ ~(l-(3a,A  i/5))‘ 
p IS 


Q„  ■ l/(l-(3o,A.z/5))'' 
P 1 » 


Hp  ■ l+(5a2H^/(2o^))((l/(l-(3o^A^*/5))^^®-l)  (5.21) 


b » 0 * *'p  ■ -«xp(-aj^A^z) 


Qp  « «xp(aj^AjjZ) 


H ■ l+(a2H^/oj^)(exp(o^A^»)-l) 


(5.22) 


Kioto  that  In  order  for  Eqs.  (5.20a)  and  (5. 21a)  not  to  violate  the  assuip- 
tibn  (5. 15b),  it  la  necessary  that  oij^  < l/(bAg). 
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Tha  oomparlsons  of  the  appi^oxinate  results  with  the  nunerlosl 
solutions  obtslned  for  b ^ i are  shown  In  Figs.  12  and  13.  The  agreesmnt 
Is  satisfactory'  for  small  and  moderate  values  of  o^.  The  degree  of  agree- 
ment decreases  as  o^  Increases.  The  agreement  Is  somewhat  worse  for  plane 
flow  than  axlsynsnetrlo  flow.  This  Is  because  for  a given  value  of  the 
standoff  distance  is  larger  for  plane  flow  than  for  axlsymmetrlo  flow. 
Thus  the  assumption  « 1,  upon  which  the  approximate  analytical  solu- 
tions are  based*  is  better  satisfied  in  the  latter  case  than  In  the  for-^ 
aer.  It  is  Interesting  to  note  that  for  axlsymmetrlo  flow  the  values 
c ■ Q,i7s  h « 0.116  are  associated  with  ■ 10.  Thus  the  assump- 
tlona  employed  to  obtain  the  approximate  analytical  solutions  ax>e  only 
moderately  wall  satisfied  for  the  data  presented  In  Fig.  12.  In  view  of 
this*  the  agreement  between  the  exact  and  approximate  solutions  is  pleas- 
antly surprising. 


APPROXIMATE  SOLUTIONS  FOR 

For  the  numerical  solutions  to  Eqs.  (5. IS)  appeared  to 

Indicate  a singularity  in  order  to  Investigate  this  matter*  an 

approximate  analytical  solution  valid  near  the  vehiole  surface  was  Bought. 
This  solution  will  now  be  discussed.  Writing  Eqs.  (5.12)  In  terms  of  the 
Independent  vwlable  n » I’*?.,  assuming  that  the  dependent  variables  have 
the  forms 

^p  “ “V*  % “ °2»  "^p  ' 

for  n <<  1 (where  o^*  c^*  c^*  and  u)  are  constants),  substituting  Eqs. 

(5.23)  into  (5.12),  expanding  for  n « 1,  and  retaining  only  the  largest 
term  in  each  expansion  leads  to  the  algebraic  equations  (for  b a 1) 
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C2*%V2-“iS  “ ° 

(l-«)Cj^-(l'fj)A^Oj  ■ 0 


(5.24) 


vhloh  hava  tha  aolutions 


- <aj^A^/2)(l-(l-(4t/(a^A^)))-^'^) 


Oj  ■ (a^/2)((l+<4Qjj/«j^))^'  -1) 


u ■ l-(l+J)((l+(4filjj/a^))^^*-l)/(l-(l-(4t/(o^A^)))^^*)  (S.25) 


Baoauaa  of  tha  local  natura  of  tha  solution,  cannot  ba  dstsrmlnad. 
Inapaetion  of  Eq.  (5.35o)  showa  that  tha  possibility  of  a solution  axhib- 
itlng  a slntularity  In  la  oonfirmad  (it  can  ba  shown  that  0 ^ w < 1). 
Inapaetion  of  Eq.  <5. 25a)  ravaala  that  a solution  of  thia  form  axlsta 
only  for  ~ should  ba  noi.>.  that  this  analysla  shows  only 

that  a local  solution  of  tha  form  Eq.  (5.23)  axists,  not  that  it  is  tha 
limit  of  tha  actual  solution  for  small  n.  It  is  found,  howavar,  that 
soma  of  tha  numarioal  solutions  oomputad  in  tha  prasant  thasis  do  exhibit 
bahavior  oonslstant  with  Eqs.  (5.23)  and  (5.25).  Consldar  tha  case  of 
j 3 1 and  ■ 10  for  which  it  was  praviously  stated  that  a » 0.175  and 

A.  3 0.116.  Thus  solutions  of  tha  form  Eq.  (5.23)  are  possible  for 
^ 6.04.  The  numarioal  results  indicate  that  such  bahavior  actually 
occurs  for  ^ 10.6.  For  this  range  of  values  of  a.^  tha  computed  data 
show  that  Fp(l)  « 0 and  Indicate  a singularity  in  Qp(l).  Furthermore, 
tha  predicted  profile  of  becomes  constant  for  small  n and  assumes  a 
value  in  excellent  agreement  with  that  indicated  by  Eq.  (5.25b).  These 


1^ 
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oonsldtrations  increase  confidence  in  the  proposition  that  Eqs.  (5.23)  and 
(5.25)  describe  the  behavior  of  the  partlole-phase  flow  field  in  the  oases 
where  Fp(l)  ■ 0.  These  formulas  cannot  be  used,  however,. to  predict  the 
value  of  o,.. 

The  presenoe  of  an  algebraic  singularity  in  the  particle-phase 
density  profile  indicates  a breakdown  of  the  theory  in  the  vicinity  of  the 
vehicle  surface, because  this  prediction  la  in  obvious  disagreement  with 
the  assumption  that  the  mass  fraction  of  the  particles  must  bo  small.  When 
this  is  not  so,  the  effect  of  the  existence  of  the  particles  on  the  motion 
of  the  air  must  be  accounted  for  (In  a thin  boundary  layer  adjacent  to  the 
body  surface  in  the  present  situation).  Since  the  primary  concern  of  this 
report  Is  the  case  for  which  particles  do  strike  the  surface  of  the  vehicle 
(that  is:  Oj,  < this  matter  Is  not  pursued  further  at  the  present 

time. 

NUMERICAL  SOLUTIONS  AWAY  FROM  STAGNATION  LINE 

In  this  section  attention  Is  given  to  solution  of  Eqs.  (5.2)  away 

from  stagnation  line.  This  is  facilitated,  os  previously  stated,  by  a 

Von  Hlses  transformation  of  the  type  familiar  from  boundary- layer  theory. 

Toward  this  end  a stream  function  is  defined  such  that 

P 

f.(e  sin  n)-*QpFp  ■ i|»p,j^,  (E  sin  n)^QpQp  » -♦p,^  (5.26) 

Finding  the  total  differential  of  <1*^  yields 

d<|»p  » -(t  sin  ri)^QpGpdtH((;  sin  n)^QpFpdn  (5.27) 

Reverning  the  roles  of  and  n (that  is  treating  as  an  independent 
variable  and  n as  a dependent  variable)  Cq.  (5.27)  becomes 
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dn  = (l/(c(5  sin  n)^QpFp))d*pt(Gp/Urp))d«  (5.28) 

fron  which  it  follows  that 


■ 1/(C(«  sin  n)^QpFp).  n,^  ■ Gp/<«*‘p)  <5.29) 

Ths  solution  Is  dsalrad  in  the  rsglon  0 ^ n ^ n^.  Ths  new  indspsndsnt 
varlabla  ^ ■ n/n^  naps  this  rsglon  into  0 - 4 - !•  This  variabls  will  bs 

ussd  fotr  ths  rsst  of  this  nsetion.  Converting  Bqs.  (S.2b|  0|  d)  to  ths 

* 

indspsndsnt  vsipiablsa  4p  and  then  writing  all  the  governing  equations 

and  boundary  conditions  in  tsnns  of  ths  new  Indspsndsnt  variablss  4^  (ths 

angular  ooordlnats  at  which  ths  partiole-phass  atresBllne  4p  ■ constant 

sntsrs  ths  shock  laysr)  and  x defined  by  Eq.  (S.ll)»  one  finally  obtains 

(with  the  aid  of  the  expression  d4j/d4p  ■ -l/(nj5jOoa(nj4gX6jSin(n£,4j))^) 

which  is  found  by  evaluating  Eq.  (5.26a)  on  ths  shook  and  noting  that 

Q.S-  ■ 1 F„.  ■ -co8(n„4,)) 

ps  pti  f s 


(r-F  )■='' 


Qp«-((ltA^)/(l+A^(l“s)))^^^(8in(nf4,)/»ln(n|,4))^« 


(cos(n|:4)/<**p4,^  )) 


(5.30) 


and 
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“ -oosCnf^g),  GpC^g.O)  = 8in(r»j*^) 

♦ (♦3.0)  « Hp(^g,0)  » 1 (5.31) 

whttx«  F,  Q,  and  H ax'a  detorminad  by  coiDt>inin£  Fqs.  (S.7)  and  (5.14).  It 
a«n  b«  8««n  that  no  darlvativaa  vlth  reapaot  to  # appoar  litt  Eqa.  (S.30a<dX 

B 

Thus  whan  integtatad  along  tha  j.>arti>?la~phasa  atrosialina  4 * constant» 

aP 

thay  may  ba  traatad  as  ordinary  dii’farantlal  aquations. 

In  tanas  of  tha  indapandant  vaniablaa  and  4 tha  dsflnition  (5J3) 
of  tha  oollaotion  afficlanoy  E is  difficult  to  amploy.  A mora  convaniant 
axprassion  oan  ba  found  by  applyins,  tho  prineipla  of  balanoa  of  mass  to 
tha  partiola-phasa  matarial  crnttainad.  In  tha  ragion  boundad  by  tha  lina 
4 > 0 and  tha  atneanliris  4 > oonstant.  Doing  this  it  in  easily  shown 
that  tha  collaction  affloiancy  at  tha  point  on  tha  bcidy  surfaca  whana  tha 
partiola-phasa  straanllna  > constant  stpDcas  tha  vshicla  is 

£(4^)  • (ltA^)^^'^^^sin(nf«^)/sin(n;«{*^.l)))^‘^^^^  (6.32) 

Tha  govarning  Gqs.  (5.30s-d)  wars  solved  by  employing  a founth- 
ordan  Runga-Kutta  mathod.  Tho  term  appearing  in  Eq.  (5. 30a)  was 
avaluatad  using  a two-point  backward  dif farenua  quotient*  and  wait  datar- 
ninad  from  the  resulting  algahrai.o  aquation.  Tha  solution  prooadura 
marohaa  forward  in  Tram  straamlina  to  straamlinc  using  tho  stagnation- 

m 

lina  (S  a 0)  solutions  found  in  previous  saotions  as  initial  conditions. 

B 

Soma  typical  results  of  th<i8«  calculations  are  presented  in  Figs.  18  - 23. 
Since  the  constant -density  eKpressious  usud  to  describe  the  g^aa  flow  field 
are  reasonable  only  over  tha  forward  port  of  the  vehicle*  r\^  was  taken  to 
be  30**  in  all  the  calculations  performod.  It  should  be  pointed  out  that 
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th«  num«ric«l  pK>oc«dur«  la  In  no  way  dapandant  on  tha  axpraaaions  vtaad  to 
rapraaant  P,  G»  and  H. 

Conputad  data  for  b » 1 (solid  llnaa)  ara  prsaantad  in  Figs.  18 
and  19,  togathar  with  two  oasaa  oo<rrasponding  to  b » 0 (dashad  lines)  for 
oonparison.  It  can  ba  saan  that  -F^  > '“^^(4^,1)  it  a daoraasing  func- 
tion of  ♦jj  ■ sanaitivlty  of  -Fpj^  to  ♦jj  is  a daoraas- 

ing function  of  a^.  The  flattening  affect  Is  aora  pronounced  for  b « 0 
than  for  b « 1.  Tha  graataat  curvatvu'a  occurs  for  > 0 whan  tha  solu- 
tion is  -F^  ■ ooaCn^djj).  As  inoraasaa, -F^  is  dacraasad  for  all 
Tha  affect  of  intarphasa  aonsntua  transfer , however , increases  with 
dsoraasing  4^  because  tha  atraaalina  curvature  of  tha  gas  phase,  and  thus 
tha  relative  velocity  between  tha  phases,  increases  as  tha  stagnation 
line  is  approached.  The  graataat  decrease  -'^pb»  therefera,  occurs  at 
4^  • 0 where  tha  affect  of  the  intarphasa  mcmantum  transfer  is  graataat. 
This  produces  the  flattening  affect  that  can  be  observed  in  Fig.  18. 

These  results  indicate  that  -F^^^  will  reach  zero  at  all  points  along  tha 
surface  of  tha  vehicle  simultaneously.  Thus  to  detemina  tha  range  of 
paraffietars  for  which  no  erosion  and  cratering  damage  will  occur,  it  is 
nooaasary  to  consider  only  the  stagnation-line  solutions  dlsoussed  in 
tha  previous  section. 

The  stagnation- line  solutions  Indicated  that  decreases  in  -•■pb 
accompanied  by  increases  In  ■ Qp(^g»l)-  Th*’^  this  is  true  for  all 

values  of  4j^  between  zero  and  unity  when  > 30^  can  be  seen  fromFij^lB. 
This  compression  of  the  particle  phase  increases  with  increasing  4^  and 
and  is  riwre  pironounced  for  b » 1 than  for  b * 0. 

The  collection  affioienoy  of  the  portion  of  the  vehicle  surface 
betwoen  the  stagnation  line  and  the  point  where  the  particle-phase 


atroanllM  # = constant  Intersects  the  surface  is  a decreasing  function 
of  The  sensitivity  of  E to  the  value  of  increcises  sharply  with 
increasing  and  is  greater  for  b = 1 than  for  b = 0. 

The  particle-phase  temperature  either  an 

increasing  or  decreasing  function  of  depending  on  the  values  of 
and  b.  The  b{«havior  that  actually  occurs  depends  dh  the  interaction  of  a 
variety  of  faotorsi  and  no  simple  explanation  is  obvious  to  the  present 


author. 


Figures  20  and  21  present  results  for  b - 0 (solid  lines)  with 


two  cases  corresponding  to  b = 1 (dashed  lines)  for  comparison.  The 
trends  of  the  d&ca  are  Identlo'i ' to  those  inferred  from  inspection  of 
Figs.  IB  and  19.  It  seems  clSi  Lhat  all  of  the  variables  are  more 
sensitive  to  the  values  of  and  for  b » 1 than  for  b =>  0. 

Figure  22  illustrates  the  influence  of  the  free-stream  Mach 
number  on  the  values  of  -Fp^  and  V-  Inspection  of  the  plotted  data 
shews  that  -Fp^  is  an  increasing  function  of  while  V is  a deoraas" 
Ing  function  of  Also  the  curvature  of  -Fp^  versus  increases  as 
increases.  All  of  these  trends  are  explained  by  the  fact  that 
increasing  decreaser.  and  thus  decreases  the  effect  of  intsrphasn 
momentum  transfer. 

Figure  23  shows  the  influence  of  the  parameter 
a.  » 0,  the  solution  is  H . » 1.  As  ci„  increases,  the  influence  of  the 
gas  temperature  (which  is  a function  of  #j,)  increases,  and  Hpj^  becomes 
increasingly  sensitive  to  the  value  of  Also  as  increases,  the 
interphase  heat-transfer  mechanism  becomes  more  effective  in  moving  the 
particle  phase  toward  thermal  equilibrium  with  the  gas  phase  (which  is 
at  a highei'  temperature).  Thus  is  an  increasing  function  of  a^. 
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Theao  results  have  been  computed  assuming  that  no  mass  loss  from  the  par- 
ticle phase  occurs.  Tney  should,  therefore,  serve  as  useful  standards  of 
comparison  for  the  prediction  of  more  sophisticated  theories  which  allow 
for  particJ.e  vaporization. 


APPROXIMATE  ANALYTICAL  SOLUTIONS  AWAY  FROM  STAGNATION  L7NE 


As  has  been  said  previously,  it  is  interesting  to  find  approximate 
analytical  solutions  for  thin  shock  layers.  To  do  this  the  ass'jmptions 


Fp/F  » 1,  Hp/H  « 1 

G = Gg  = sinCn^4>g),  H = = e(lnM2(l-E)cos2(nj:»^;)  (5.33) 


are  invoked.  Equations  (5.30)  then  simplify  to 


F F , -a  A (F  2+(Q  -G^)2) 
upz  is  p s p 


(l-b)/2 


F = 0 


F G ,,+a  A (F^2+(c!  G .2)(l-b)/2(Q  Q j ^ ^ 

p p Z 1 s p s p s P 


F =0 
p *z 

F H , +a„A  H = 0 
p p’z  2 s s 


Qp  = -(sin(nj;iti^)/8in(Ti^it>))^{cos(n^i))/(Fp(Ji,^  ))  (5.34) 


Solving  Eqs.  (5. 34b,  c)  subject  to  Eqc.  (5.31b,  c)  yields 


Gp  = 


(5.35) 


Using  Eq.  (5.35a)  simplifies  Eq.  (5.34a,  e)  to 


F F , +oi,A  (-F  _ Q 

P n ' *7  I s P 


Q = -cos(nf*)/F 
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(5.36) 


Solving  Eq.  (5.36a)  subject  to  Eq. (5.31a),  substituting  the  result  into 
Eqs.  (5.34d)  and  (5.36b),  and  using  Eq.  (5.31d)  one  obtains  for  some 
realistic  values  of  b 

b = 1 ! Fp  a -coa(n^*g)(l-(a^A^a/c08(ri^*^))) 

Qp  = l/(l-(oij^A^z/cos(n£,^g))) 

Hp  a l+(a2H^/a^)log(l/(l-(a^A^z/co8(nj4*^))))  (5.37) 

b a 3/5  ! Fp  = rCO3(rt^l|ly)(l-(3«^AgZ/(50O8®'^^(n£^g))))^^® 

Qp  = l/(l-(3aj^A^a/(6c08^''®(nf4'g))))®^® 

Hp  = H-(5a2Hg/(2aj^cos^''®(nf<)>3)))((l/(l- 

( 3c:  j^A^z/  ( 5cos^''®(n£iJg  )))))-!)  (5.38) 

b » 0 ’ “ -co8(n£'|i3)exp(-aj^A^z) 

Qp  exp(o^A^z) 

Hp  5 l+(a2Hjj/<o^cos(nji|>g)  »)(oxp(a^AgZ)-l)  (5.39) 

As  discussed  previously,  these  solutions  are  useful  both  because  they 
indicate  some  of  the  qualitative  featui'es  of  the  exact  solutions  and 
because  they  provide  quick  estimates  of  the  flow  variables  for  thin  shock 
layers . 


I 


Chapter  6 


INVESTIGATION  OF  ASSUMPTIONS 

For  the  sake  of  simplicity » all  previous  calculations  were 
carried  out  under  conditions  equivalent  to  the  assumptions  that  volume 
fraction  of  the  particle  phase  was  negligible  and  that  all  the  suspended 
particles  were  identical  spheres.  In  the  present  chapter  these  restric- 
tions are  relaxed  and  calculations  are  carried  out  to  investigate  the 
importance  of  nonnegligible  particle-phase  volume  fraction  and  the  dis- 
tribution of  particle  sizes  within  the  mixture. 

EFFECT  OF  FINITE  VOLUME  FRACTION 

When  the  volume  fraction  (pp/*p'p)  iPp  being  the  true  density  of 
particle  material)  of  suspended  particles  is  not  negligible,  it  is  found 
that  the  constitutive  Eqs.  (2.3)  must  be  modified  to  allow  5 and  c 
to  depend  on  the  particle-phase  volume  fraction.  In  this  section  the 
importance  of  such  a modification  is  investigated.  One  of  the  few  cases 
for  which  the  modified  forms  of  S and  C have  been  determined  is  that  of 
an  Idealized  suspension  satisfying  the  following  conditions:  (1)  the 
volume  fraction  of  the  particle  phase  is  finite  but  small,  (2)  the  parti- 
cle phase  consists  of  identical  nondeformable  spheres  of  radius  a,  massm, 
and  thermal  conductivity  k,  (3)  the  Reynolds  number  and  Mach  number  for 
the  microscopic  flow  past  each  individual  particle  are  infinitesimal, 

(4)  the  gas  viscosity  p in  the  vicinity  of  each  particle  can  be  treated 
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cis  a constant.  Under  these  condi-tions  the  following  constitutive  equa- 
tions are  appropriate 


S = N,p„(l+R,(p  ) 

Ip  1 p p p 

C = N2PpC(l+R2(Pp/Pp)^^®(T-Tp)  (6.1) 

It  can  be  shown  (see  Marble  CS]  who  carries  out  the  derivation  for  the 
case  of  = Rg  = 0)  that  = 6irap/m  and  Nj  = 4iTatc/mc.  Several  authors 
have  addressed  themselves  to  the  question  of  determining  R^.  Happsl  and 
Brenner  [16l  give  the  value  R^^  = 3/2.  Using  a method  equivalent  to  that 
employed  by  Kappel  and  Brenner  [163*  the  present  authors  have  obtained  the 
result  Rj  = 1. 

Because  the  flow  in  the  vicinity  of  the  forward  stagnation  line 
of  a sphere  or  cylinder  is  governed  by  ordinary  differential  equations, 
the  problem  of  determining  this  flow  serves  as  a useful  test  case  when 
investigating  the  importance  of  modification  such  as  the  one  under  dis- 
cussion in  the  present  section.  Using  Eqs.  (6.1)  the  dimensionless 
Eqs.  (5.12)  are  replaced  by 

(FpQp)»-(l+j)(A^/(l+A^(l-2)))(FptGp)Qp  = 0 

Where  6,  = (3/2)(o  /p  )^^^  and  3.,  = (p„  /p  )^^^  = 26, /3. 

X p***  p A p**  p X 
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It  can  b«  seen  that  for  finite  volume  fractions  the  velocity 
conponentB  are  not  independent  of  density  as  they  are  trtten  volume  frac- 
tion is  negligible. 

Equations  (6.2)  were  solved  for  a variety  of  values  of  6^.  Some 
typical  results  of  these  calculations  are  presented  in  Figs.  24  and  25. 

It  can  be  seen  that  the  value  of  6^  has  no  qualitative  effect  on  the 
dependence  of  the  dependent  variables  on  a^.  Thus  it  appears  that  the 
effect  on  finite  volvime  fractions  could  be  accounted  for  by  modifying  the 
values  of  and  appearing  in  the  original  constitutive  Eqs.  (2.3). 

In  the  idealized  situation  under  discussion  here,  this  approximation  Is 
unnecessary  because  the  forma  of  the  corrections  for  finite  volume  frac- 
tions arc  known  CFqs.  (6.1)].  For  actual  suspensions  the  mlorosoopio 
details  of  the  suspension  properties  [and  thus  the  form  of  the  collec- 
tions to  Eqs.  (2.3)]  are  unknown.  In  general,  therefore,  there  is  no 
alternative  to  the  procedure  of  modifying  and  to  obtain  the  best 
fit  to  experimental  data.  The  results  of  the  present  section  indicate 
that  this  method  is  qualitatively  correct.  The  computed  results  also 
indicate  that  the  amount  of  modification  necessary  will  be  substantial 
for  the  larger  values  of  Unfortunately,  the  larger  values  of  6^ 
shovm  in  Figs.  24  and  25  probably  exceed  the  range  of  validity  of 
Eqs.  (6.1).  The  possibility  of  reaching  a definitive  conclusion  about 
this  matter  is,  therefore,  precluded. 

DISTRIBUTION  OF  PARTICLE  SIZES  I 

4 

If  the  particle  cloud  of  a suspension  consists  of  a distribution 

i 

of  particles  of  different  sizes,  the  values  of  and  will  not  be  the 
same  as  those  appropriate  to  the  situation  in  which  all  the  particles 
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have  Idantloal  slses.  Th«  purpose  of  this  section  Is  to  Investigate  the 
amount  of  dlfforanca  that  will  occur.  Toward  this  end,  consider  an 
idealised  particle  phase  made  up  of  N subphases.  Each  subphase  contains 
enough  particles  to  be  treated  as  a continuum  and  obeys  the  constitutive 
aquations 


(6.3) 


where  the  subscript  1 denotes  the  1th  subphase  and  "li  • 6itaj^w/mj^» 

N2^  ■ (4iTa^tcp/(m^c).  Thus  each  subphaae  has  a negligible  volume  frac- 
tion and  obeys  conditions  (2),  (3),  snd  (4)  of  the  previous  section. 

Note  that  the  expression  for  can  also  be  written  as  Nj^j|^«9u/(2ppa£®) . 
Prom  this  it  can  be  seen  that  the  parameter  (or  is  a 

function  only  of  the  particle  size  a^.  associated  with  the  1th  subphase. 
It  can  be  shown  that  the  stagnation-line  collection  efficiency  for  such 
a suspension  is 


(6.4) 


The  collection  efficiency  associated  with  the  1th  subphase  is 


■^1  ■ 


(6.5) 


Defining  the  mass  ratio  of  the  1th  subphase  to  be 


' ‘’pl«''iil‘’pi« 


(0.6) 


and  combining  I^qs.  (6.4),  (6.S),  and  (6.6)  yields 


E = 


(6.7) 


Sev«ral  oaloulatlons  of  sphei>«  collection  efficiencies  have  bean 
parforme''.  for  the  casa  of  N s 5 and  Mo,  » 10 . Some  typical  results . are 
displayed  In  Table  1.  The  quantity  ^(*^2^)  represents  the  collection  effi- 
cieney  associated  with  a particle  phase  consisting  of  identical  particles 
for  which  quantity  E is  computed  from  Eq.  (6.7). 

It  can  be  seen  that  for  all  the  entries  In  Table  I the  results  based  on 
the  equivalent  are  within  five  percent  of  those  based  on  Eq.  (6.7). 

It  is  li)<ely  that  the  agreement  would  be  even  better  for  actual  suspen- 
sions because  the  spread  of  the  properties  assumed  for  the  calculations 
is  unrealistically  lau>ga.  It  thus  appears  that  values  of  and  based 
on  the  average  properties  of  the  particle  phase  are  quite  adequate  for 
the  types  of  calculations  performed  in  the  present  report.  (Probsteln 
and  Fassio  [6]  had  reached  this  same  conclusion  employing  a different 
approach  involving  the  use  of  the  normal  distribution  function  to  repre- 
sent the  distribution  of  particle  sizes.) 


Chapter  7 

SHOCK  LAYERS  OH  GENERAL  BODIES 

In  Chapters  S,  and  6 solutions  have  been  presented  for 

seme  simple  body  shapes.  The  simplified  nature  of  the  geometry  in  these 
problems  has  helped  to  focus  attention  on  the  various  Interesting  phys- 
ical phenomena  which  occur  in  supersonic  two-phase  flows.  In  this 
chapter  and  the  next  one  it  Is  desired  to  put  the  governing  aquations 
for  the  particle  phase  In  formH  that  will  be  useful  to  engineers  con- 
cerned with  two-phase  flows  over  a wide  range  of  body  shapes.  In  this 
chapter  the  governing  equations  are  simplified  for  the  case  of  plane  or 
axisymmetrlo  flow  past  a oymmetrlc  body  at  zero  angle  of  attack.  Several 
transformations  of  independent  variables  are  made  until  a form  of  the 
equations  is  reached  which  is  convenient  for  numerical  solution  of  prob- 
lems involving  arbitrary  symmetric  body  shapes.  The  final  form  of  the 
governing  equations  is  one  of  the  main  results  of  this  chapter.  Besides 
being  convenient  for  numerical  work,  the  equations  when  written  in  this 
form  lend  themselves  readily  to  simplifination  for  the  case  of  thin 
shook  layers.  It  is  found  to  je  possible  to  obtain  analytical  solutions 
to  the  simplified  equations.  These  solutions  are  valid  for  any  body 
shape.  As  a simple  application  of  the  complete  equations,  they  are 
applied  to  the  problem  of  flow  past  a wedge.  The  results  of  this  anal- 
ysis are  used  to  illustrate  various  parametric  trends  and  to  evaluate 
the  thin- shock- layer  solution  discussed  previously. 

In  the  next  chapter  and  the  next  one  it  will  be  assumed  that  b = 1 
in  Eqs.  (2.4).  This  is  done  for  simplicity  and  does  not  affect  any  of  the, 
subsequent  analysis. 
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SHOCK-LAYER  EQUATIONS 

Consider  axlsymnetrlc , steady,  supersonic,  two-phase  flow  past  a sym- 


ootrlc  body.  The  geometry  of  the  system  is  shown  in  Fig.  26  which  serves  to 
define  the  tangential  and  normal  coordinates  x and  y,  the  body  radius  R(x), 
the  tangential  and  nonital  velocity  components  and  v^,  the  body  transverse 
curvature  h(x),  the  body  angle  0^(x),  the  shook  angle  and  the  shock 

wave  y.  « y.(x).  In  terms  of  x and  y Eqs.  (2.4)have  the  forms 
((R+y  cos  9b^^^p“p^»x  cos  6j^)^PpVp),y  » 0 

(Up/(l+hy))Up.jj  + ^p'*p*y  <hUpVp/(l+hy))  ■ Nj^(u-Up) 

(Up/(l+hy))Vp.jj  + Vp*y  " 

(Up/(l+hy))Tp.j^  t VpTp,y  - NjCc/OpXT-Tp)  (7.1) 

where  j ■ 1.  For  plane  flow  one  obtains  the  same  equations  with  j ■ 0.  Sup- 
pose that  the  free-strean  velocity  is  U^,  the  free-strean  temperature  is  T^,  the 
free-strean  particle  density  is  Pp„,  and  It  is  desired  to  investigate  collisions 
of  particles  with  the  body  surface  between  x » 0 and  x * L.  It  is  convenient 
to  define  dimensionless  quantities  os  follows: 


5 « (x/L),  n = (y/L),  Fp  = (Up/U^), 

Or,  “ (v„/U,) 
p p “ 

“p  “ ^ “ <u/U„),  Q = Cv/U^), 

H - (T/T.) 

Op  = (Pp/Pp«)l  “ <R/b),  K a hL 

(7.2) 

Substituting  Eqs  .(7. 2)  into  Eqs  .(7.1)  yields 

((r+n  cos  ^b^^^p’^p^’C  * ((l+*'’i)(r+n  cos 

)\Op>>„  ■ 0 

(Fp/(ltKn))Fp.^tGpFp.^  t (KFpGp/dfxn))  = 

(Fp/(i+Kn))Gp,g  + Vp‘n  “ “ 

»lW-Gp> 

(Fp/(ltKn))Hp.^  + QpHp,^  = «2<»-"p> 

(7.3) 

where 

(7.4) 
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Equations  (.7.3)oan  be  put  In  a more  convenient  form  by  the  use  of  a Von  Mlaes 

transformation.  Toward  this  end,  a dimensionless  stream  function  ^ is  defined 

P 

which  satisfies  Eq.  (7,3a).  Thus 


(l+Kn)(r+n  cos  ®j5)^QpGp  = 

(r+n  COB  6.  )^Q  r ■ -1(1  , 

» P P P 1 

The  total  differential  of  t(i^  is 

d*  « (l+tcn)(rtn,  cos  cos  fl.  )^Q  F dn 

P b 'p  p b ^p  p 

Reversing  the  roles  of  and  K yields 

dC  ■ (di(i  /((1+Kn)(rtn  cos  (f‘^dn/((l+<n)G  )) 

From  Eq.  (7.7)  it  Is  seen  that 

••  i/((i+icn)(r+n  000  ®jj)^QpQp) 

Fp/((l+Kn)Qp) 


(7.5) 

(7.6) 

(7.7) 


(7.8) 


Trans f camming • Eqs , (7. 3L)  (7. 3a)  and  (7. 3d) and  rearranging  Eqs.  (7.0)  produces 

Vp’n  * 

®n®n*n  “ (<Jn/(l+'<n ) ) » a.(Q-Q  ) 

P p n p ip 

Vp’n  ■ 

V’n  ■ 


Qp  « l/((i+(cn)(r+n  cos  ) 


(7.9) 


It  can  bo  seen  that  Eqs.  (7.9a-d)  contain  no  derivatives  with  respect  to 
Thus,  if  they  are  integrated  along  a peu?ticle-phaso  streamline  (a  line  of  >1)^  » 
constant)  they  can  be  treated  as  ordinary  differential  equations.  Once  this  is 
done,  the  density  Qp  can  be  found  along  the  streamline  from  Eq.  (7.9o).  it  should 
be  recalled  that  k,  r,  F,  G,  and  H ore  functions  of  C which  is  now  one  of  the 
dependent  variables.  The  degree  of  nonlinearity  inherent  in  the  transformed 
eq\iatlons  is  oonsiderably  greater  than  that  exhibited  by  the  original  equations. 

For  convenience  in  numerical  integration  of  Eqs.  (7.9)  two  further  trans- 
formations of  coordinates  were  found  to  be  helpful.  Both  are  suggested  by  the 


V 


•xpcz'lonc6  gained  from  the  work  desoribad  in  praviouo  chaptars  with 
ainplar  but  analogous  sets  of  equations.  The  first  defines  a new  normal 
coordinate  z by 
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1^ 


(7.10) 

This  maps  the  interval  0 - n ^ n into  the  region  1 - z - 0.  In  terms  of 


z » 1 - (n/hg) 


the  independent  variables  i|ip  and  z the  governing  equations  are  found  to  have 


the  form 


°l°p°p*z  ''’’s°2^p  ® 

0 


°iVp**  ^ «2^s<«-«p> 


D,G_C,_  + D^n  * 0 


2'Vp 

Op  ■ ^ 

where 


(7.11) 


Dj^  ■ 1 - ((n^(l-z)Fp)/((ltK:nj(l-z))Gp)) 


Dg  “ l/d+tcn^d-z)) 


Dg  ■ r+ng(l-z)oo8 


(7.12) 


In  Eq8.^'^'^2)a  prime  denotes  differentiation  with  respect  to  t. 

The  last  transformation  Involves  the  replacement  of  the  stream  function 
<»p  by  the  coordinate  5^  at  which  the  streamline  » constant  intersects  the 


shook  wave.  On  the  shook  wave 


F * cos  0.  , ' G„  * -sin  0v  , 
ps  bo  ps  DO 


Q » 1 

ps 


(7.13) 


where 


bo 


(7.1*) 


Evaluating  Eq. (7.6)  on  the  shock  yields 


J 


% “ -<Di0°30/®2O^  ®bo 


(7.15) 


where 


J 
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°10  “ ^ ®bo^^ 


^^20  “ ^ Vso^ 

^30  “ '■o  ♦ '’so  °°«  ®bo 
In  Eqs.  (7.16) 


Thus 


V ■ ".'«.>•  "io  • "i".* 


,i 


(7.16) 


(7.17) 


(7.10) 


• <€.5  XdC^/d-j-p)  - -(D2q/(D^qDJq  sin  ej^^))«.^ 

P 8 8 

This  transformation  affaots  only  Eq.(7.12«).  iha  final  sst  of  governing  equa- 
tions in  terms  of  the  independent  variables  and  c ia 

^iS**?'*  " '"’8°2Vp  * ® 

+ •«n„DoF2  ^ a „ (Q.Q  ) a 0 
xpps  02p  xa  p 

■*■  a«n,(H-H  ) » 0 
1 p p z 2 a p 

Vp«-.  ' ‘'s".''p  • “ 

% - «boV-«  > 

s 

The  appropriate  initial  conditions  ora 


vj/ 


(7.19) 


Fp(5^,0)  » cos  e 


bo*  ®bo»  M5„.o)  - 1,  e:(?„,0)  « e„(7*20) 


p'^o’  ’ -’-a.--  -g 

The  governing  equations  have  new  been  put  in  a form  which  is  convenient  for 
any  symmetric  body  shape.  It  should  be  pointed  out  that  the  transformations 
discussed  in  this  section  do  not  depend  on  the  specific  forms  of  the  inter- 
phase  momentum  and  heat  transfer  laws  that  are  used. 

A quantity  of  interest  in  problems  of  the  kind  under  consideration  in 
the  present  paper  is  the  local  collection  efficiency  E(C^).  This  is  defined 
to  be  the  rate  at  which  particle-phaao  material  actually  strikes  the  surface 
of  the  body  between  C = 0 and  f,  = L = C(t  ,1)  divided  oy  the  rate  that  would 

D 8 

occur  if  interphaae  momentum  transfer  were  absent.  It  is  easily  shown  that 


Where 


Dgb  “ *’b  * 


(7.22) 


THIK  HiCK  LAYERS 


As  s fiz*st  application  of  tha  squctiona  dsirlvad  in  tha  last  saotlon, 
oonsldarstlon  will  ba  givan  to  thin  shook  layaPB»  that  is  shook  Isyafs  for 


whioh 

n,  « 1.  n;  « 1 

Using  Eqs.  (7.23),  Eqs.(7.12)  and(7.16)oan  ba  slnpllfiad  to 
“l  ■ “2  • "10  ■ “20  ■ “3  ■ ' • “30  ■ 'o 

Substituting  Eqs.(7.23)  aiid(7. 24)into  Eqa.(7. 19)  ylalds 

Vp*z  " * 0 

Vp’«  ^ Vs<°  - Qp>  - 0 

M..*.  + <»on.(H  - H„)  ■ 0 

p p s « ■ p 


(7.23) 


(7.24) 


Op  • epp/Spt.j  ) 


(7.25) 


In  obtaining  Eq8.(7.25)  tha  posslbllltias  that  ■ 0(1)  and  that  012%  " 
have  been  allowad  for.  Eciualion  (7.2Sd)aan  ba  Inntediataly  intagrated  subject 


to  Eq.(7.20d)  to  yield 

c(e,.*)  « f.^ 

This  shows  that 

r(0  « p(£  ) « r , F(5,z)  » F(t_,z)  - 

V W So 

G(c.*)  » QU.z)  » Q,,  H(r,,*)  ■ H(e_,»)  • H 

9 0 0 8 


(7.26) 


(7.27) 


For  thin  shook  layers  It  will  be  asaunad  that  tha  gas  variables  are  indapandant 


of  e.  ITiat  is 

f.  ■ ‘■.o  • ■ <5.0  • «,o  ■ 


(7.23) 


If  the  air  is  traatad  as  a perfect  gas  tha  ratio  of  tha  gas  density  in  tha  free 
stream  to  tha  gas  density  just  behind  the  shock  is 
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« *1  (CY-DM*  8in^  e_  + 2)/((Y+1)m2  ait}  6) 


(7.29) 


wh«r6  Y is  the  ratio  of  specific  heats  for  a perfect  gas  and  is  the  free- 
stroan  Naoh  number.  In  terms  of  these  quantities  it  can  be  shown  that 


COB  0.^  + e sin  6 ain  9.^ 

BO  80  LO  80  LO 

G,^  ■ 008  e_  sin  9.^  - e ain  9 ooa  9, 
so  so  LO  so  Lo 

Hso  * e(1  + (I-e)yM*  ain^  9^) 

where  9.  ■ 6^^  -9.  „ 

Lo  so  bo 


(7.30) 


For  a thin  shook  layer  9j^  « 1 and 

^O  • ®bO*  °80  * *bO 

Substituting  Eq. (7.31a)  into  Eq.(7uJ5a)  and  solving  subject  to  Eq.^7.20a)  yields 


^’p  “ ®bo 


(7.32) 


Following  Probatein  and  Fasslo  [6]  assume  that  |G  | >>  |g|  and  H <<  H for 

r r 

a thin  shock  layer. 

Simplifying  Eqs. (7.25b)  and(7.25o)  accordingly  and  using  Bq.(7.26)  results  in 

P X Ji  80 


P p Z 2 80  so 


(7.33) 

Solving  '^'aese  equations  and  using  tho  initial  condltions(7. 20b)  and(7.20c)  one 
obtains 

Gp  « -sin  «i,o(l-(aingoZ/8in  0^^^)) 

Hp  a lf(ajh^/oi^)log(l/(l-(a^ngQz/8in  (7.34) 

Substituting  Eq.s.(7. 26),(7. 27c),  and(7. 34c  ) into  Eq. (7.25)  yields 
Op  « l/d-iOj^n^z/sln  (7.35) 

Substituting  Eqs. (7.24)  Qnd(7.26)  into  Eq.(7.21)  shows  that  to  the  order  of 
approximation  of  the  present  solution 

E * 1 (7.36) 

These  simple  closed-form  solutions  are  applicable  to  symmetric  bodies  of 
any  shape  and  should  be  useful  both  for  obtaining  quink  estimates  of  tho 
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properties  of  tvo-phase  shock-layer  flows  and  for  demonatratlon  of  various 
parametric  trends.  In  using  these  solutions  it  should  be  noted  that  only 
positive  values  of  (l-Coj^ng^z/sin  are  meaningful.  When  this  quantity 

vanishes  the  assumption  Ig^I  >>  1g|  is  already  violated. 

FLOW  PAST  A SYMMETRIC  WEDGE 

As  an  example  of  the  application  of  the  complete  Eqs.(7. 19)  the  flow 
past  a symmetric  wedge  is  considered.  Tlie  geometry  of  this  problem  is 
shown  in  Fig,  27.  The  wedce  is  an  important  aerodynamic  shape  and  it  is 
the  only  body  for  which  an  exact  closed-form  solution  to  even  the  inviscid 
equations  of  mot* on  for  the  gas  phase- is  known.  For  the  latter  reason  this 
problem  makes  a useful  test  case  for  calculations  of  the  type  under  discus- 
sion in  the  present  paper.  It  is,  therefore,  of  both  theoratical  and  prac- 
tical interest. 

From  Fig. 27  it  can  be  seen  that 

«•  = 0,  n ~ K tau  0,,  u'  " tan  6.-  v = K sin  0,  (7.J7) 

’ s L s L b 

where  0.^  and  0,  = 6 - 0.  are  now  constants.  Substituting  Eqs.  (7.12),  (7,16), 

b Jj  s b 

(7. 17),and(7. 37)  into  Eqc.(7.ig)  yields 

\ - -lar-lpMan  = 0 

tan  0p  - - a^t(G-Gp)tan  1%  ■ 0 

<(l-“)F.p  - “pWp.n  - »j£(H-Hp>tan  . c 

<(1-,,)F  tan  Oj^  - Gp)£,j,_  - {1'^  tan  = 0 

Q = l/((sin  0,  + tan  0,  costl,  ) ((l-z)r  tan  h.  - G ) (7.38) 

p b L D p . U p 

If  it  is  assumed  that  the  velocity  components  and  temperature  of  the  air  can 


:-^avfnted  to  a sufficiant  degree  of  accuracy  by  the  solution  for  flow 
A .\ri  i/vVisM'id  perfect  gas  (with  y - 1.^)  has 


fi  ft 


H = H 


s 


G = 0 


(7.S9) 
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where  e and  H are  given  by  Eqs«(7.29)  euid(7  J30c)reapectively  and  8 is  now 
s s 

regarded  as  a conistant.  The  sho^^k  angle  0^  can  be  found  as  a function  of 
the  body  angle  by  making  use  of  tables  or  charts  such  as  those  given 
by  Llepmcunand  Roshko  Cl5]«  To  complete  the  fo'..''mulation  of  this  problem 
tt  is  noted  that  the  local  collection  efficiency  is 

E=. (Cg/Cb)  (7.40) 

EquationsCT. 38)  were  solved  numerically  subject  to  Eqs.(7.20).  Eqs. 

(7. 30a-d)tfere  integrated  numerically  along  various  streamlines  (lines  of 
i s constant)  starting  at  ^ s 0.  On  a given  streamline  the  numerical 
integration  was  carried  out  using  a fourth  order  Runge-Kutta  method  start- 
ing at  z = 0 and  proceeding  to  z = 1.  After  Eqs.(7.30a-d)  were  solved 
along  the  streamline,  Eq.(7. 38e)  was  solved  for  Q^.  The  partial  derivative 
with  respect  to  was  I’eplaced  by  a two-point  backward  difference  formula 
to  convert  Eq.(7.38e)  to  an  algebraic  equation.  Some  typical  results  of 
these  numei’lcal  calculations  ai'e  presented  graphically  in  Figs.  28-35. 

Figure  28  shows  results  for  the  quantities  of  the  most  importance  in 
estimating  the  cratering  and  erosion  damage  likely  to  be  experienced  by  a 
flight  vehicle;  namely,  the  particle-phase  normal  velocity  at  the  body 
surface  = Gp((;g,l)  and  the  particle-phase  density  at  the  vehicle 

surface  = 0^(5^,!).  These  quantities  are  plotted  versus  the  distance 

from  the  leading  edge  of  the  wedge  Figure  28  pertains  to  a free-stream 

Mach  number  of  ten  and  a wedge  half-angle  of  five  degrees.  It  can  be  seen 
that  the  impact  velocity  decreases  and  the  density  increases  as  the  dis- 
tance from  the  leading  edge  increases.  When  (the  measure  of  the  effec- 
tiveness of  interphase  momentum  transfer)  is  small,  both  and  are 
nearly  constant.  As  increases,  the  variations  of  and  become 


'I 


'( 

I 

1 


I 

1 

J 
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increasingly  pronounced.  The  variation  of  the  normal  velocity  illustrates 
the  transition  from  a state  of  frozen  flow  (the  particle-phase  motion  is 
Independent  of  that  of  the  gas  phase)  at  € = 0 toward  a state  of  equilibrium 
flow  (the  two  phases  have  Identical  motions)  which  is  nearly  achieved  at 
5^  « 1 for  the  larger  values  of  This  behavior  is  due  to  interphase 
momentum  transfer  which  tends  to  bring  the  normal  particle-phase  velocity 
into  equilibrium  with  the  normal  gas-phase  velocity  which  is  zero  in  this 
case.  For  a given  Interphase  momentum  transfer  is  enhanced  by  increas- 
ing and  for  a given  Interphase  momentum  transfer  is  enhanced  by 
increasing  (whic)t  increases  the  length  of  the  streamline  that  a particle 
must  traverse  to  reach  the  wall).  It  appears  that  for  a wedge  or  cone  com- 
plete equilibrium  flow  is  never  reached  even  if  the  body  is  infinitely  long. 
This  is  in  contrast  to  the  two-phase  flow  past  a sphere  or  cylinder  where 
complete  equilibrium  flow  is  possible  near  the  body  surface  for  certain 
combinations  of  parameters  (refer  to  Chapter  5.)  It  can  be  seen 
that  the  decrease  in  particle -phase  normal  velocity  is  accompanied  by  a 
compression  of  the  particle  phase  which  increase:  in  severity  as  either 
or  is  increased.  Tills  is  significant  because  It  shows  that  the 
particle-phase  mass  fraction  may  be  negligible  in  the  free  stream  but  non- 
negllgible  near  the  surface  of  the  body.  In  such  a situation  the  theory 
employed  in  the  present  paper  would  be  inadequate  and  it  would  be  neces- 
sary to  solve  the  coupled  equations  governing  the  air  and  particle  motions 
simultaneously.  Thus,  computation  of  the  particle-phase  density  (which 
has  not  been  carried  out  by  most  previous  investigators)  not  only  provides 
information  about  the  distribution  of  impacts  on  a vehicle  surface , but 
also  provides  an  important  check  on  the  self-consistency  of  the  theory. 
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Figures  29  and  30  present  data  for  a free- stream  Mach  number  of  ten  and 
a wedge  angle  of  fifteen  degrees.  Increasing  the  wedge  angle  Increases  the 
thickness  of  the  shock  layer  (and  thus  the  effectiveness  of  Interphase 
momentum  transfer  for  a fixed  a^)  and  also  Increases  the  normal  velocity  of 
the  particle  phase  at  the  shock.  A comparison  of  the  results  for  in 
Figs . 28  and  29  reveals  that  the  latter  effect  Is  predominant  as  far  as 
is  concerned.  Tliat  lsi  for  a given  the  surface  velocities  Increase 
with  increasing  6^.  For  a fixed  the  surface  densities  are  also  an 
increasing  function  of  6^^  which  shows  that  the  behavior  of  Is  pri- 
marily dependent  on  the  effectiveness  of  Interphase  momentum  transfer. 

Figure  30  shows  numerical  results  for  the  particle -phase  temperature  at  the 
surface  of  the  wedge  and  the  local  collection  efficiency  E. 

It  can  be  seen  that  the  surface  temperature  Is  increased  by  increasing 
(because  increasing  the  effectiveness  of  interphase  momentum  transfer 
lengthens  the  time  required  by  each  particle  to  traverse  the  shook  layer 
and  thus  provides  more  time  for  heat  to  be  transferred  from  the  wanner 
gas  phase  to  the  cooler  particle  phase).  The  collection  efficiency  decreases 
along  the  body  surface  and  with  increasing  a^.  It  can  be  coen  that  for  a 
given  ot^  E approaches  its  equilibrium  I3111J.I  (z.oro)  much  more  slowly  than 
does  This  is,  of  course,  due  to  the  corresponding  increase  in  Q^j^. 

In  Fig.  31  results  are  presented  for  a free-stream  Mach  number  of  ten 
and  a thirty-degree  wedge  angle.  Here  both  the  numerical  solution  (solid 
lines)  and  the  analytical  thin-shock-layer  solution  (dashed  lines)  are 
plotted.  Compai’ison  of  the  solid  lines  with  the  data  previously  discussed 
tends  to  confirm  the  statements  made  earlier  concerning  the  influence  of 
on  the  values  of  and  Qpj,*  ~ !•*♦)  no  shock  layers  on 


wedges  are  particularly  thin.  In  this  case  the  value  of  9^  is  eight  degrees 
BO  (9^/6^)  =:  0.267.  The  value  of  the  shock  wave  density  ratio  is  c s 0.189. 
Thus  none  of  the  assumptions  n_  « 1,  n!  <<  1|  or  (G  /Q)  >>  1 is  very  well 
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satisfied  and  this  constitutes  an  extreme  test  for  the  thln'shock-layer 
solution.  Substituting  Eqs . ( 7. 37 ) into  Eqs.  (7.34)  and(7.  35)  and  replacing 
tan  0j^  by  9^  yields 

= -sin  0.  (l-(a,  0,xz/sin  0.  )) 
p o 1 L b 

Hp  = 1 + (o2Hg^iij^)log(l/(l-(aj^e^xz/ain  8^^))) 

Q_  = l/<l-<a,0.  xz/sin  0.  ))  (7.41) 

Equations(7.41d)and(7.41c)Mere  evaluated  numerically  to  obtain  the  dashed 
lines  shown  in  fig.  31.  It  can  be  seen  that  for  “ 1 the  approximate  and 
exact  solutions  are  in  good  agreement.  Tor  larger  values  of  the  approxi- 
mate solutions  still  predict  the  correct  qualitative  trends  but  deviate 
increasingly  from  the  exact  values  as  increases.  Considering  the  fact 
that  the  test  case  exhibits  rather  poor  satisfaction  of  the  assumptions 
underlying  the  thin-shock-layer  solution,  the  agreement  between  the  exact 
and  approximate  solutions  seems  acceptable.  A similar  conclusion  was 
reached  in  Chapter  5 in  which  was  previously  obtained  the  special  case 
of  Eqs.  (7. 34) and (7.35) corresponding  to  flow  past  a circular  cylinder  or  a 
sphere.  It  will  be  interesting  to  compare  the  predictions  of  Eqs, (7.34) 
and  (7. 35) with  exact  results  for  two-phase  flow  in  thin  shock  layers  when 
such  r’esulta  become  availsble. 

Figure  32 illustrates  the  effect  of  the  freastream  Mach  number  on  the 
behavior  of  and  It  can  be  seen  that  for  a given  0j^  and  the 

particle-phase  normal  impact  velocity  is  an  increasing  function  of  and 
the  peirticle-phase  density  ia  a decreasing  function  of  H . This  is  because 


th*  shock  laysr  thickness  (and  thus  the  effectiveness  of  interphase 
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momentum  transfer)  decreases  as  M increases. 

OD 

As  expected,  the  nunerloal  results  presented  here  are  qualitatively 
similar  to  those  for  supersonic  two- phase  flow  past  a right  circular  cone 
obtained  In  Ch&pter  4.  Comparison  of  the  results  for  given  in  Fig.  29 
with  the  corresponding  results  reported  in  Fig.  6 shows  that  the  normal 
impact  velocity  is  smaller  for  wedge  flow  than  for  cone  flow.  This  is 
because  the  shook  layer  Is  thicker  for  the  plane  flow  than  for  the  axl- 
symmetrlc  flow  and  because  the  normal  velocity  of  the  fluid  phase  vanishes 
for  wedge  flow  but  does  not  for  the  cone  flow.  The  difference  discussed 
above  can  be  significant  # At  » 1 |Qpw,l  about  9 percent  lower  for 
plane  than  for  axi symmetric  flow  for  cij^  = 1,  about  55  percent  lower  for 
= 5,  and  about  90  percent  lower  for  = 10.  This  behavior  suggests 
that  for  a given  profile  an  airfoil  (over  which  the  flow  is  approximately 
two-dimensional  except  near  the  edges)  will  experience  less  cratering  and 
erosion  damage  per  unit  of  surface  area  than  will  a corresponding  axisym- 
metric  body,  provided  that  the  magnitude  of  the  normal  impact  velocity  is 
the  main  determining  factor  of  such  damage. 
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Chapter  8 

SHOCK  LAYERS  ON  BODIES  WITH  ATTACHED  SHOCKS 

The  equations  given  In  Chapter  7 can  be  used  to  analyze  two- 
phase  flow  past  any  symnetric  body.  It  is  often  difficult,  however, 
to  write  the  equation  of  the  shock  surface'  so  that  its  normal  coordinata 
Is  given  explicitly  as  a function  of  its  tangential  coordinate.  It  Is 
more  likely  that  the  radial  shock  coordinate  will  be  known  explicitly 
as  a function  of  the  axial  distance  from  the  nose  of  the  body.  Rather 
than  convert  this  information  to  normal  and  tangential  coordinates,  it 
seems  wise  to  take  advantage  of  this  situation  when  possible.  This  can 
be  done  for  bodies  with  attached  shocks  and  is  the  subject  of  the  pres- 
ent chapter. 


GOVERNING  EQUATIONS 


Figure  33  depicts  the  geometry  of  the  problem  and  serves  to  define 
the  axial  coordinate  x,  the  radial  coordinate  r,  the  gas  velocity  compo- 
nents u and  V,  the  particle-phase  velocity  components  and  v^,  the  body 
surface  the  shock  surface  r^Cx),  the  body  angle  the  shock 

angle  9 (x) , the  length  of  the  region  in  which  Impacts  are  to  be  investi- 
gated  L,  and  the  free -stream  velocity  temperature  T^,  and  particle- 


phase  density  Pp„.  In  this  coordinate  system  Eqs.  (2.4)  for  steady  axi— 
syimiotric  flow  can  be  written  aa 

'p'Vp-x  ' ’p^p'r’  ' "p'Vp'k  ' VP’^’  ' 
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(.8.1) 

For  plane  flow  the  same  equations  result  with  j ? 0. 

It  is  convenient  to  define  the  following  dltienslonleso  variables. 


Vp‘Vp‘»  ’ Vp'r’  ' 


c > (x/L).  n » (r/L),  F ■ (u/u  ),  F » (u  /U  ) 

P P 

G » (v/U.),  Qp  ■ (Vp/U,),  H » (T/T„),  Hp  * (Tp/T^) 

Substituting  Eqs^a2)  into  Eqs.  (ai)ylelds 

(n^Q  F + (n^Q  G ),  *0 

P P € p p n 

FpFp,^  + Vp’n  * “i^^"^p^*  Vp’C  ^ Vp*n 

P P £ P P n 2 p 


(8.2) 


(8.3) 


where  = (N^L/U^)  and  = (Q/Op)(N2L/U^),  The  appropriate  boundary 
conditions  are 

^ps  ” ^ps  * ^ps  “ (8.4) 

Here,  and  in  what  follows,  a subscript  s will  denote  the  value  of  a var- 
iable on  the  shook  surface  while  a subscript  b will  denote  its  value  on 
the  body  surface. 

Equations  (a 3)can  be  put  in  a more  convenient  form  by  the  use  of  a 
Von  Mises  trans-formatlon.  Toward  this  end  a diraensionlesa  stream  function 
ijip  satisfying  Eq.(a.3a)  is  defined  such  that 

"’'ipl'p  = •♦p-n-  "^Vp  " "p-t 


(e.6) 

Finding  the  total  differential  of  ip  and  reversing  the  roles  of  C and 


(that  is,  regarding  C as  a dependent  variable  and  as  an  independent 
variable)  results  in 
de  = (di;.p/(n^QpGp))  + (fpdn/Gp) 

from  which  it  follows  that 

C,,  = l/(n^Q  G ),  t,  = (F  /G  ) 

’(pp  p p ’ n p p 


(8.6) 


(8.7) 


Transfoming  Bqs.  C8,3h,c/l)  and  raarranglng  Eqa.  t8.7i  producaa 

Vp’n  “ V'n  “ 


P P n 


P P n. 


C8.8) 


Since  no  derivatives  with  respect  to  (ii^  appear  In  Eqs.  (8.8a,  b,  o,  d), 
they  can  be  treated  as  ordinary  differential  equations  along  the  disperaed- 
phase  streamlines  (lines  of  constant  <|»p). 

In  order  to  make  the  radial  distance  from  the  "body  surface  to  the 
shock  surface  constant,  it  is  convenient  to  define  a new  independent 


variable 


a = (ng-n)/(n^-njj)  (B-9) 

which  maps  the  region  % - region  1 - z - 0.  It  is  also 

useful  to  replace  <j»  by  the  coordinate  at  which  the  partioXo-phase 
streamline  associated  with  ij»p  intersects  the  shook  surface.  Evaluating 
Eq.  (B,6)  on  the  shook  with  the  aid  of  Eqs.  (8.4)  yields 

‘‘♦p  = -"80'‘"b0  ‘ 

where. iigp  = ®8o  " 

independent  variables  und  z,  using  Eqs.  (8.9)  and  (B.IO),  one  obtains 


(8.10) 


+ (Dir'p/D2>  = “p'z  ° 


(8.11) 


where 


= '^8'%’  ^2  “ Cip-Fp((l-7.)tan(0g)  + z tan(Oj^)).  D^q  = -t«n(e^^) 


Dg  = (i-z)ng  + zUjj. 


(8.12) 


Equations  (H.ll)  must  be  solved  subject  to  the  boundary  conditions 
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’ °’  “ «»  (8-13) 

Equations  (8.11}  oaoblne  the  main  advantage  of  the  Lagranglan  description 
used  by  Probsteln  and  Fasslo  [6]  Waldnan  and  Relnecke  [7]  and  Spark  and 
Gerber  [8]  (i>s.,  that  the  flow  variables  oan  be  determined  from  the  solu- 
tions of  ordinary  differential  equations)  with  the  main  advantage  of  the 
Eulerlan  description  (l.e.,  that  the  shook  surface  and  the  body  surface 
oorroiapond  to  known  values  of  the  Independent  variable).  In  addition*  the 
distance  from  the  shook  to  the  body  is  constant  when  the  variable  z Is 
used*  and  Eq.  (8. lie)  which  dotermlnes  the  density,  is  algebraio.  For 
these  reasons  It  Is  believed  that  Eqs.  (8.11)  are  convenient  for  nunerloal 
work,  and  It  is  hoped  that  they  will  prove  useful  to  future  investigators 
concerned  with  problems  of  this  type. 

NUMERICAL  SOLUTIONS 

Equations  (8.11.a,b,o)  can  be  solved  simultaneously  subject  to  Eqs. 
(B.13a,G,d)  by  any  numerical  method  for  Initial  value  problems.  In  the 
present  work  a fourth-order  Runge-Kutta  routine  was  used.  The  same  method 
was  used  to  solve  Eq.  (aild)  subject  to  Eq.  (B.lisb).  Equation  (8. lie)  was 
solved  by  approximating  the  partial  derivative  appearing  therein  by  a two- 
point  backward  difference  quotient.  The  general  axlsymmetric  body  shape 
considered  was 

s BR(e)i  R(0)  = 0,  R(l)  = 1 (8.14) 

An  approximate  description  of  the  gas  flow  field  was  obtained  by  employ- 
ing expressions  for  F,  G,  and  H similar  to  those  suggested  by  Waldmsn  and 
Relnecke  [7]  and  by  assuming  that  the  shock  surface  could  be  represented 
by  the  equation  n_  ® SR(C)  where  R is  the  same  function  appearing  in 
Eq.  (8. 14)  and  the  quantity  (S/B)  is  the  same  as  that  for  a aone  with 
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ba8«-padlus-to-l«ngth  ratio  B.  (A  ntora  accurate  deacrlptlon  of  the  gaa 
floM  field  could  be  used  without  affecting  the  solution  procedure  In  any 
way,  but  this  would  necessitate  nuaarlcal  •'"Aalysis  of  the  gas-phase  gov- 
erning equations  which  the  authors  did  not  want  to  undertake  In  connection 
with  the  present  work.)  Numerical  solutions  were  obtained  for  the  specific 


body  shapes 

R » 5®  (power  law)  (8.15) 
R a (2C-C(^)/(2-C),  (parabolic  aeries)  (8.16) 
R a ((oo8"^(1-20)/v)^,  (Von  Karman)  (8.17) 
R a (((1+B^)2-(2B(1-C))2)^-(1-b2))/(2B2),  (ogive)  (8.18) 
where  8 and  C are  constants. 


Numerical  results  are  presented  In  Figure  34  for  the  local  collection 

efficiency  (the  rate  at  which  particulate  mass  is  actually  collected  by 

the  body  surface  divided  by  the  rate  that  would  exist  in  the  absence  of 

interphaae  momentum  transfer) 

K 5 

for  bodies  with  a base-diameter-to- length  ratio  of  one  third.  For  all 
calculations  presented,  the  perfect-gas  specific  heat  ratio  y = 1.4,  the 
free-stroam  Mach  number  = 10,  and  the  momentum  transfer  coefficient 
= 1.  It  can  he  seen  that  E is  a decreasing  function  of  with  the 
detailed  shapes  of  the  curves  depending  on  the  particular  body  to  which 
the  lasults  correspond. 


Chapter  9 

COHCLUSIOH 

In  th«  prvsent  x««port  a oontinuun  theory  of  two-ph«te  eupersonic 
flow  of  a f(U  containing  small  particles  has  been  foamuLated  for  the  case 
of  negligible  particle-phase  mass  fraction.  First « the  governing  equa- 
tions for  the  particle  phase  were  solved  for  flow  past  a right  circular 
cone  (or  a plana  wedge)  at  sero  angle  of  attac)(.  Approximate  analytical 
solutions  (valid  only  for  thin  shook  layers)  and  exact  numerical  solutions 
of  these  equations  were  obtained.  Secondly,  the  application  of  this  pro- 
cedure was  applied  again  to  the  case  of  two-phase  suporsonlc  flow  past  a 
sphere  (or  a circular  cylinder).  Numerical  solutions  for  this  type  of 
flow  were  found  starting  at  the  forward  stagnation  line  of  the  air  motion 
and  marching  downstream.  Some  calculations  for  the  problem  of  flow  past 
a wedge  or  circular  cylinder  were  also  carried  out  simply  to  show  the 
comparisons  of  flow  properties  between  plane  and  axlsymmetric  two-phase 
flows.  Results  having  relevance  to  the  estimation  of  cratering  and  ero- 
sion damage  suffered  by  high-speed  vehicles  flying  in  the  atmosphere  and 
to  the  experimental  determination  of  constants  Involved  in  the  thaoiy 
were  presented  graphically  and  discussed  for  these  two  diffex’<ent  flow 
configurations  respectively.  The  importance  of  nonnogligiblo  particle- 
phase  volume  fractions  and  distributions  of  particle  sizes  within  the 
particle  phase  were  also  discussed.  Finally,  two  forms  of  the  governing 
equations  which  facilitate  the  numerical  solution  of  problems  Involving 
gas-particle  flow  past  bodies  having  general  symmetric  shapes  are 


m 
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discussed* 
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APPENDIX  F 


CONPUTBR  CODE  FOR  STRESS  ANALYSIS  OF 


HTPERVELOCITY  IMPACT 


by  6.  R.  Buchanan  and  J.  C.  Huang 


THEORETZCAL  ANALYSIS 

Tha  aathiMtloal  nodal  for  ganaratlng  apharloal  alaatlo  vavaa  has 
baan  dascrlbad  by  Klnalow  [2],  To  auanartaa  briafly*  It  la  aaaunad  that 
thaxn  la  a hollow,  haalapharlcal  oavlty  In  tha  layar  of  natarial  with  its 
oantar  at  tha  point  of  Inpaot  and  that  a tlna-varying  ppaatuzHi  op  fopolng 
function  ia  appliad  to  thin  imaginary  cavity  aurfaca  which  ganarataa 
atraaa  wavaa  in  tha  natarial.  Tha  praaaura  appliad  to  tha  aurfaca  of 
tha  cavity  la  an  inpulaa  daacrlbad  by  tha  relation 
P ■ P rKia’*i*  (1) 

whara  P^  ia  tha  praaaura , ara  dacay  oonatanta,  t la  tha  tina,  and  tha 
ara  conatanta.  In  thia  report  only  two  tarma  hava  baan  oonaldarad 
and  Eq.  (1)  raducaa  to 

P - PjjCK^a’^^^-Kja"®*^)  (2) 

Tha  propagation  of  spharlcal  dllatatlonal  wavaa  in  a honogonaoua, 
laotropio  matarial  can  ba  atudlad  using  tha  spharlcal  wava  aquation 

724  . _i  i!l  (3) 

c2  9t2 

whara  ^ la  a scalar  dloplacamant  potantlal,  0 is  tha  wava  spaad,  and  t la 
tima.  Tha  solution  of  Eq.  (3)  may  be  written  as  in  [1] 


P_Cw*t(a  -a)^] 
p o o 


-a'®^+a"®®’(oosa»_T  + — slnm  t) 


ra 


Khar*  P is  pMk  pr«Mup«t  a ia  a tiaa-^aoay  oonstant,  tlM  t ia  MMurad 


Proa  arrival  tlaa  of  wave  flroat,  la  radlua  of  cavity,  v la  Poiaaon'a 


ratio,  and 


« .sU^ 

° 'o 


1-2V) 


(5) 


o r^(l-v) 


(6) 


T ■ t-(r-p^)/o 


(7) 

(8) 


c • (X+2y)/p 

thiira  X and  m era  Lead 'a  oonatanta  and  p la  tha  danaity  of  tarfat  aatarlal. 

Tha  radial  and  tangantlal  atraaaaa  at  a glvan  point  P inaida  tha  tar- 
gat  ara  glvan  by  tha  following  ralatlona 


■ (X+2u)  + 2^(r) 


(9) 

(10) 


whara  u ■ |^  1«  tha  partlola  dlaplaoamant. 

Conaidar  tha  ooordlnata  syatam  of  Flgura  1.  Tha  location  of  an 
Impact  on  a plana  surfaoa  (tha  K-y  plana)  ia  daaignatad  aa  0^  and  ia 
glvan  by  tha  ooordinataa  (Xqj^,  Tha  location  of  any  point  P 

at  which  tha  principal  atraaaaa  ara  daalrad  la  apaclfiad  by  tha  coordinates 
(K,y,z)  or  (FX,PY,PZ).  For  tha  computation  of  atrasaaa  raaultlng  fPen 
an  impact  at  0^,  tha  coordinataa  (x^,y^,z^)  are  employed , where 

(11) 


- PX  - Xqi 


y,  ■ PY  - Y 


Zj  « PZ 


(12) 

(13) 


Tlje  location  of  P may  also  be  apeclfled  by  tha  coordinataa 


As  the  spherical  w&ve  propagates  through  the  material,  the  radial  and 
tangential  stresses  having  values  given  by  Eqs.  C9)  and  (10),  respectively 
are  shown  acting  on  an  elemental  volume  In  Figure  2.  At  any  point,  P,  and 
for  any  time,  the  six  cartesian  components  of  stress  relative  to  the 
Co,x,y,z]^  coordinate  system  may  be  computed  fx*om  the  following  relations 
^®x^l  ■ OjpCioa^(x,r)]j^  (31) 

= [o^^co82(y,t^)  + CpCos2(y,r)  + a^gC082(y,tg)]j^  (32) 

[et^Dl  = [OpCos2(z,r)  + o^gCoa2(z,tg)  + o^^co8*(z,t^)]j^  (33) 

= [a^gCOs(x,tg)coa(y,tg)  + o^^cos(x,t^)coB(y,t^) 

+ o^cos(x,r)oos(y, r )]^  (34) 

a [o^^co8(y,t^)oos(a,t^)  + Oj,cos(y,r)ooa(z,r) 

+ o^gC08(y,tg)cos(z,tg)3j^  (35) 

= Co^cos(z,r)cos(x,r)  + <J^^cos(z,t^)co8(x,t^) 

+ a^gC08(Z,tg)COS(X,tg)3j^  (36) 

These  components  of  stress  resulting  from  each  of  the  several  impactB 
could  be  added  as  follows: 

°x  = t“x^l  + i:'’x^2  " t . . . (37) 

Oy  a [Oy]^  + Cay32  + C'Jylg  + . , . (38) 

o,  = [0,3,  + [0  3.  + [a_3,  + . . . (39) 

T = [t  3i  + C'f  3t  + [t  ]«+•••  (HO) 

xy  xy  1 xy  2 xy  3 

T = [t  Ji  + [t  3o  + [t  3q  + • • • (41) 

xz  ^ XZ-'I  xz‘*2  xz  3 

T = Ct  3,  + Ct..  3.  + Ct  ._3-,  + . . . Ci^) 
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Th«8e  six  con^onents  of  stress  are  now  substituted  In  the  following 
cubic  equation: 

S*  - Co  +0  +0  )S^  + (oa  + 00  + O0  )S  - 


(a  a 0 -OT^  -ot^  -OT^  +2t  t t )aO 
X y z X yz  y zx  z xy  xy  yz  zx' 

The  roots  of  this  equation  are  the  three  principal  stresses. 


(43) 


DEFINITION  OP  VARIABLES 

ALPHA(l)  ” time-decay  constant 

ALPHA(2)  = <3>2*  time-decay  constant 

AMOA  3 Lamd's  constant 

Cl  s dllatatlonal  wave  speed 

C2  s (~)^i  shear  wave  speed 

D 3 Raindrop  diameter 

E 3 Young's  modulus 

ICODE  3 1 for  calling  subroutine  DATSEN  to  calculate  02»  and 

JCODE  3 1 for  calling  subroutine  PKIDXR  to  calculate  prlnolpal  direction 
for  the  maximum  tensile  stress 
JJJJ  3 Problem  number  counter 

NINI  3 Total  number  of  problems  to  be  run 
NUMBER  - Number  of  ALPHA  terms  used 

POWER  3 Exponential  power  of  the  weighted  function  for  peak  pressure 

PR  3 Poisson's  ratio 

PSUBO  3 P^,  peak  pressure  of  cavity 

PX  3 X -coordinate  of  point  P where  stress  is  to  be  calculated 

PXINC  3 Increment  of  PX 

PXMAX  3 Maximum  value  of  PX  to  be  incremented 
PY  3 y- coordinate  of  point  P 
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PYINC  » Increment  of  PY 

PYMAX  = Maxlnum  value  of  PY 

PZ  = z- coordinate  of  point  P 

PZINC  = Increment  of  PZ 

PZHAX  B Maximum  value  of  PZ 

RHO  3 p,  density  of  radome  matex»lal 

RSUBO  ■ r^,  Initial  radius  of  cavity 

S6<1)  s Plus  sign 

SG(2)  B Minus  sign 

TDELAY  B Delay  tine 

TIME  B t«  time  variable 

TIMOR  B Time  inorament 

TMAX  B Maximum  time  to  be  considered 

TMIN  B Initial  time 

rr  B Target  thlokness 

XI  • xOl  - PX 

XOl  B x-ooordinate  of  impact  cavity 

Y1  B yOl  - PY 

YOl  B y-ooordinate  of  Impact  cavity 

Z1  = PZ 

ZR  B Recess  value  of  z to  simulate  normal  p.t'eBBure  distribution 

caused  by  impact  of  a raindrop  on  surface  of  target 

EXPLANATION  OF  SUBROUTINES 

CARTST  Calculates  the  cartesian  ccxnponentB  of  the  stresses  at  point  P 
resulting  from  the  direct  and  reflect  waves. 

DISCOS  Determines  the  direction  cosines  between  impact  cavities  and 
point  P. 

PULSE  Calculates  the  radial  and  tangential  stresses  from  the  wave's 
equation . 


. 
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THETA 

PRIDIR 

DAT6EN 

PRIST 

CUBIC 

QUAD 


Calculates  the  singles  and  ^2  shown  In  Figure  3. 

Calculates  the  principal  direction  for  naxlnum  tensile  stress. 
Generates  the  values  r^t  a^,  and  a^. 

Calculates  the  principal  stresses. 

Solution  of  a cubic  equation. 

Solution  of  a quadratic  equation. 


1 

GUIDE  FOR 

INPUT  DATA 

1 

Card 

Fortran  Haioc 

and  column  Niimber 

FonAAt  and  Remarks 

II 

1 

NINI 

1-2  (Right  justified) 

(12) 

1 

2 

E 

1-10 

OFIO.O) 

■ 

RHO 

11  - 20 

m 

PR 

21  - 30 

1-  ’ 

3 

PX 

1-10 

(4F10.0) 

B' 

PY 

11  - 20 

K 

PZ 

21  - 30 

1 

ZR 

31  - 40 

■ 

4 

PXIHC 

1-10 

(6F10.0) 

■ 

PXNAX 

11  - 20 

Ihese  six  values 

m 

PYINC 

21  - 30 

increment  the  initial 

m 

PYMAX 

31  - 40 

coordinates  given  in 

PZINC 

41  - 50 

card  3 

'i|^H 

PZMAX 

51  - 60 

1 

5 

TT 

V 

1^  10 

(FIO.O) 

6 

POWER 

1-10 

(F10.0,2I5,2F10.0) 

ICODE 

11  - 15  (Right  justified) 

Omit  cards  7,  8,  9 if 

JCODE 

16  - 20  (Right  justified) 

ICODE  = 1 

V 

21  - 30 

|H 

D 

31  - 40 

1 

7 

NUMBER 

1-2  (Right  justified) 

(I2,2F10.0) 

PSUBO 

3 - 12 

Omitted  if  ICODE  = 1 

i 

RSUBO 

13  - 22 

repeated  for  each 

i. 

Impact  location  if 

m 

ICODE  ^ 1 

■> 


I 


F 


d 


SgM'SDKsaiiiia:;: 


- M'll.-liJU 


re 


9 ALPHA(.2)  1 ^ IQ 

SQ(2)  11  - 20 


10  XOl  1-10 

YOl  11  - 20 
TDEUY  21  - 30 


C2F10.0) 

Omitt«d  if  ICODE  = 1 
repeated  for  each 
Impact  location  If 
ICODE  1 

(3F10.0) 

Repeated  for  each 
Impact  location 


Cards  7,  8»  9,  and  10  are  repeated  for  each  impact  location  if  ICODE  ^ 1. 
Otherwise  only  card  10  is  repeated. 


Last  Card  THIN  1 - 10 

TINCR  11  - 20 

TMAX  21  - 30 


(3F10.0) 

I 


FLOW  CHART 


1 


FIO 


9007  ADD  NORMAL  AND  SHEAR 


CALL  PRIST 

CALCULATE  PRINCIPAL  STRESSES 

T 


NO 


INCRE 

TIM 

aseI 



YES 


IvXtV.^-iV 


DISCUSSION  OF  THE  PROGRAM 

The  computer  program  Is  composed  of  the  mainline  program  and  nine 
subroutines.  The  mainline  program  is  divided  into  three  basic  DO  loops. 

The  first  DO  loop  reads  th«-i  load  functions  and  ooordlnate  location  of 
the  impact  points.  The  second  DO  loop  computes  the  geometrical  relations 
between  the  impact  looatlona  and  the  point  where  the  streeaes  are  to  be 
calculated.  The  third  DO  loop  calculates  ths  normal  and  shsar  stressan 
dus  to  each  impact.  The  principal  stresses  and  directions  are  then  calcu- 
lated and  the  computer  goes  through  a serias  of  logical  comparisons  to 
dstermlne  if  anothsr  solution  is  desired  for  a different  time  or  location. 

The  detailed  disouesion  of  the  program  will  begin  with  the  mainline 
program  and  will  be  referenoed  to  the  various  comment  statements  and 
statement  numbers. 

The  program  is  limited  to  an  analysis  using  twenty  impact  locations. 
This  number  can  be  increased  by  merely  changing  the  dimension  slse  of  the 
variables  in  the  dimension  statements.  The  number  of  Alpha  expbnents  as 
given  in  Eq.  (1)  is  limited  lo  two,  but  can  be  increased  by  increasing 
the  dimensions  of  Alpha  and  Sg. 

The  statements  which  appear  as  SIN(X)  s DSIN(X)  merely  change  the 
standard  library  functions  to  double  precision. 

The  first  READ  statement  defines  Young's  modulus,  material  denelty, 
and  Poisson's  ratio  (E,  RHQ,  PR)  which  are  constant  for  any  given  material. 
The  second  data  card  contains  the  actual  number  of  impacts  (IMPACT).  The 
third  data  card  gives  the  coordinate  location  of  the  point  where  the 
stresses  are  to  be  calculated,  (PX,PY,PZ),  as  Illustrated  in  Eqs.  (11) 
through  (13)  and  Figure  1,  and  ZR,  the  recess  value  of  Z,  to  simulate  the 
normal  pressure  distribution  of  a raindrop.  The  fourth  cata  card  allows 
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th«  oooKHllMtft  location  of  PX,  PY*  or  PZ  to  b«  changad  in  order  to  oalcu- 
lata  atraaaas  at  mora  than  ona  point.  The  fifth  data  card  ocntalna  tha 
target  thloknesa  (TT)  which  Is  tha  thieknaaa  of  the  layer  of  material. 

The  sixth  data  card  specifies  POWER » which  allows  the  peak  pressure  P^ 
at  each  Impact  cavity  to  be  weighted;  and  ICODE,  JCODE,  V,  and  D.  Sub- 
routine DATQEN  will  be  called  to  generate  the  values  of  r^»  and  02 
If  ICODE  ■ 1.  Subroutine  PRIDIR  will  be  called  to  determine  the  principal 
direction  of  the  maximum  tensile  stress  if  JCODE  * 1.  V is  the  velocity 
of  the  radome  in  ft/seo.  D is  raindrop  diameter  in  mm. 

If  ICOOE  ly  additional  data  cards  are  read  in  the  first  DO  loopy 
which  ends  at  statement  500.  There  are  four  data  sards  for  each  impact 
locations  the  flrat  contains  NUMBER,  which  is  the  number  of  Alpha  terma 
in  Eq,  (1)1  PSUBOy  the  pressure  P^  in  Eq.  (l)t  and  RSUBO  tha  radius  of  the 
spherical  cavity,  r^.  Thr  following  data  cards  are  determined  by  NUMBER. 

For  Bq.  (2),  NUMBER  la  equal  to  2;  therefore , two  data  cards  follow— the 
first  oontelns  and  K^,  the  second  contains  0I2  ^2 

Eq.  <2).  These  quantities  are  named  ALPHA  (lyJ)  and  SQ(I,J)  in  the  program. 
If  both  and  K2  In  Eq.  (2)  ara  equal  to  one,  then  8G(1,J)  « 1 end  SQ(2yJ)a 
-1.  The  next  data  card  contains  the  location  of  tha  impact  cavity  (XOlyYOl) 
as  given  In  Eqs.  (11)  and  (12)  and  TDELAY  which  is  the  delev;  lime  for  that 
oavity.  If  TDELAY  is  zero  for  all  impacts,  they  will  occur  simultaneously { 
however,  by  specifying  a positive  delay  time,  tha  impaota  may  occur  at 
random  times.  This  sequence  of  data  cards  is  repeated  for  each  impact. 

Tile  remaining  data  card  contains  the  time  at  which  the  solution  should 
begin  (THIN),  the  time  increment  for  intermediate  solutions  (TINCR),  and 
the  maximum  time  (TMAX).  It  should  bo  noted  that  time  quantities  ore 

entered  in  units  of  mloroseconds , hence,  each  time  quantity  is  multiplied 

*6  S 

by  10”°.  Similarly,  and  are  multiplied  by  10  . 
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Th«  aeoond  DO  loop  ends  on  statamant  50£  axid  gonaratas  tha  gaomatrloal 
ralatlona  for  aaoh  Impact  location.  Tha  first  statamant  In  tha  DO  loop 
datarminas  R1  given  by  Eq.  C26).  Subroutine  THETA  than  calculates  tha 
angles  4*^  and  illustrated  in  Figure  3.  These  angles  are  named  T1  and 

T2«  raapaotively,  in  the  subroutine.  The  value  of  Z2  (Figure  3)  is  calcu- 
lated for  later  use.  In  Figure  3»  the  point  0*  is  the  looatlon  of  tha 
spherioal  oavity  which  genaratea  tha  reflected  wave.  This  technique  of 
solution  is  discussed  in  detail  by  Kinslow  [3]. 

The  subroutine  DIRCOS  Is  called  next  to  determine  the  direction  cosines 
for  tha  impact  cavity  on  the  surface  of  tha  layer  and  than  called  again  to 
oaloulata  tha  dlraction  cosines  for  the  fictitious  oevityt  0* i which  gen- 
erates the  reflected  dllatatlonal  wave.  Tha  subroutine  DIRCOS  cokrttesponde 
directly  to  Eqs.  (17)  through  (30).  The  notation  in,  the  mainline  program 
may  be  interpreted  as  CXTl  meaning  C0S(Xt9)  where  the  1 denotee  the  oavity 
on  the  surface,  CXT2  denotes  C0S(Xt9)  for  the  fictitious  oavity  at  0*  (Fig- 
ure 3). 

Tha  pressure  input  can  be  modified  after  the  cos  ^ has  been  oaloulatad 
in  subroutine  DIRCOS  foi<  the  oavity  on  the  surface.  The  pressure  input 
can  be  weighted  as 

» P„(ao8  (44) 

o o 1 

where  p is  the  quantity  called  POWER  in  the  program.  Equation  (44)  appears 

in  the  program  as 

PSUBO(J)  » (CZRl(J))*»Vp0WER 

If  this  modification  is  not  desirable,  POWER  may  be  read  in  as  ssro. 

The  quantities  TISTRT  and  T2STRT  are  the  times  required  for  the  inci- 
dent wave  and  reflected  wave  to  reach  point  P,  respectively.  TTie  quantities 
ALSUIiu  and  WLSUBO  denote  ci^  and  respectively  (see  Eqs,  (5)  and  (6)).  The 
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roflactlon  coefficients  are  calculated  next  aooording  to  the  theory  davel' 
oped  by  Klnslow  [3].  The  equations  (31  and  32)  given  by  Kinalow  [3]  are 
1 + f (1-2v)oo82i1»2]  + 2K2(l-v)sln2'ji^  a o 

and 

1 - Kj^C(l-2v)8ln2^g]  + 2l?^2(l-v)oos2^^  ■ 0 

where  is  COEFFl  the  reflection  ooeffloiant  for  the  dllatatlonal  wave* 
le  C0EFF2  the  reflection  cooffloient  for  the  reflected  shear  wave* 

^2  io  defined  in  Figure  3*  and  is  the  correupondlng  angle  of  reflection 
for  a shear  wave.  The  shear  wave  has  been  oreitted  in  the  analysis:  hence* 
is  not  illustrated  in  Figure  3 and  C0EFF2  le  not  used  in  the  program* 
except  to  calculate  COEFFl.  Note  that  the  value  of  4*2  calculated  in 
the  subroutine  THETA  and  la  designated  T2  in  that  subroutine:  but  appeazv 
as  T1  in  the  mainline  program. 

The  next  cequence  of  statements  merely  Ittltlallses  all  radial  and 
tangential  atresnes  to  zero. 

The  third  DO  loop,  which  ends  at  statement  502*  contains  the  neces- 
sary operatlona  to  calculate  the  otresses.  First,  the  time  (TAOl)  is 
calculated,  which  is  the  real  time  minus  the  time  required  for  the  wave 
to  reach  the  point,  minus  the  delay  time.  The  subroutine  FULBE  is  called 
twice,  in  0 DO  loop  ending  at  stetemeni  11*  once  for  the  Oj  term  and  onoe 
for  the  02  term.  SRI  and  STl  are  the  radial  and  tangential  stressas  cal- 
culated in  subroutine  PULSE.  The  subroutine  CARTST  1«  then  called  to  cal- 
culate the  cartesian  components  of  sn^ess.  Subroutine  CARTST  relates  to 
Eqs.  (31)  through  (30).  Next,  the  vcniputer  will  calculate  the  time  (TAt>2) 
required  for  the  roflectiid  dilutatlonal  wave  to  retjh  the  point.  If  the 
reflected  wave  has  reached  the  point  in  quostiftn*  subroutine  PULSE  ia 


.-i- — 


again  itaad  to  oaloulata  tha  radial  and  tangantlal  straaaoa.  If  TAU2  is 
nagativo»  Indicating  tliat  tha  raflaoted  wave  has  not  raaohad  tha  point, 
the  computer  will  hypaaa  the  streas  calculation.  If  the  reflaotad  wave 
is  to  be  included,  the  ntreaaes  calculated  in  subroutine  PULSE  are  multi- 
plied by  the  proper  reflection  coefficient  and  subroutine  CtiRTST  la  called 
to  calculate  the  atreases  in  the  cartesian  coox^lnate  system. 

The  next  DO  loop,  ending  on  statement  503*  Bums  up  all  the  strsssea 
due  to  multiple  impacts  at  a given  time  according  to  Eqa.  (37)  through 
(42).  Subroutine  PRIST  la  called*  and  the  principal  Btresaes  are  calcu- 
lated by  solving  for  the  roots  of  Eq.  (43).  The  principal  stresses  are 
than  printed*  along  with  other  identifying  information,  and  the  computer 
will  oompare  the  time  for  the  calculation  just  completed  with  the  maximum 
time  (THAX)  to  determine  if  another  solution  is  dealred.  If  the  time 
comparison  indioates  that  'MkH  has  been  reached*  tha  computer  will  test 
the  currant  valua  of  PZ  against  PZMAX  to  determine  if  additional  aolutlons 
ore  desired.  If  so*  PZ  is  Increased  by  PZINC  and  the  time  is  set  equal  to 
TMD^and  new  solutions  are  obtained  for  each  time  inoramant.  If  PZ  is 
aqual  to  PZHAX,  a comparison  is  made  using  PX  and  PXMAX,  then  a comparison 
using  PY  and  PYMAX.  If  PZ,  PX*  and  PY  have  reached  their  maximum  valuas* 
the  computer  calls  the  EXIT  rovitine  anu  ends. 
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LISTING  OF  THE  COMPUTER  PROGRAM 

C IPHIIlieAL  MAVI  FROPASATION 

C N A I N L I N I 

IHALXeXT  REAL«|(A»H40«X) 

kIMXT  or  IHAACT  rotNTt  Xt  20 

NUHOCR  or  AirHA  CMrONCNTt  XN  EACH  X^RUT  rUNCTION  Xi 

t 

CONHON/CONTR/  rx<rv«rz«XNrACt 

CONHOM  RIUIO I to ) 4 RiUtOt 10 ) $ ALPHA ( li 10 ) « 10 1 li tO  > 

1«NUHIER(I0}  «X01(tO)4VOi(tO)«Xil|0)*VX<tO)«Il 

8(iOI  iTOELAYttO)  iPtAVIIIO) 

OXHlNlXONlRl(80)4llll(80)4tTl(tO»4lTl(fiO)»ltllO) 
0XNCNlX0Nlll(a0l4llXYI8O)4TiOl8Oi4TIOI80)*  RtItOI 
OXIINIXONTIITRT  <80)4  TttTRT) 80 ) 4 ALIUIOI 10 ) 4MLIUI0( 80 ) 
i4C0Erri<8O)4COErr8(80) 

OXllCN8XONlXl(80)4lYt<SO)48ZXI8O)4TXYl(l0)*rVli<8O) 
i4Tzxi(eoi 

0XMCNlX0NIX8<80)4lY8<80)48Z8t80)4TXVt(80)«TYZ8t8O) 

l4TZX8(80l 

0XMCN8X0NCKTt<a0)4CYTi(«O)4CZTt<t0)4CX*l(80))CYPl<8O) 
i4CZri(80l4CXRl<80)4CYRl<80)4CZRX<80lieXT8(|0)4CYT8<80) 
84CZT8(80l4CXr8<80)iCYr8<80)«CZr8(80)«CXR8<80)4CYII8<80) 
34CZR8(I0) 

• XH<X)>iDIXN(X) 

C08(>()«OCOI<X) 

ArAN<Xio0ATAN<X) 

•QAT<K)ii08aRT(X) 
cxr(X)-oixr(K) 

A8l(X)B0ARtl)() 

ARIXN<XI«0AIXN(X) 

NOTE)  »JJJJ«  AND  ••SXNX*  CONOrXTUTE  A C3UNTCII  rOR  CAIt 
or  OrCRATXON 

"NIYX"  II  THE  NUMBER  Or  PROiLEHl  TO  BE  RUN* 

READ<94l30)  NXNX 
JUJJ*  1 

READ  YOUNQB  *100*4  OENIYTY*  POX*  RATXO 
33  CONTXNUE 

WRXTEI44BI)  JJJJ4  NXNX 

81  rORMAT<<l'4i  THXI  Xf  PROI<.EH<  4 IB48X4  • OP  • 4 XB4  SX 
l4 'PROBLEHI*  V//) 


xr  im  BOO  000*0  ANO  RHO«  0*00011  ARE  ENTERED  ON  DATA 
XNPUT  CAROI  X 

THXI  PROORAH*  THIN  THE  COMPUTER  AIBUHEH 

E*  BOO  000*0  PIX 

AND  RHO*  0*11  X 10«*9  < Ul ) * I nXCROBtC* 

Y8)«(INCH*w*A) 
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|||A3(S«|S0)  C«RH0«Ai1 
tBO  FOR1AT(«|riO«0) 

RRSTC  (A«111)C4RH0»M 
Wfl|TI(*«30iAl 

Cl  II  THl  BHCAN  MAVC  BfCCO 
Ct>SQRT(l/(l*ARHO»(l*tMn> 

Cl  II  THC  DUATATIOMAU  MAVC 

MClO 

Cl>iailTIC«ll*«M)/IRHO*(i»«RII)*(l*«l*<»»|in  ) 

AiOA  II  THC  LARC*  CONITANT  LAMOA 

AiOA«C«M/(  (l««M)V(lf»tt»RN) ) 

Q II  THC  CHCAR  HOOULUB 
Q■C/i^•«(tt♦RR) I 

ci«ci/ci 

111  CORHAT  (IK  C-  «ai9tl«*  RHO"  »iQlB»|<'  ROIIIONI 
1 RATIO-  •«01lia) 

RCAO  IHRACI  «4<THC  ACTUAL  NOi  OF  I1RACT  CAVITICI 
RCAOdillOl  IHFACI 
110  FORHAT(II) 

RCAO  (B4CB0)PX«FY«FltfCR 

FX«  RV4  LOCATC  THC  FOINT  4HCRC  THC 
ITRCM  II  TO  lie 

DCTCRRINCD 

FKOMC-FK 

FZ-FIAIR 

FVOMC-FV 

FZOMC-FZ 

RCAOdillOl  PXXNC4PXHAK«pyiNC*PYllAK*FZlNC«FZHAK 

OUTPUTdlPXXNC«PXHAK 

OUTPUTdl  PYXNC/PYRAX 

OUTPUTdl  PZXNCiPZIAX 

PZHAX-PZHAXtZR 

TT  XI  THC  TAROET  THXCKNCll 
RCAO  d«CB0(  TT 
MRXTC(4«t0i«l 
MRXTC  d«3004)  TT 
TTxTTtZR 

3004  FORMATC  dOX'TAROCT  THXCKNEIIdl3»|/l 
XFITT*LTiPZI  MRirCd«4999)l  00  TO  BOB 
4999  FORiATIlX«*POXNr  P LOCATED  OUTlIDC  OF  TARQCT*  CHECK 
1 IMPUT  DATA  ' I 


> i', 


ll 


1 

1 


BOUNDARY  TCIT 

TO  ICC  XF  PHAX  Xl  OPEATCR  THAN  OR  EQUAL  TO  TT«  WITH 
CORRCCTXON 
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ir(P2rtAX.0T*TT)  00  TO  2*SS 
00  TO  2999 
2995  NRITE(6«299ti 

2994  rORRATdX#'  PZRAX  P TT  AXO  IS  NOM  CORRECTEO*  • / ) 
MRITE(4*299I)  TT 

299t  rORRATdXl*  THE  CORRECTED  VALUE  OF  PZiAX  I8t  'jiriOtS 
1 ///) 

2997  PZMAK-  TT-  0*0000001 


!999  CONTINUE 

WRXTEU«3014) 

READ( S«283 ) POXER* IC00£« JC0DE«  V«0 
293  F0RMAT(F10«0«2tSi2F10*O) 

WRXTE<4<30001  PONER 
WRlTE(4i30l4) 

WRZYE(4«300L) 

3000  FORIATC  • 20X • P0WER-P8UB0  mEIQHZNO  FUNCTION-'  F9*2/) 

3004  FORNATC  '2X' IMPACT'SSX'OELAY  TXhEd 
MRXTE(4;»  30071 

3007  FORNATC  ' IX ' LOCATION  • IIX  • X0‘ 13X»  VO  * HX ' P9UI0‘ 12X  * RiUB 
10*  IX'ALPHAl'aX'ALPHA  2'5X«NSCR08CC0ND8'/) 

IFdCOOCtEQ*!)  CALL  0ATQEN(V#0))  00  TO  9001 
9000  DOSOO  J-liXHPACS 

READ  PRESSURE  INPUT*  CAVITY  RADIUS*  NUMBER  OF 
ALPHA  TERMS 

READ  (5*101  iNUHBER(J)*PSUB0(J)#R8UB0U) 
lOi  format  (X2*4F10<0) 

P8AVE( JI«P8UB0( J) 

LIMIT«NUMBCR( J) 

DO  AO  I-l/LIMlT 

ReA0(S*290)  ALPHA( 1* Jt*8a(X* J) 

ALPHA  EXPONENTS  MUST  BE  IN 

ACTUAL  TIME 

AO  AUPHA(  I*  J)>ALPHA(  I*  JUIOOOOOO* 

READ  COORD*  OF  IMPACT  POINT 
READ  (5*290)  XOl ( J I * YOl ( J ) * TDELAY ( J > 

XOl  AND  YOl  locate  THE  POINT  OF  IMPACT 
Xl(  JI-PX-XOK  J) 

Vl( J»«PY-Y01( Jl 
Zl( Jl-PZ 

HR!  TE  ( 6*  3030 1 J*  XOK  J ) * YOl  ( J I * PSUBO  ( J ) * R8UB0(  J ) * ALPHA  ( 1 ,] 

1* j)*ALPHA(2*JI*  TDELAY(J)  1 

DELAY  TIME  MUST  BE  IN  REAL  TIME  1i 

TOELAYI J)-TOELAY( J)«1«0E*04 

3030  FORMAT! • *4X12*  9XF9*3*4XF9*3*5XQ15*B*3XF9*3*3X2Q1S«8  1 

1*3XF9*3/) 

500  CONTINUE 

statement  500  ENDS  THE  LOOP  HHICH  READS  THE  LOAD  ] 


FUNCTIONS 
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AND  coordinates 

READ  niNinUn  TlME^TZtlE  INCRERCNT  AND 

HAX  TIME 

9001  RCAD(5«250I  TNlNfTINCR#  TMAX 

NNITCUiSOUi 
301A  FORRATt • •//! 

0UTFUT(AI  THIN*  TINCR*  TMAX 


TZNCR  CHECK  I 


TO  SEE  IF  TINCR  eaUALS  ZERO  AND  LlKCNlSE  FOR  TMAXt**! 
lF(THAX*EQ«OtC)  00  TO  ZBOO 
QO  TO  2B01 
2SOO  TRAX*  TRIN^  OiOOl 
ZSOl  CONTINUE 

tF(TlNCRtCQ(0«0)  00  TO  2602 
00  TO  2603 
TINCR-  OiOl 
CONTINUE 


CORRECT  TIHE  HUST  BE  IN  RICROBCCON08 
TRlN*TNXN«ltOE-Ot 
TtNCR-TXNCR«liOE«<OA 
TRAX-TMAX«1*0E*0A 

50*  continue 

9002  DO  SOI  J-lilRPACl 

RH  J)-80RTIX1(JUX1<  J)+YH  JUYK  J)t21|J|¥2l(  J)  > 
tF(  (Rl(  JI^*0Q001ltLT«RSUaO(Jn  QO  TO  31 
CALU  THETAtRK J»iRXY( J)#X1< J)«yi( J)«ZllJ)«riD( J)«T2D 
1(JI<  R2U)«TT«TliZ2(  JM 

CALUOlRCOStXllJhYK  JUZK  JI«RllJURXYIJ)»CXri(  Jt  «CYT1 
1(  JliCZTKJliCXFK  J)«CYP1U)«CZP1IJ)#CXR1(  JI«CYR1(  Jt 
ZfCZRKjn 

C ROOIFY  P8UB0 

P8U30 ( J ) -PiAVE ( J U ( CZRl I J ) *«P0mER ) 

C 

CALkOIRCOSIXli J)iri< JI«Z2( J)«Rg( J)«RXYIJ)#CXr2( Jl iCYTZ 
1( JI«CZTZ(JI#CXP2( J)«CYP2( J)«C2PZ( J)«CXR2( J)#CYRZ( J) 
ZfCZRZi  JM 

c TIRE  FOR  FIRST  COhPREaSlON  WAYS  TO  REACH 

C POINT  P 

9003  TISTRTIJI-IRK J)«R8U60( J) )/Cl 

C TIRE  FOR  REFLECTED  NAVE  TO  REACH  POINT  P 

TZ8TRT( J)«IR2IJ)«RSUB0( J) )/Cl 
DUR*(l.-Z.»PR)/ll.«PRJ 


I 
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C ALtUSO  and  WUeUBO  AUK  DEFINCO  ZS 

c tjaMoursNe  fjlsc 

AkiJlOl J)«0Un»Ci/RtUB0( j) 

MLfJBO(J)«OUH«Cl/BIUIO(J) 

CALCULAU  RCFLCCTION  COEFriClRNTB  C9CFF1  AND 
C0CFF8 

iOOA  AK«(i*iil*«£r*PAI«CD8(8*vTi) ) 

irt«BiN(Tii/ca 

T8«AM|XN(8T|) 

CKNtltftStypRIvIlSUtvTl) 

OK-8««COI(Z«*Tll«(lt-PK) 

CQFFFSIJ)««e*«CK/(OK^(BK»CK»/AK) 

COIFFK  JI««l*<dRFF|(  J)«BK/AK 
1008  IKKJIaOi 

•21. J)«0* 

TKYK  J)«0* 

Tyzi(j)-o« 

rzxi(j)-o« 

•KlUI-O* 

•ysu)>o« 

•Zl( J}»0< 

TXYK  Jl«0« 

TYZK  Jl>0« 

rzxK  jf-o« 

801  CO'^TZNUB 

•TATCMCNT  801  CNOB  THE  LOOP  WHICH  CALCULAYCB  THf 
aCOHCTRY  OF 

THE  IMPACT  POlWri 


BEOIN  SOLOriOH  WHEN  FIRST  WAVE  RCACHEB  POINT  P 
830  TINE-THIN 


3018 

BIB 

BOO 

820 

1301 

3006 


IF( (TNAX-THINI/TINCR*LTtl8* )Q0  TO  91f 
WRITEUfSOlB) 

FORNATt 'I*  ) 

QO  TO  880 
tilRITE(B«IOOI 
FORNATC  •////) 

PZZ-PZ-ZR 
WRITE  (BilSOl)  ZR 

FORNAT  <BX«'  RCCC9B  VALUE  OF  Z - «*F10i9«//) 

WRITE  IBiSOOBt  PX#PYiPZZ 

FORNATI ' '4X'PX-*«F|*3#4X« •PY-'«F8o3«4Xj 'PZ-’iFItB//# 
i AX'TXMt'rx‘BX'BX'8Y»BX*BZ«  iX'TXY*  AX ' TYZ • BX» T2X ' BK 'P 
81 • BX • P2 • 9X • P3 • 4X I 1AX  SHEAR • ZX • THETA ' 2X ! PHI • / I 


..  


J 
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I 
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SX^AXaO* 

8ZP1A»«0t 

•rnAx«o* 

BZIAXr  aO* 

30  CONTINUE 

foot  DO  SOZ  >l<inPACl 
•Rl( J)>0* 

•Plt(  J)«0t 
•Tl( j)«0( 

•T|( J)«0i 

TAJI-TINE-TIITNK  JI«TOELAY(J) 

XriTAUl)  BOZiZtitl 

C IX  TAU  18  NCOATIVE  THE  WAVE  HAI  NOT 

C BEACHED  THE  POXN 

at  CONTINUE 
NUN»NJH8EKiJ) 

NUHBEB  OErZNCt  THE  NUHBCB  OX  ALPHA  TERHI 

IN  EAOH 

INPUT  rUNCTION 

DO  11  I>1«NUM 
ALPH>ALPHA(X«JI 

CALLPULIE ( ALPH4  PIUBO ( J) # RBUBOI J ) t WLBUB9 1 J ) 4 ALBUBO ( J ) 
l4RH04TAUl4Cl4Bl(  J)4tl4AHOA4U4V4W4BRIl4lTT) 
BB1<J)>8R1(JI^IQII4U)»BIIII 
11  BTl(J)«BTl(JiY8B(l4U)«lTT 

CALLCABTBT(BB1(J|48T1(U)4BT1I  JUCXBK  J)4Cyill(  JhCZRl 
i(  ji4CXTi^  j)4Grrii  ji4CZTi(j)4CXPiu)#cvpiij)4CZPi(  ji 
i4Sxi(j)4ivi(u)4Bzi(j)4Txn<j)4TTzi(j)4rzxi(jn 
13  TAUI  >TIHE«iT2BTIlTIJ)  <«TDCLAY(J) 

IP  <TAUI)  80241134113 
113  CONTINUE 

DO  1AI-14NUH 
ALPH>ALPHA(I4JI 

CALL  PULICULPH4P8UB0<Jl4BBUB0U)4WLBUB0C  J14ALBUB0IUI 
14BH04TAU2  4Cl4B2(  J)4a4AHDA4U4V4W4BRfl4|TT) 


IB2I  J)«8B2(JU8a(l4j>v8RB 
lA  BTK J)-lT2(Ji^8a(l4j>«lTT 
8821  J)«8RS(  JUCOEPPK 
8T2I J)a8T2( J)»C0EPP1(U) 

C ALLC ARTST ( 8R2 ( J 1 4 1TB ( U ) 4 8T2 ( J ) 4 CXRI I J 1 4 CYBt ( J ) 4 CZBf 
1( JI4CXT8I J)4CYT2(Jl4CZT8(J)4CXP2l J)4CY>8I Ji4eZP2( Ji 
24  8X21  J)48Y2(J  >48Z2U)4TKY8<  J)4TYZ2(J)  4 rZX2(UI> 

12  CONTINUE 

802  continue 

8XT0T-O* 

SYTOT-0* 

8ZTOT>0« 

TXYTO-0* 

TYZTO-O* 


I i ' I 11  AlilLlj 


I 

1 


t 

1 

i 


1 


■f 
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TZKro*o« 

f007  DO  S03  J«1«IMPAC8 

8KT0T>8XT0T^8K1( J) t8K2( J) 

8YT0T«BYT0Tt8Yl( Ji^Srat J) 

8ZT0r*BZT0T«8Zl ( J ) ♦8Ze( J) 

TXYTO-TXYTOATXYK  JUTXY2<J) 

TYZTO-TYZTOtTYZK  JI*TYZ2U» 

TZXTO«TZXTOtTZXl(  JUTZX2U) 

503  CONTINUZ 

IF(8XTOTiEQtOiO*ANOt8YTOT*eQiO*OeANOitZTOTiEa90«0»  QQ 
1 T020 

8KTOT— 8XT0T 
8YTaT--8YT0T 
8ZT0T-MZT0T 

ir(8XrOT«EQ«8YTOr*AND*8YTOT«EQ»8ZTOTiAXD*SZTOTtCa*8XTO 
lTIPlo8XT0TiP8-8Yr0TlP3a8ZT0rj  QO  TO  80A 
CALU  P2X8T(8XTOTi8YrOT«8ZTOT4TXYTD«TYZTO#TZXTO«PiiP)i^ 
l«P3*8iAXi 

504  CONTINUE 

|P( JCODC*EQiO)  PnO*OI  00  TO  AOl 

CALL  PRIOSRI8XTOT«IYTOT«8ZTOT«TXVTO«TVZTOirZXTOiPl«FI 
1#P3#P<TH1#PH1» 

«01  CONTINUE 

C W2ITE  THE  P8INCIPAL  8TMC88C8  AND  TIKE 

TYNC*TIHEP1*0E40A 

ir(AB8(Plt*LT«itO  lANOi  ABB(P2)*LT*1«0  lANO*  AB8 
1(P3)*LT*1«0  *AN0«  AB8(8rlAX)*LT»l»0)  BO  TO  20 

IPiPiEOiOtO)  M8ITCI4«2000>  TYHC« IXTOT# BYTOT 

1«SZTOT4TXYT04TYZTO«TZXTO«P1«P2*P3«8MAKJ  BO  TO  20 
XRITE<4»2000)  TYHEi8XTOT«8YTOT»8Zror#TXVTO 

1«TYZT0  *TZXT04PiiPa«P3#8NAX«THliPHl 
2000  FORMATS  » F7*3  il0Fll«2#ZF7*2> 

SO  CONTINUE 

TINE-  TIME^TINCR 
IFITINE-THAXI  32«31«31 
32  CONTINUE 

IF(8XT0T*LTt8XNAK)  BXHAX-BXTOT 
IF(8ZT0T*LT«8ZNAX)  6ZHAX»8ZT0T 
IFIBYTOTiLT^BYNAXI  BYMAK-BYTOT 
XF(8ZT0T«QTt8ZNAXT)  8ZHAXT-BZT0T 
SO  TO  30 
31  CONTINUE 

IF  (BZriAXT  tEQi  0*01  80  TO  4100 
WRITE  I4f4003l  8ZNAXT 

6003  FORNAT  (BXi/z'THE  *1AX*  COMPRESSIVE  8TREB8  ■•«F20*BI 
WRITE  I4i400#) 

4004  FORMAT  (//i3X*‘THE  MAX*  TENSILE  STREBSCBt  '«//) 
WRITEI4*4001  I SXMAX«8ZMAX#8Yl1AX 
4001  FORMATdX/  '8XMAX>«fF20*5#4X4  •8ZMAX>''*F80iS«4X# 

1 '8YMAX-»iF20*9//> 

4100  CONTINUE 
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iri^zzNc«Ea*otoi  ao  to  soa 
1F( pz«Qe«^zriAx ) ao  to  soa 
PZ«PZ4-^ZXNC 

XF(  PZ*LE«TT  ) 00  TO  600 
PZ*TT 

*00  ao  TO  6U 

SOI  Zf(PK«QC«P)(MAX  i ao  TO  S09 
IP(PXZNC«eQ*OiOI  30  TO  S09 
PX-PX4-PXINC 
PZ>PZONE 
ao  TO  611 

S09  XP(  PViQe«PThAX  I ao  TO  508 

zr( PviNc>cQ«o*oi  ao  to  sos 

FY«PV«>PVINC 

PX-PXONC 

PZ^PZONC 

811  do  S07  J«l<ZI1PACa 
X1IJI-PX«X01(J  t 
vu  Jl-py-YOllJ  > 

607  ZllJi-PZ 
30  TO  soa 

808  kiJJJi  JJJU^l 

ZP(  JJJJ*Le*NlNl  i ao  TO  33 

CALU  EXIT 

END 

XHPLICXT  RCAL»SU«H#0«Z) 

i®!i552^JiS£  <8lt*aT#8P#CXR4Cya#CZa,CXTT#CVTT»C2TT 

l#CXTP#CYTP#CZTP48K*aV»8Z*TXViTyZiTZX) 

C01P0NCNTI  CALCULATE  THE  CAirXESIAN 

or  8TXE8I 

equations  A*32  THROUOH  4t37 
8X«8T»CXTT*»2t8P»CXTP**Z^fa*CXR**8 
8y«iiTPCYTT**2*8P»CYTP**l^8R*CyR*¥8 
82«iT»C2TT*A‘2t8P*CZTP*^2t8R»CZR»*8 
TXY"ST#CXTT«^CyTTf8P»CXTP*cyrM4-8R#CXR»CyR 
TyZ^SP^CrTP^CZTP^SA^Cyr^CZRA-ST^CYTT^CZTT 
TZXoSR«CZR«CXR>8r«CZTP»CXTP«'8P«CZTTPCXTT 
RE  turn 

E N 0 

XRPUXCXT  REAL«a(A«HiO*Z) 

SUBROUTINE  0 XRCOK  XI  #Yl#Zl<Rl#RXy»CXTTiCyTT»CZTTi  CXTP 
1»CYTP#CZTP*CXR#  CYR*C2R) 

SLiBRQUTXNE  TO  CALCULATE  OXRCCTXON 
COSINES  BETMCEN 

T«£  IIPACT  POINT  AND  MATERIAL  POINT 

A.i-  COORDINATES  XI*  yi#  Zl  IN  MAINLINE 

ARE  USED 

EVALUATED  ^*2^  THROUOH  4*31  WILL  BE 

IPIXl«CQiOtO •AN0«yi»CQ*0*0)  CXTTBl*;CyTT"0«iCZTT"0«ICX 


C0I^«I1/K1 


3 tiMTivt/iixy 
CQtT-Xl/IIXV 
eXTT»||NT 
CYTT'iCOIT 
CZTYO* 

qxT^«eoiP«eoiT 

CYT^aC08P»tINT 

CKK-IIN^veOtT 

CYII«IXM»IINT 

cxn-eoH^ 

8 CQMTIMUC 
RETURN 

i END 

XRRUCXr  RIALY8(A«H«0»Z) 

•UftNOJTtNS  PUL8I t ALNHA#P8U»0# kt W8UI0«  AIUI0«  RMO^T AU« Cl 
WR^ANli«ANOA#U*ViW»tR«|TI 
•tN(X>«OtZNCXt 

coftxioeotixi 

ArAN(X)«OATAN(XI 

•QRTIXI-OtQRTiXI 

IXN(Xt«t>EXR(XI  ) 

A88(X)-DAItlXl 

ANIIN(XI>DAIXN<X} 

AIQ«U8UIO«UIUIO« ( AtUSO-AUAHA I k { AIUIO-AIFHA  > , 

AAafQRTIAIQI 

8ITA>  ARiXN<  IA8U80*ALI>HA)/AA) 

•MIU80«A  /(RH0*AIQ«M8UI0I 
ir  < ALFHAVTAUfSE*  17A*  ) C"0«0i  00  TO  tl 
C«NlUiO/CXR<  ALI>HA«TAUI 
11  CONTINUE 

CAT-CXNIAlUiOvTAU) 

NXIETA«MOURO«TAUm|CTA 
D«AA«COI<WMRITA)/CAT 
H«AA»MfUR0»8XN(UNIETA)/EAT 
Ut»«>|¥  (0*CI 
r<i«ALNHA¥C4AIUSO¥0«H 

a»AkFHA«AlRHA«e*( WtUaOANfUBO*A|UBO»ABUBOl¥Dat««AfUiO«H 

ui>B»r/ci 

vi«B*a/ct 

vi«B«r 

W1¥«V1/C1 

Mt¥*t*¥Ul 

Nlii«|i¥Ut 

RIQ*R¥n 

U«Ul/R¥U2/Rt(l 

V«Vl/R4yt/RtQ 


r 


nnnoo 


. •.  Ull 


•NalANDA^ItaANUUMMavAHOMU/R 
44  lT«AnOA«W^t*»UHDA«AI4U)«U/R 


•II  • ALLIN  AND  lOLOiNlTH#  J QF  AML* 

V0L«IA«  NO  1 J 
A«CAV|TV  RAOIUI 
ANU«*  IHIAN  NOOULUt 
•iruiiN 
INO 

iUINOUTiNITHir A ( R|«  RXV Vt « Zl«  T1D«  TIDi ••«  TT«  Tt«  21 ) 
RXYMQRTIXl4MltVt«n) 
xr(Rxv*iQ*o*o)  10  TO  la 
irdi*iQ«o«oi  Tt*ii»a7oaiio  to  la 
Ti«axv/zi 
T1*ATAN(T1) 

00  TO  If 
la  Ti-0* 

If  TiO«Ti»iao*/a*i4ia 
a Tfa  axv/(a«»TT-Zi) 

TI«ATAN(Tlt, 

Tao«Ti4iioi/aii4iA 
XnTl)4«8«4 
8 NIM««TT«Z1 
00  TO  * 

4 aa«aKv/8XN(Tf) 

A eONTXNUI 
Zt«tl«l«4TT 
NIT^NN 
INO 

XMLICXT  RIAL»aU«H«0»ZI 

aUlROUTINI  MXOXR  (•X«8V«aZ«TXY#TVZ«TZK«Fi#P|«M«P«THl 
l #f  HI ) 

A"0*0 

XFtAl«LT«F) 

XFiAftLTtFI  PMI 
IF«PJiLT»PI  PMI 

IP  (PilQ«0«0)  TNlaO*OlPHl«OiOiOO  TO  200 
IP(TXY*ia«0*0*AND(TY2*ia«0t0iANOiTZX*|Q*O*O*AN0*aXtlQ* 
IPtANOi  aVtlOtPI  TMI»0*0IPHi-f0il  00  TO  100 
XF(TMY«|Q«0*O«AN0«TYZ«ia«0«0>ANOiTZX«|Q«O*0«AN0«8Z*IQt 
lP*AN0i  aYtlQtP)  TH1«0«OIPH1»0*OI  00  TO  100 
|XX*«8XM 
|yV««IY4P 
•ZZ««IZ4P 
0MVY*aZ2«TY2*TYZ 

XFIDAiatOI iLTtl*0D«tAI  00  TO  400 

Y-(TYZ4TZX-0Z2»TXY>/0 
Z*(TXV»TY2-iYY*TZX>/0 
TH1«0ATAN(  Yl«*l80i/9*1418fl7 


Ak 


..  ..  1.’>U  L-I.L 
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ir(9AlttZULT«i«00«i$l  ftO  TO  100 

Ml>0ATANnit«V»Vt««0tt/Z)Ml0t/a«141«ft7 
00  TO  too 

AOO  0«tXX»iYY«rXV«TXV 

ir(0Aii(ouLr«t«oo*i*i  oo  to  soo 

X«(TXV«TYI«TZX«tVY}/0 

Y«(TXT«TZX*TYZ»0XXl/0 

ir(OAit(xi«wY«i«eo«ui  thi"oo»i  lo  to  aio 

THt  oOAT AN ( Y/X I •i|0 • /S •1410017 
410  OHl«OATANUXAX4Y«YU40*fUiao«/ail41lit7 
•0  TO  too 

aoo  o«iiKx»izi«rzx»Tzx 

ir(0Altl0t«LT«l«00-tA)  THl-0*iPHt*0*l7*0»|  00  TO 

1 too 

X«(TIX»TYZ-TXY«ttll/0 
!■ I TXV»TZXaTY|4iXX I /D 

lf(OAOO(XI«LT*i«0O>lAI  T,Hl«tO*l  00  TO  SfO 

TMi«0ATAN<t*/Xt«10O*/l*t41|Ot7 

aio  ir(OAOO(zi*LT«i«oo«iAi  PHi*fo«<  00  TO  too 

0Hl«0ATANni««X«XI«»0*B/Z)»10O*/a*141llt7 
too  tCTkiRN 
KND 

INAliXCXr  NBAL«0U>H«0«Z) 

OUONOUrXNC  0AT0INtV«0) 

CONNON/GONTN/  PX«AY«7Z«Xrt7ACB 

C0N40N  ROUOO ( tO ) « OBUtO ( tO ) # ALOHA ( I# 10  > i BO ( t # 10 ) 

1«NU1BCN(I0I  iXOl(t0)«TOlltO)«Xl(tO»iYiltBI«Zi 

t(tO)  «TDKLAY(|0)  «7BAY|(tO» 

OXNIN8XON  APII)«BM<tl 

Ar(il«t*0BO/O 

Arill<i4«B»AF(l» 

TR«0»t4«0 

A0Mllfi7»V 

tO>O«0OBB»O 

INIilMl* 

BNII)««1« 

00  4777  JaiiXNAACB 
NUNBBRt Jlof 
7BUBOUOOO 
NBJBOUtatO 
ABAVKtJIMBUBOIJ) 

LXHXT«NUNBtR<J) 

00  AO  X-1«LXHXT 
AU7HA(X#J)«Ar(X  UlOOOOOO* 

•aiX«J)-BN(XI 
40  CONTXhlUC 

NCAOIBfBBO)  XOK JUYOK JtfTDELAYU) 

too  roRHATiariooi 

X1IJ)«HX«X01( Jl 
V1U>«PV«Y01(  J» 

Z1IJ)«PZ 
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WRITE(6«303  ) J«  XOK  YOl  ( J ) «PSUBO<  J I « RtUBDIJ ) 4 ALPHA(  1 
1# J)«ALPHA(2#J)i  T9ELAY(JI 

303  FORIATC  'AXle*  9KPf «3«4XF»*3«5XQlS*lilXF3*?«3xeaiS*t 
1#3XP9*3/I 

TOCLAY i J ) -TOEL AV ( J I «1 • 0E»0« 

OJTPUTIAI  V«D«TR 
4777  COMriNUE 
RETJRN 
CN3 

XiPklClT  REAL»M(A»H«0*ZI 

•U3R0JTZNE  PRXBT(lti4B2t4«a34«44iBSB«IAi*PilPf4P3«l*4) 

■uirojtxmc  to  find  the  prxnsxpal  itresrei 
OXiENMXON  M(3)«l<4>4XRia) 

ABB(X)«0ABB(X) 

•ut«oii«ie2 

•2tt«t2a-l33 

S333«e33«lll 

xr(  A2«<  till  tilT<l«E*04»ANO«  AOt(  3222}  ^LT  At*  E*04(A*^04ABt 
l(faa3)*LT«l*E-04)  P1«S11IP2-822JP3«S31IQ0  T9  901 
XF  (ABS(B44) «LT(1«E«04* and* ABIC •SB)*LT*ltE>04tAH0i ABB 
1(146)  •LT*1«E«04)  >)(l»«Bll)P(2)*>8£i)lW(3)a833t(IO  YO 

2 9011 

BID  - 1* 

BI2)  • «(811tB22t|33) 

ai3)>*811«B284B224|33«833»811«844««2»889«»2"044«'«t 
ai4)  • -(ill4B224B33*811«BB0A*2«822»3444*2*B13«B444«2 
142««84448B84844) 

CALL  CUaXC  (B«XR«XX) 

M(l)  ■ XR(1) 

M(2)  ■ XR(2I 
M(3)  ■ XR(3) 

9011  CONTINUE 

XF  (M(l ) «QEtM(2)«AN9tL(2)  tOE^wOI  )P1»W(  1 ) I P2«W(2)1P3*W 
1(3)100  TO  31 

XF  (M(l)«aE*M(3}iAN0»K(3)*6E*yi(2)  »P1*W(  1 ) I P2«MO  ) 1 P3«M 
1(2)100  TO  31 

XF  (W(2)  tOCtMll ) «AND*ri(l)4QE*Mi J) ) P1»L ( 2 ) 1 PI"M(  1 ) 1 P3*H 
1(3)100  TO  31 

XF  {N(2)  *aE*M(3)«ASDtU(3)*QE*N(l)  ) P1<*M ( 2 ) 1 PE-^Wt  3 ) 1 P3<iL 
1(1)100  TO  31 

XF  (L(3)  tCCAN)  1 ) «ANO*)il(l)  tQE*VM2)  ) PI  ( 3 ) I P2>W(  1 ) 1 P3*iW 
1(2)100  TO  31 

IF  (ri(3)  *Ge*^.l(2) . AN0»M(2)  •oe»w<l)  )P1-W(  3)  I Pt«M( 2 ) 1 P3«W 
1(1)100  TO  31 
901  continue 
31  P4  - (Pl*P3)/2* 

RETURN 

END 

SJBROJTtNE  CUBIC  (A/XRtXI) 


iolution 


CU31C  EQUATION 


o oo  n 


A(1>«X««S  ♦ ♦ AiSiVX  ♦ A(A)  • 0* 


OXMCNSXON  AUi,^KX)3»«4ail) 

IFATH  • t 
KX  • i«/l« 

irtAeAH  sooAfioQ^fioo* 

1004  XRU)  0* 

CIO  TO  10»4 
lOOe  AX  ■ A(ll4«i 

a • ii7*4Ai«AUi  * ft«A(i)»A(t)»Aiai  ♦ t*«A(iu»ai/ 
i(i4MAa«AHn 
IX  <01  ioio«iooa«ioi4 
1001  I ■ 0* 

00  to  103X 
1010  a H -a 
ixath  • t 

1014  p m (a«AA(i}»A<ai  • A(a)*i*«iiy(a«AAa) 

AXi  ■ x»«i  «•  a»«e 
sp  UNO)  ioiOiiOia«ioao 

1010  z ■ «*i*«iaar(«xi«eoiUTAM«ooiiY(»ARa)/Qi/a*i 
00  TO  lOil 

1011  X • •Iti^Q^vCX 

oa  TO  lOii 

i&to  oAxa  « aanriAxai 

ir  ixr  totc#i084«ioa4 
loax  z • *(0  ♦ sAxeiMCx  • la  • lAXauAix 

00  TO  lOtl 

10IS4  Z • •U**QI««CX 
00  TO  lOti 

1980  Z « <IAaO«aU«EX  • (OaXS;  ♦ Q)««KX 
1081  00  TO  (t0a0#lC3X)«  IXATH 

1010  z - -z 

1008  XXdi  • (OiOAdUZ  » AIX))/lS««Adn 

1014  AOdi  ■ Ad.‘ 

40(8)  - A(S)  * XXd)»Adl 

4911)  • A(3I  ♦ XXddAOd) 

CALW  QUAD  (Aa#XX(8)«XN(lUXS) 

RCTJXN 

CNO 

•UIROUTINE  QUAD  I A#XXl#Xa8«XX ) 


•OLUTXON  or  THC  OUAOXATXC  CQUATION 
Adl«X»«S  ♦ A(8)»X  ♦ All)  • 0* 

OIHCNIION  Ad) 

XI  • ■A(8l/(8*4Ad)) 
one  • X4«M  • Adl/AdI 
XX:  (OXOC)  10#80d0 
10  X8  ■ IQRTI^OXIC) 

XNl  • XI 
XX8  - XI 


XI  ■ XI 
•0  TO  SO 

to  XI  • tOlITtOSOC) 
xm  • XI  4^  XI 
xm  • xft  M XI 

XI  Ot 
so  RITUSN 
1X0 
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FIGURE  2 STRESSES  CREATED  BY  SPHERICAL  STRESS  WAVES  ] 
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FIGURE  3 LOCATION  OF  IMPACT  POINT 
AND  IMAGE  POINT 
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APPENDIX  G 
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APPENDIX  6 

COMPUTER  CODE  FOR  CALCULATING  RAIN  EROSION  OF  MISSILE  RADOMES 
AT  SUPERSONIC  SPEEDS  (REMRASS) 
by  Ju“chin  Huang 
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INTRODUCTION 

Nhen  a vehicle  flies  through  a rain  field*  the  erosion  damage  to 
the  vehicle  depends  on  the  relative  velocities  of  the  raindrops,  the 
angle  of  Impact  and  the  distribution  of  drops  along  the  surface. 

The  theoretical  analysis  has  been  given  In  detail  In  the  report.  This 
computer  code — Rain  Erosion  of  Missile  Radomes  at  Supersonic  Speeds 
(REMRASS) — was  developed  to  solve  numerically  the  governing  equations 
derived  previously  and  to  determine  the  angle  of  impact  of  a raindrop 
and  the  position  at  which  It  strikes  the  vehicle  surface.  The  percent- 
age area  of  erosion  and  the  total  volume  eroded  were  then  calculated. 


DEFINITION  OF 

A1  B 

AJ  = 

AM  = 

ALTH  s 

B = 

B1  = 

C = 

Cl 

CA  B 


.li  . 


VARIABLES 

Length  of  the  tip  portion  of  radome 
Parameter  fox  plane  and  axisymmetrio  flow 
Free  stream  Mach  number 
Length  of  radome  In  nm 

Dimensionless  body  radius  at  the  end  of  radome  with 
respect  to  the  length  of  radome 

Base  diameter  of  radomo  in  inches 

Parameter  In  equation  of  radome  surface 

Length  of  curved  portion  of  radome  In  inches 

Area  conversion  constant 

Shock  wave  angle  ivi  radians 


JiM 


I 


i 


CC 


mm 


i 

j 

111 


I 


i 
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CCD  - Shock  wave  angle  in  degrees 

CV  s Volume  conversion  constant 

DDIA  - Raindrop  diameter  step  size  in  mm 

DDIS  = Increment  distance  traveled  in  rain  field  (ft) 

DIA(f  = Initial  raindrop  diameter  in  mm 

DIAHAX  = Upper  limit  of  the  Integration  with  aspect  to  drop 
diameter 

DIS  - Distance  traveled  in  rain  field  (ft) 

DlSMAX  - Maximum  distance  traveled  in  rain  field  (ft) 

DXS  = Streamline  step  size 

ER  = Volume  erosion  x'ate  per  sq.  in.  (in. /sec.) 

ERl  = ER/(S1N6)2 

GM  = Ratio  of  specific  heats  for  a perfect  gas 
K s Number  of  streamline  along  which  solution  has  been  found 
KINC  s Increment  of  K 

JJ  s station  nxunber  counter 

L s Length  of  radome  in  inches 

M = Number  of  intervals  used  in  Runge-Kutta  method 

N = Number  of  In  egration  points  in  Runge-Kutta  method 
PCT  = Percentage  of  a]?ea  eroded 

PCS  = Dimensionless  axial  position  at  which  streamline  inter- 
sects radome 

POSL  = Axial  position  in  Inches 
R = Rainfall  rate  (in. /hr.) 

RFR  = Rainfall  rate  ( in . /hr . ) 

RATIO  = VOL/Vl 

S 


li 





T1 


= Dimensionless  shock  radius  at  the  end  of  radome 
= Half -angle  of  cone  in  radians 
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THETA  B Half-angle  of  cone  in  d«gpe«8 

V s Velocity  of  vehicle  (ft. /sec.) 

VI  B Intermediate  value  for  calculating  volume  eroded 
VOL  B Total  volume  eroded  (In.  ) 

X0  B Dimensionless  length  of  conical  portion  of  radome 

XF  B Initial  abscissa  of  the  last  streamline  that  hits 

the  radome 

XS  B Initial  abscissa  of  a streamline 
EXPLANATION  OF  SUBROUTINES 

Most  of  the  computation  steps  are  carried  out  In  the  four  subroutines 
of  the  program.  These  subroutines  are  controlled  by  the  main  routine. 
Following  Is  a list  of  the  subroutines  with  an  explanation  of  their  func- 
tions . 

THETAS  Interpolates  shook  wave  angle  6^  by  means  of 
Lagrange  lntez«polation  function. 

SHOCK  Uses  fourth-order  Runge-Kutta  method  to  solve 

for  Impact  angle  8^^  and  axial  position  of  Impact. 

PCTA  Computes  the  percentage  of  area  eroded  of  the 

radome  during  the  time  of  flight  in  a rain  field. 

VONE  Calculates  the  total  volume  eroded  of  the  radotne. 

GUIDE  OF  INPUT  DATA 

Card  Foi'tran  Name  and  Column  No.  Format  and  Remark 


1 

A1 

1-10 

(5F10.0) 

B1 

11  - 20 

Cl 

21  - 30 

L 

31  - 40 

THETA 

41  - 50 

2 

AJ 

1-10 

(5F10.0) 

GH 

11  - 20 

If  RFR  is  left  blank. 

CA 

21  - 30 

the  program  will  8tauc*t 

CV 

31  - “0 

with  RbO.5  and  incre- 

RFR 

41  - 5(7 

ment  it  until  R»5ln/hr. 

Last  Caz'd 

V 

0 

1 

(FIO.O) 

G6 


DISCUSSION  OF  THE  PROGRAM 
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The  three  data  statements  in  the  main  routine  specify  the  values  of 
distance  traveled  in  a rain  field,  diameters  of  raindrops,  number  of  inter- 
vals used  in  the  numerical  calculation,  and  their  increment.  These  values 
should  be  changed  for  a different  problem.  The  lower  limits  of  DIA0  and 
DDIA  should  not  exceed  0.1  and  the  upper  limit  of  DZ  is  0.01.  The  other 
two  data  statements  in  subroutine  THETAS  contain  the  values  of  fi?ee  stream 
Maoh  numbers  and  their  corresponding  shock  wave  angles  for  a 15-degree 
cone  angle.  These  values  must  be  replaced  if  another  cone  angle  is  used. 

A table  of  shook  wave  angle  versus  free  stream  Maoh  number  is  given  in 
Table  I or  see  Kef.  1. 

The  first  read  statement  defines  radome  geometry:  Al  is  tlie  length 
of  tip  portion,  B1  the  base  diameter.  Cl  the  length  of  curved  portion, 

L the  length  of  radome,  and  THETA  is  the  cone  angle.  The  second  data  card 
orntains  AJ,  GM,  CA,  CV,  and  RFR.  AJ  = 0 for  plane  flow  and  1 for  axi- 
symmetric  flo»;.  GM  is  the  ratio  of  specific  heat  for  a perfect  gas.  CA 
and  CV  are  conversion  constants  for  area  and  volume  respectively.  RFR  is 
rainfall  rate.  If  RFR  is  left  blank,  the  program  will  Increment  the  rain- 
fall rate  from  0.5  to  6 in. /hr.  Th^  last  data  gives  the  velocity  of  the 
radome  in  ft. /sec.  The  program  first  calculates  the  values  of  B,  C,  and 
AM,  and  then  calls  subroutine  THETAS  to  Interpolate  shook  wave  angle 
for  use  in  calculating  S.  The  calculation  of  XF  requires  the  body  surface 
function.  Statements  300  and  301  relate  to  the  radome  configuration.  The 
streamline  step  size  DXS  is  made  equal  to  XF/100.  The  value  of  XS,  the 
Initial  abscissa  of  a streamline,  is  then  set  equal  to  K times  DXS.  Sub- 
routine SHOCK  is  called  to  calculate  the  impact  angle  and  the  axial 
position  of  impact  of  raindrops.  Statements  110-113  in  SHOCK  specify  the 


(I 


I 


1 


; 


x«doM  surface  function.  In  this  program  a oembination  of  I5-dagras  cone 
and  an  ogival  shall  was  used.  For  other  configurations  to  be  considered » 
the  body  surface  function  roust  be  modified  accordingly.  After  the  axial 

■I 

position  of  impact  and  impact  angle  uf  raindrops  art  found • the  program 

proceeds  to  determine  the  percentage  area  of  erosion  and  the  total  volume 

eroded  by  calling  the  subroutine  PCTA  and  VONE  respectively.  Subroutines 

FCtA  and  VONE  perform  the  nunerioal  integration  of  the  following  integrals. 

I.  » r(8ln0.)'^‘^D)^‘®®P(D)dD 
* 0 ^ 


^ 0 ^ 
where 

P(D)  8 EXP[-4.1(Rr*^^D] 

The  percentage  of  area  eroded  and  the  total  volutiie  eroded  are  given  as 


PCT  * 100  A^ 

VOL  . VKFATIO)  . Vl(2  - ,3rCT/(132.PCI) , 
where 

A = CC.(DIS)V^'^sinfOl. 
e A A 

VI  8 [Cy(DIS)V^'®®8ine]Iy 
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